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Outline of the talk

e One-counter Automata

© One-deterministic-counter automata (ODCA)
o Motivation
@ Our equivalence results
o Reachability problem of ODCA
@ A quick look at other results
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One-counter automata (OCA)

One way read-only input tape |

zero test

Counter

Finite state
machine

{+1,—1, 0, reset}
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zero test

Counter

Finite state
machine

{+1,—1, 0, reset}
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One-counter automata (OCA)

One way read-only input tape |

zero test

Counter

Finite state
machine

{+1,—1, 0, reset}

Write to counter: Increment(+1), No change (0), Decrement (-1)
Read from counter: zero (0), or positive (+)
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Results - OCA

e Equivalence of deterministic OCA is in P [2].
e Equivalence of non-deterministic OCA is undecidable [7].

e Equivalence of weighted OCA is open (weights from a field).
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One-deterministic-counter automata (ODCA)
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One-deterministic-counter automata (ODCA)

Semantic definition
An OCA where all runs of a word lead to the same counter value. J
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One-deterministic-counter automata (ODCA)

Semantic definition

An OCA where all runs of a word lead to the same counter value. )
Syntactic definition
| One way read-only input tape |
zero test zero test
Counter Comates Finite state
structure {+1,-1,0} machine
(finite-state)
Figure: One-deterministic-counter automata
V.
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Example - Weighted ODCA (visibly)

Example

2 - k, where k is the #proper prefixes of w with
eqPrefix(w) = #a’s = #b’s, if #a’s > #b’s for all prefixes

0, otherwise

e ODCAs are strict extensions of visibly OCA.
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b0, 1 b>o,1

Finite state machine

Counter structure

a20/+1

ODCA

[o oo olle]b]]

Input tape

Counter

[ ]e]

Initial vector
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({a}.{0,+}, 1) ({a},{0,+},1)

({a},{0},2)
o !
(o3 {+11) ({o}, {+}, 1)
Finite state machine
Counter structure
({a}, {0,+},+1)
()
({b} {+}7 71)
(FSTTCS 2023) ODCA

[o[=][o[6]l=]s]]

Input tape

0

Counter

[ ]o]

Initial vector
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({a},{0,+},1) ({a},{0,+},1)

({a},{0},2)

1 1
_)
(o3 {+11) ({o}, {+}, 1)
Finite state machine
Counter structure
({a}.{0,+},+1)
()
({b} {+}7 71)
ODCA

- [e]=e]x]

Input tape

0

Counter

[ ]o]
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({a}.{0,+}, 1)

() ()
(o} {+}1) {oh{+1 D)

Finite state machine

({a},{0,+},1)
({a},{0},2)

Counter structure

({a}.{0,+},+1)

()
({b}, {+}7 71)

ODCA

B [e]se]

Input tape

1

Counter
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({a},{0,+},1)

()
(o} {+}1) {oh{+1 D)

Finite state machine

({a}, {0,+},1)
({a},{0},2)

1

Counter structure

({a}, {0, +},+1)

()
({b}, {+}7 71)

ODCA

H BBDanEa

Input tape

1

Counter
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({a}.{0,+}, 1)

() ()
(o} {+}1) {oh{+1 D)

Finite state machine

({a},{0,+},1)
({a},{0},2)

Counter structure

({a}.{0,+},+1)

()
({b}, {+}7 71)

ODCA

(- |- R

Input tape

2

Counter
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({a}.{0,+}, 1) ({a},{0,+},1)

({a},{0},2)
L) !
(o}, {+}, 1) (o}, {+}, 1)
Finite state machine
Counter structure
({a}, {0,+},+1)
()
oy, {+}. -1
(FSTTCS 2023) ODCA
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Input tape

2

Counter
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({a}.{0,+}, 1)

() ()
(o} {+}1) {oh{+1 D)

Finite state machine

({a},{0,+},1)
({a},{0},2)

Counter structure

({a}.{0,+},+1)

()
({b}, {+}7 71)

ODCA

(== I

Input tape

1

Counter
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({a}.{0,+}, 1) ({a},{0,+},1)

({a},{0},2)
L) !
(o}, {+}, 1) (o}, {+}, 1)
Finite state machine
Counter structure
({a}, {0,+},+1)
()
oy, {+}. -1
(FSTTCS 2023) ODCA

L= [= [ > i)

Input tape

1

Counter
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({a}.{0,+}, 1)

() ()
(o} {+}1) {oh{+1 D)

Finite state machine

({a},{0,+},1)
({a},{0},2)

Counter structure

({a}.{0,+},+1)

()
({b}, {+}7 71)

ODCA

(== Te 1 [

Input tape

0

Counter
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({a},{0,+},1) ({a}. {0, +},1)

({a},{0},2)

1 1
_)
(o3 {+11) ({o}, {+}, 1)
Finite state machine
Counter structure
({a}.{0,+},+1)
()
({b} {+}7 71)
ODCA

HEED [

Input tape

0

Counter

May 18, 2025 9/31



({a}.{0,+}, 1)

() ()
(o} {+}1) {oh{+1 D)

Finite state machine

({a},{0,+},1)
({a},{0},2)

Counter structure

({a}.{0,+},+1)

()
({b}, {+}7 71)

ODCA

=T o]~ .

Input tape

1

Counter
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({a}.{0,+}, 1) ({a},{0,+},1)

({a},{0},2)
L) !
(o}, {+}, 1) (o}, {+}, 1)
Finite state machine
Counter structure
({a}, {0,+},+1)
()
oy, {+}. -1
(FSTTCS 2023) ODCA

HEEDE O

Input tape

1

Counter

May 18, 2025 9/31



({a}.{0,+}, 1)

() ()
(o} {+}1) {oh{+1 D)

Finite state machine

({a},{0,+},1)
({a},{0},2)

Counter structure

({a}.{0,+},+1)

()
({b}, {+}7 71)

ODCA

l=Tele]=1

Input tape

0

Counter
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({a}.{0,+},1) ({a}. {0, +},1)

()
(o} {+}1) {oh{+1 D)

Finite state machine

({a},{0},2)

Counter structure

({a}.{0,+},+1)

()
({b}, {+}7 71)

ODCA

[2[={ele]=]x

Input tape

0

Counter
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({a}.{0,+}, 1)

() ()
(o} {+}1) {oh{+1 D)

Finite state machine

({a},{0,+},1)
({a},{0},2)

Counter structure

({a}.{0,+},+1)

()
({b}, {+}7 71)

ODCA

[=[=][ss]l=]s]l]

Input tape

1

Counter

[1]¢]
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({a}.{0,+}, 1) ({a},{0,+},1)

({a},{0},2)
L) !
(o3 {+11) ({o}, {+}, 1)
Finite state machine
Counter structure
({a}, {0,+},+1)
()
({b} {+}7 71)
(FSTTCS 2023) ODCA

[=[=][ss]l=]s]l]

Input tape

1

Counter

[ [e]
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Weighted visibly ODCA- Evaluation

({a}.{0,+},1) ({a}.{0,+},1)
g ({a}.{0},2) §
{o}.{+11) ({o}.{+},1)
Initial distribution Transition matrices Final distribution
A dp(a) 94+ (a) 04+ (b) p

112 110 110 0
[L10] 0 1] [0[1] [0 i

o Let w = aababba.
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Weighted visibly ODCA- Evaluation

({a}.{0,+},1) ({a}.{0,+},1)
g ({a}.{0},2) §
{o}.{+11) ({o}.{+},1)
Initial distribution Transition matrices Final distribution
A dp(a) 94+ (a) 04+ (b) p

112 110 110 0
[L10] 0 1] [0[1] [0 i

o Let w = aababba.

o 5(w) = do(a) 34 (a) 54(5) 5 (a) 5+(b) 6:(b) So(a).
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Weighted visibly ODCA- Evaluation

({a}.{0,+},1) ({a}.{0,+},1)
g ({a}.{0},2) §
{o}.{+11) ({o}.{+},1)
Initial distribution Transition matrices Final distribution
A dp(a) 94+ (a) 04+ (b) p

112 110 110 0
[L10] 0 1] [0[1] [0 i

o Let w = aababba.

o 8(w) = doa) 84(a) 34 (b) 8:(a) 84 (b) 64(b) dola).
e Accepting weight of w = Ad(w)p.
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Motivation

Decidability of equivalence of pPDA is an open problem [3].

Equivalence of probabilistic OCA is also not known.

Probabilistic ODCA is a class of probabilistic OCA for which
equivalence is decidable.

o This is a strict super class of visibly probabilistic OCA.
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Our equivalence results

e Equivalence of deterministic ODCA is in P.

@ Deterministic OCAs are equivalent to deterministic ODCAs.
@ Equivalence of deterministic OCA is in P [2].
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Our equivalence results

e Equivalence of deterministic ODCA is in P.
@ Deterministic OCAs are equivalent to deterministic ODCAs.
@ Equivalence of deterministic OCA is in P [2].

e Equivalence of non-deterministic ODCA is in PSPACE.

@ A non-deterministic ODCA is equivalent to an exponential sized
deterministic ODCA.
® A PSPACE machine can do this.
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Our equivalence results

e Equivalence of deterministic ODCA is in P.
@ Deterministic OCAs are equivalent to deterministic ODCAs.
@ Equivalence of deterministic OCA is in P [2].
e Equivalence of non-deterministic ODCA is in PSPACE.
@ A non-deterministic ODCA is equivalent to an exponential sized
deterministic ODCA.
® A PSPACE machine can do this.
e Equivalence of weighted ODCA is in P (main result).
@ Equivalence of weighted finite automata is in P [6] (weights from a
field).
Q We r)educe equivalence of weighted ODCA to that of weighted
finite automata.
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Reachability problem



Reachability

co-VS Reachability problem

INPUT:
o A weighted visibly OCA A over a field,
@ an initial configuration c,
@ a vector space V, and

@ counter value m.
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Reachability

co-VS Reachability problem
INPUT:
o A weighted visibly OCA A over a field,
@ an initial configuration c,
@ a vector space V, and
e counter value m.
OuTPUT:
o Yes, if there exists a run ¢ — V x {m} in A, and

e No, otherwise.
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Reachability

co- VS Reachability problem
INPUT:
o A weighted visibly OCA A over a field,
@ an initial configuration c,
@ a vector space V, and
e counter value m.
OuTPUT:

o Yes, if there exists a run ¢ — V x {m} in A, and

e No, otherwise.

e z € ¥* is a reachability witness for (c,V,m) if ¢ =V x {m}.

ODCA May 18, 2025 13 /31



co-VS reachability

Theorem - co-VS reachability

co-VS reachability is decidable in polynomial time.

@ We prove this by showing a pseudo-pumping lemma.
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Pseudo-pumping lemma (pumping down)

counter value

c ’ deVx{m}

word length
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Pseudo-pumping lemma (pumping down)

counter value

T deVx{m}

word length

ODCA
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Pseudo-pumping lemma

=
(=)

counter value
O = N Wk Ut 1 o ©

g =T B o _
x xAgMgBg € V

word length

ODCA May 18, 2025 16 /31



Pseudo-pumping lemma

=
(=)

Mg

counter value
O = N Wk Ut 1 o ©

Ag Bs _
X xAgMgBg € V

word length
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Pseudo-pumping lemma

=
(=)

counter value
O = N Wk Ut 1 o ©

X ’ xA7M;B; € y

word length
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Pseudo-pumping lemma

=
(=)

counter value
O = N Wk Ut 1 o ©

X " xAgMgBg € V

word length
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Pseudo-pumping lemma

=
(=)

counter value
O = N Wk Ut 1 o ©

x ’ xAsMsB; € V

word length

ODCA May 18, 2025 17 /31



Pseudo-pumping lemma

=
(=)

My

counter value
O = N Wk Ut 1 o ©

Ay B4 _
X xA MyBy €V

word length
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Pseudo-pumping lemma

=
(=)

counter value
O = N Wk Ut 1 o ©

x ' xA3M3B; € V

word length
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Pseudo-pumping lemma

=
(=)

counter value
O = N Wk Ut 1 o ©

X 7 xAMoBy € V

word length
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Pseudo-pumping lemma

=
(=)

My

counter value
O = N Wk Ut 1 o ©

Aq B —
X xAM;B; €V

word length
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Pseudo-pumping lemma

=
(=)

Mo

counter value
O = N Wk Ut 1 o ©

Ao By =
X xA)MpBy € V

word length
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Pseudo-pumping lemma

e Assume for all 7 € [0,9], M is a 3 x 3 matrices.

=

9

£

HEHHBHEBHHEHE



Pseudo-pumping lemma

e Assume for all 7 € [0,9], M is a 3 x 3 matrices.

=

e Foralli e [O, 9], XAiMiBi c V

5

S

(9 'S

9

£

HEHHBHEBHHEHE
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Pseudo-pumping lemma
e Assume for all 7 € [0,9], Mj; is a 3 x 3 matrix.

e Foralli e [O, 9]7 XAiMiBi c V

e dj € [0, 9]7 M]' =aMy+ aM; +--- + aj,le,l.

9

g

HEHHHEHEH HBH



Pseudo-pumping lemma
e Assume for all 7 € [0,9], Mj; is a 3 x 3 matrix.
o Forall i € [0,9], xA;M,;B; € V.
e 35 €[0,9], M; = ayMy + oMy + - - - + ;1 M.

° XAJ'(()[()MQ + 051M1 + -+ ajflefl)]B]‘ c v

9

g

HHHHBEH HEEH
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Pseudo-pumping lemma
e Assume for all 7 € [0,9], Mj; is a 3 x 3 matrix.
o Forall i € [0,9], xA;M,;B; € V.
e 35 €[0,9], M; = ayMy + oMy + - - - + ;1 M.
o xA; (Mg + oMy + -+ + ;-1 M;_1)B; € V.

o There exists k € [0,7 — 1], xA;M;B; € V.

9

g

HHHHHBEH HEE

ODCA May 18, 2025 18 /31



Pseudo-pumping lemma

counter value

word length
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Pseudo-pumping lemma

counter value

X A eV x {m}

word length
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Multiple cuts

counter value

Q.

€1 €283 ¢4
word length

ODCA

May 18, 2025
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Special word Lemma

Lemma- Special word

The lexicographically minimal reachability witness z, if it exists,
satisfies the following conditions :

@ 2z = uy|'wiys>ws such that |uyw;ysws| is polynomially bounded
in input size, and

@ 71,79 are polynomially bounded in input size.

ODCA May 18, 2025 21 /31



Special word- Claim 1

3

|

. 3
_e—9X%
"

z

counter value

n—i—d Lo

%
z
S

L xAMGB; €V

word length

e We show that a factor repeats in the lexicographically minimal word
if d is large enough.

TTCS 2023)
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Repeating subword

run of the lexicographically minimal witness z

counter value
[\)
ot

By _
%AoMoBy € V

word length
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Repeating subword

50 X Al

30 ¥
My

counter value
[\)
ot

5
0 By _
xAIMB; €V

word length
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Repeating subword

counter value
[\)
ot

5
0 B _
xAsMoBy € V

word length
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Repeating subword

counter value
[\)
ot

B3 —
‘)’(A;;M;;E;; ey

word length
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Repeating subword

counter value
[\)
ot

B _
xAM,B, €V

word length
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Repeating subword

counter value
[\)
ot

B _
xAsM5Bs € V

word length
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Repeating subword

counter value
[\)
ot

Bg _
xA¢MgBg € V

word length
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Repeating subword

counter value
[\)
ot

B~ —
XA7M7IB7 ey

word length
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Repeating subword

counter value
[\)
ot

Bg _
xAgMgBg € V

word length
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Repeating subword

counter value
[\)
ot

By e _
xAgMgBgy € V

word length
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Special word- Claim 1

e Assume for all 7 € [0,9], Mj; is a 3 x 3 matrix.



Special word- Claim 1
e Assume for all 7 € [0,9], Mj; is a 3 x 3 matrix.

e Arrange the words xg, x1, . .., g in the length lex. ordering.

g

1



Special word- Claim 1
e Assume for all 7 € [0,9], Mj; is a 3 x 3 matrix.

e Arrange the words xg, x1, . .., g in the length lex. ordering.

oLetxi0<$il << Ty

g

1



Special word- Claim 1

e Assume for all 7 € [0,9], Mj; is a 3 x 3 matrix.

M,
. . Mg

e Arrange the words xg, x1, . .., g in the length lex. ordering.
M,
o Let my) <z < ... <y M,
M,

e For all j € [0,9), xAijij]B,;j eV.

[

E|E

S

1
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Special word- Claim 1
e Assume for all 7 € [0,9], Mj; is a 3 x 3 matrix.
e Arrange the words xg, x1, . .., g in the length lex. ordering.
o Let my) <z, < ... <y
e For all j € [0,9], xA; M; B;; € V.

e There exists j € [0, 9], M, = agM;, + aqM; + -+ + ;1M

ijfl'

=

&

g

&

=

3

=

&

£

&

E

£

S

£

S

g

1



Special word- Claim 1

e Assume for all 7 € [0,9], Mj; is a 3 x 3 matrix.

M,
. . Mg

e Arrange the words xg, x1, . .., g in the length lex. ordering.
M,
o Let my) <z, < ... <y M,
M,

e For all j € [0,9], xAijij]B,;j eV.

E

=

e There exists j € [0, 9], M, = agM;, + aqM; + -+ + ;1M

ijfl'

£

[ ] XAij(OéoMio + alMil +---+ Oéj_lMij,JBij S v

g

1
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Special word- Claim 1

e Assume for all 7 € [0,9], Mj; is a 3 x 3 matrix.

Mig
e Arrange the words g, 1, . . ., g in the length lex. ordering. M,

Mi.,
o Let oy <z, <... <@y

Mi@
e For all j € [0,9], xA; M; B;, € V. Mi;
e There exists j € [0, 9], M, = aogMj, + anMy, + - + M, ”
° XAi_j(aOMio + Oélel N ajflMij,l)Bij S V M,

e There exists k € [0,5 — 1], xAijMikBij ev.

g

1
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Special word- Claim 2

ul €T W1
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Special word- Claim 2

ul €T W1

U9 x wWo
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Special word- Claim 2

ul €T W1
. v 1
I < < 1
A N\
AY N
\\ \\
1 N N 1
I 2 7 1
U9 T (105}
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Special word- Claim 2

ul €T W1
1 v v 1
I < < 1
A N\
AY N
AY N
AY N
1 N N 1
I 2 7 1
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Special word- Claim 2
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Special word- Claim 2

ul €T W1
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Special word- Claim 2

Uy X w1
. v v v |
I N ~ ~ ~ 1
N N N N
N N N N
N N N N
N A N N
. N N N N |
I 7 0 v v 1
U9 T (105}
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Special word- Claim 2

U1 X w1
\ (% (% v v |
I < < < < 1
N N N N
N N N N
N N N N
N A N N
. N N N N |
I v v ) 7 1
U9 (105}
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Special word- Claim 2

ul €T W1
. 0] v v v 1
I < < < < < 1
N N N N N
N N N N N
N N N N N
N N N N N
: N N N N N 1
! v v v v v !
U9 X w2
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Special word- Claim 2

ul €T W1
. 0] 0] v v v 1
I < < X X ) 1
N N N N N
N N N N N
N N N N N
N N N N N
: N N N N N 1
! v v v v v !
U9 X w2
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Special word- Claim 2

ul €T W1
. 0] 0] v v v 1
I < < < < < < 1
N N N N N N
N N N N N N
N N N N N N
N N N N N N
: N N N N N N 1
! v v v v v v !
U9 X w2
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Special word- Claim 2

ul €T W1
. 0] 0] v v v 0] 1
I < < X X ) X 1
N N N N N N
N N N N N N
N N N N N N
N N N N N N
: N N N N N N 1
! v v v v v v !
U9 X w2
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Special word- Claim 2

ul €T W1
| v v v v v v |
! \\ \\ \\ \\ \\ \\ \\ !
AY N AY AY AY AY AY
AY N AY AY AY AY AY
AY N AY AY AY AY AY
\ N N N N N N N ,
! (% (% () v (% U U !
U9 X w2
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Special word- Claim 2

U1 T w1

) 7 ) ) ) ) /
\ () () U v U () ) |
I \\ \\ \\ \\ \\ \\ \\ 1

AY N AY AY AY AY AY

AY N AY AY AY AY AY

AY N AY AY AY AY N

. N N N N N N N |
! () () v v () v v !
U9 X w2
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Special word- Claim 2

U x w1
y 2 ) ) q /

L (0 (0 (V) U v v v |
I < < X X X ) ) 1
N N N N N N N N

N N N N N N N N
N N N N N N N A
N N N N N N N N
N N N N N N N A
I N |
! v v v v v v v oo !
U9 X w2
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Multiple cuts

counter value

Q.

€1 €283 ¢4
word length
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Equivalence

Lemma - Witness bound

If two weighted ODCAs A; and Ay are not equivalent, then there
exists a witness z such that the counter values encountered during
the run of z are less than a polynomial in the input size.
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Equivalence

Lemma - Witness bound

If two weighted ODCAs A; and Ay are not equivalent, then there
exists a witness z such that the counter values encountered during
the run of z are less than a polynomial in the input size.

Theorem - Equivalence

There is a polynomial time algorithm to check the equivalence of two

weighted ODCAs (weights from a field).

ODCA May 18, 2025
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Other results

Theorem - Regularity

Given a weighted ODCA (weights from a field), determining whether
there exists a weighted automata recognising the same function is in

P.

ODCA May 18, 2025 28 /31



Regularity - pumping up

counter value

T deVx{m}

word length
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Regularity - pumping up

counter value

B -
o d eV x{m}

word length
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Summary

e Equivalence of weighted ODCAs is in P.
o Regularity of weighted ODCAs is in P.
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Existing Results

Machine Equivalence Reference
DFA P (NL) 4]
DOCA P (NL-Complete) 1]
NOCA Undecidable [7]
DPDA Decidable 5]
NPDA Undecidable 1]
PA P 6]

DWROCA P Our result

Weighted ODCA P Our result
Deterministic-stack PDA open -
pPDA open 3]

(FSTTCS 2023) ODCA May 18, 2025 31 /31
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Non-deterministic Finite Automata

o Consider the following NFA.
{a, b} {a,b}

e Language recognised?
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Non-deterministic Finite Automata

o Consider the following NFA.
{a, b} {a,b}

e Language recognised?

e Set of all words containing at least one ‘a’.

ODCA May 18, 2025
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Weighted Automata

A weighted automata (WA) can be viewed as an NFA with
weights.

e In this talk, we assume that the weights always comes from a
field.

e Consider the following WA.
{a,b},1 {a,b},1

{% - 6%

e Function recognised?
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Weighted Automata

A weighted automata (WA) can be viewed as an NFA with
weights.

e In this talk, we assume that the weights always comes from a
field.

e Consider the following WA.
{a,b},1 {a,b},1

{% - 6%

e Function recognised?

o Number of ‘a’s in the input.

ODCA May 18, 2025 2/45



Another example

e Consider the following WA.
{a,b},1 {a,b},2

1 {CL}, 1 1
Po pP1 —

e Function recognised?

ODCA May 18, 2025
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Another example

e Consider the following WA.
{a,b},1 {a,b},2

e Function recognised?

e Decimal equivalent of binary number.

ODCA May 18, 2025 3 /45



Equivalence WA(1)

e Given two weighted automata 4 and B, the equivalence problem
asks whether for all w € ¥*, fa4(w) = fp(w).

Theorem- Equivalence WA

The equivalence problem for weighted automata over a field is
decidable in polynomial time.

o Given two weighted automata A and B over a field, we can
construct a weighted automata C recognising the function

fa— 18
e To check equivalence of A and B, it suffices to check the
existence of a word which is accepted with non-zero weight by C.

ODCA May 18, 2025 4/45



Equivalence(2)

o Let K be the number of states of C and 7 its final distribution.
V = {x € F¥|xn =0} is a vector space.
e Given a vector space U C FK, we define U = FK \U.

e The equivalence problem is to check the existence of a word w
such that A§(w) € V.

ODCA May 18, 2025 5/45



co-VS reachability of weighted automata

co-VS reachability problem of WA

Input: Vector space V, Weighted automaton C.
Output: Yes, If there is a run of C that reaches a configuration in V.

No, otherwise. )

Theorem- co-VS reachability

The co-VS reachability problem for weighted automata is decidable
in polynomial time.

Lemma- minimal word

The length of the minimal run, if it exists, that reaches a
configuration in V is less than the number of states of C.

ODCA May 18, 2025 6 /45



Minimal word

@ Let the number of states of C be 4.

@ Assume w = ajasasay is a minimal reachability witness.

Ad(ar) D:Dj ByeV
Ao(araz) l:\:\:\:‘ Bz eV
A(araza3) l:\:\:\:‘ B,eV
Ao(arazazay) l:\:\:\:‘ BseV

@ By = 1By + 2By + c3 B3 + ¢4 By for some ¢y, ¢9,c3,¢c4 € F.
e There exists i < 5 such that B; € V. This is a contradiction.

(FSTTCS 2023) ODCA May 18, 2025 7 /45



Polynomial time algorithm

Dependent

Independent

00

Ad(aa)

A5 (abb)

Ad(abaa) Ad(abab)

@ Starting from gp construct a basis set by traversing the tree in a breadth-first
manner and adding independent vectors to it.

ODCA May 18, 2025
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Example ODCA (a)

({a},{0,1}) ({a}, {1})

C% (o}, {1}
—( %
({a} {0}

Finite state machine

Counter structure

({a}. {0, 1}, +1) ({a}, {1}, -1)

C% ({3 {1}, -1
—( Po
({a},{0},0)

Figure: £1 = {a"ba™ | n > 0}

ODCA May 18, 2025
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Example ODCA (b)

({a}.{0,1}) ({a}. {1})

(v}, {0}

ﬁ‘{a}, {0}, +1

({bh A1) ({a}, {0})

Finite state machine

Counter structure

({a}. 0,11 +1) (133, o3, 41y (ad {1k -1)

(o} {1y, -1 Qb 0L+ (1), (0,13, 4+1)

Figure: Lo = {(a +b)* | #a’s > #b’s}

ODCA May 18, 2025
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Example ODCA (c)

({a}.{0,1},1) ({ak.{1},1)

1, (o} (11,1)
£
E ({a}. {0}, 1
s (an{o1p1) (fa}.{0.1},2)
3 ({a}. {0.1}.2) |
=
<%}
(b} {11 1) (ORUR)
({a}. {0, 1}, +1) ({a}. {1},-1)

H% ({8} 1), 1)

({a}, {0},0)
({a},{0,1}.41)

Counter structure

({b).{1).-1)

Figure: f(wjws) = decimal value of wq’s binary interpretation, if w; € £y
and #a’s > #b’s for any prefix of ws; 0 otherwise.
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Example - One deterministic-counter Automata

L={a"(b+ c)"b(b+ c)*| n,m € N with n > m}.

ODCA May 18, 2025 12 /45



|a|a|b|c|b|b|c|b

({a},{0,1}) ({b, ¢}, {0})
Input tape
({0}, {0})
Finite state machine b {0h) @ 0
({b,c},{0}) Counter

({6, ¢} {1})

(T eh (0)) C) [ifofofofofo]

Initial vector

(e}, {0,1},+1)  ({b,¢},{0,1},0)

Counter structure
~@®)

({b.e}, {1}, -1)
ODCA May 18, 2025 13 /45

({b,c},{0},0)




|a|a|b|c|b|b|clb

({a},{0,1}) ({b.c}, {0})
Input tape
({b.¢}.{0})
N
({0}, {0})
Finite state machine {b,e},{0}) @ 0
({b,c},{0}) Counter

(fb.c}, (1))
(T eh (0)) C) [ifofofofofo]

({a}ﬁ{oﬁl}f‘rl) ({b. 0}7{071}70)

®

ODCA May 18, 2025 14 / 45

Counter structure
—

({b,c},{0},0)

({b! C}v {1}7 _1)




- [

({a}, {0,1}) ({b,c},{0})
Input tape
({0}, {0})
Finite state machine b {0h) @ 1
({b,c},{0}) Counter

(fb.c}, (1))
(T eh (0)) C) [ifofofofofo]

(e}, {0,1},+1)  ({b,¢},{0,1},0)

Counter structure
~@®)

({b.e}, {1}, -1)
ODCA May 18, 2025 15/ 45

({b,c},{0},0)




|a|a|b|c|b|b|clb

({a},{0,1}) ({b.c}, {0})
Input tape
({b.¢}.{0})
N
({0}, {0})
Finite state machine {b,e},{0}) @ 1
({b,c},{0}) Counter

(fb.c}, (1))
(T eh (0)) C) [ifofofofofo]

({a}ﬁ{oﬁl}f‘rl) ({b. 0}7{071}70)

®

ODCA May 18, 2025 16 / 45

Counter structure
—

({b,c},{0},0)

({b! C}v {1}7 _1)




s

({a}, {0,1}) ({b,c},{0})
Input tape
({0}, {0})
Finite state machine b {0h) @ 2
({b,c},{0}) Counter

(fb.c}, (1))
(T eh (0)) C) [ifofofofofo]

(e}, {0,1},+1)  ({b,¢},{0,1},0)

Counter structure
~@®)

({b.e}, {1}, -1)
ODCA May 18, 2025 17/ 45

({b,c},{0},0)




|a|a|b|c|b|b|clb

({a},{0,1}) ({b, ¢}, {0}
Input tape
({b.¢}.{0})
N
({0}, {0})
Finite state machine {b,e},{0}) @ 2
({b,c},{0}) Counter

(fb.c}, (1))
(T eh (0)) C) [ifofofofofo]

({a}. {0, 1}, +1) ({b,¢},{0,1},0)

®

ODCA May 18, 2025 18 /45

Counter structure
—

({b,c},{0},0)

({b,C}, {1}7 _1)




(== [

({a},{0,1}) ({b, c}, {0}
Input tape
({b.¢}.{0})
N
({0}, {0})
Finite state machine {b,e},{0}) @ 1
({b,c},{0}) Counter

(fb.c}, (1))
(T eh (0)) C) [ofofrfofofo]

({a}. {0, 1}, +1) ({b,¢},{0,1},0)

Counter structure
~@®)

({b.e}, {1}, -1)
ODCA May 18, 2025 19 /45

({b,c},{0},0)




HEE CEEE

({a},{0,1}) ({b, ¢}, {0}
Input tape
({b.¢}.{0})
N
({0}, {0})
Finite state machine {b,e},{0}) @ 1
({b,c},{0}) Counter

(fh.c}, (1))
(T eh (0)) C) [ofofrfofofo]

({a}. {0, 1}, +1) ({b,¢},{0,1},0)

®

ODCA May 18, 2025 20/ 45

Counter structure
—

({b,c},{0},0)

({b,C}, {1}7 _1)




(== -

({a},{0,1}) ({b, c}, {0}
Input tape
({b.¢}.{0})
N
({0}, {0})
Finite state machine {b,e},{0}) @ 0
({b,c},{0}) Counter

(fb.c}, (1))
(T eh (0)) C) [ofofrfofofo]

({a}. {0, 1}, +1) ({b,¢},{0,1},0)

Counter structure
~@®)

({b, e}, {1}, -1)
ODCA May 18, 2025 21 /45

({b,c},{0},0)




|a|a|b|c|b|b|clb

({a},{0,1}) ({b, ¢}, {0}
Input tape
({b.¢}.{0})
N
({0}, {0})
Finite state machine ({b, e} {0}) @ 0
({b,c},{0}) Counter

(fb.c}, (1))
(T eh (0)) C) [ofofrfofofo]

({a}. {0, 1}, +1) ({b,¢},{0,1},0)

®

ODCA May 18, 2025 22 /45

Counter structure
—

({b,c},{0},0)

({b! C}v {1}7 _1)




(== e e e

({a},{0,1}) ({b, c}, {0}
Input tape
({b.¢}.{0})
N
({0}, {0})
Finite state machine {b,e},{0}) @ 0
({b,c},{0}) Counter

(fb.c}, (1))
(T eh (0)) C) [of:ofofofo]

({a}. {0, 1}, +1) ({b,¢},{0,1},0)

ODCA May 18, 2025 23 /45

Counter structure
—

({b,c},{0},0)

({b! C}v {1}7 _1)




|a|a|b|c|b|b|clb

({a},{0,1}) ({b,c},{0})
Input tape
({b.¢}.{0})
N
({0}, {0})
Finite state machine {b,e},{0}) @ 0
({b,c},{0}) Counter

(fb.c}, (1))
(T eh (0)) C) [of:ofofofo]

({a}.{0,1},+1)  ({b,c},{0,1},0)

®

ODCA May 18, 2025 24 / 45

Counter structure
—

({b,c},{0},0)

({b! C}v {1}7 _1)




(== e e |

({a},{0,1}) ({b, c}, {0}
Input tape
({b.¢}.{0})
N
({0}, {0})
Finite state machine {b,e},{0}) e 0
({b,c},{0}) Counter

(fb.c}, (1))
(T eh (0)) C) Loftfofefofo]

({a}. {0, 1}, +1) ({b,¢},{0,1},0)

ODCA May 18, 2025 25 / 45

Counter structure
—

({b,c},{0},0)

({b! C}v {1}7 _1)




[2[=]efee]n S

({a},{0,1}) ({6, c}. {0})
Input tape
({0}, {0})
Finite state machine b {0h) @ 0
({b,c},{0}) Counter

({b. e}, 1)
(b} {0) . Lofefofifofo]

({a}. (0.1}, 41)  ({b,e}.{0,1},0)

®

ODCA May 18, 2025 26 / 45

Counter structure
—

({b,c},{0},0)

({b! C}v {1}7 _1)




laflefzlle]e o]

({a},{0,1}) ({b, c}, {0}
Input tape
({b.¢}.{0})
N
({0}, {0})
Finite state machine {b,e},{0}) @ 0
({b,c},{0}) Counter

({breh (1})
({6} (0D ‘ Lofrfofofr]o]

({a}. {0, 1}, +1) ({b,¢},{0,1},0)

ODCA May 18, 2025 27/ 45

Counter structure
—

({b,c},{0},0)

({b! C}v {1}7 _1)




[[e]efele]e]- N

({a},{0,1}) ({6, c}. {0})
Input tape
({o}. {0})
Finite state machine b {0h) @ 0
({b,c},{0}) Counter

({b,e]. (1})
(b} 10)) . Lofrfofofrfo]

({a}. (0.1}, 41)  ({b,e}.{0,1},0)

®

ODCA May 18, 2025 28 / 45

Counter structure
—

({b,c},{0},0)

({b! C}v {1}7 _1)




laflefzle]e o]l

({a},{0,1}) ({b, c}, {0}
Input tape
({b.¢}.{0})
N
({0}, {0})
Finite state machine {b,e},{0}) e 0
({b,c},{0}) Counter

(fb.c}, (1))
(T eh (0)) C) Lofrfofefofr]

({a}. {0, 1}, +1) ({b,¢},{0,1},0)

ODCA May 18, 2025 29 /45

Counter structure
—

({b,c},{0},0)

({b! C}v {1}7 _1)




({a}.{0,1}) ({b,c}, {0})

{b},{0})

(b, e}, {0}) °

(b, e}, {0})

({a}. {0,1},41)  ({b.c},{0.1},0)

({0, ¢},{0},0)

0]0]1]0]0|0 0]1]0]0]0|0
0]0]0]0]0|0 0]1]0]1]0|0
0]0]1]0[0|0 0]1]0]0]0|0
0]0]0]0O[0|O0 (o} {1h 0]0]0j0O|1]|0 ({6} {0}
0]0]0]0[0|O0 0]0|]0]j0|0|1
0]0]0]|0[0|O0 0]0]0]j0]0|O0

ODCA May 18, 2025 30 /45



({a},{0,1}) ({b,c},{1}) ({6},{0}) ({c},10})
1joJojofolo ojof[1]o0f0]o0 of1[o]Jofo]o0 oj1]o]oJo]o0
0jo]lo0]o0l0]o0 0jojo]olo0]o0 0[1]0]1]0]0 0[1]0]0l0]0
0jo]lo0]0l0]o0 0jo[1]0l0]o0 0[1]0]0J0]0 0[1]0]0 0
ololo]jolo]o ololojolo]o ojolojolL]o0 ojojo]jolL]o0
0jo]lo0]o0l0]o0 0jo]o]o0l0]o0 0/0[0]0]0]1 0/0[0]0]0]1
0jo0]o0]o0l0]o0 0jojlo]o0Jo0]o0 0/0]0]0J0]0 0/0]0]0J0]0

Transition matrices
a | c C b | c b 1 0 0 0 0 0
Input tape Initial vector

({a}, {0, 1}, 41)  ({b,¢},{0,1},0)

—(m) ({b.c}, {0},0)

({b.ch. (1}, 1)

Counter structure Counter
TCS 2023) ODCA May 18, 2025 31 /45




({a},{0,1}) ({b;c}, {1}) {03, {0})
0 0 0 0 0oJoJo

(

010 1
010 0j0j0[0]0O|0O 0]1]0

1

0

00
00|00 11010 0j1]0[0]0|0
0]0|0[0[0|0 0/]0]1[0]|0|0 0 0]0|01]0 0]1]0[0]0|0
0]0]0[0]0|0 0]0]0[0]0|0 0 00|10 0]0j]0|0]1)0
0]0|0]0]0|O0 0]0|{0]0]0|O0 0j]0j0j0O|0|1 0j]0j0j0O|0|1

0 0

ojojojolo]o ojojojofo]o ojofojo]o ojofojo]o
o ¢ |c|P|c|b 100|000
{ah{0.1,+1)  ({b,c},{0,1},0)
o\ (. 01.0) é}) 0
({b,e}, {1}, -1) Counter
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)

({c},

)

({a},{0,1}) (
0ofoJo

{b,c}, {1})
0[1JoJo

({0}, {0}
1100

{0}
010

1]0 0 0 0 0 0]o0 0]1 0]0
0jlojolofo]o0 0jlojololo]o ojt|ol1l0]o0 oj1|olol0]o0
0jolojolo]0 ojol1]ol0]0 0oj1lo]olo]0 0j1lo]olo]0
0jo0[o0]0J0]o0 ojolofolo]lo ojolojol1]o0 ojolojol1]o0
0jlojolofo]o0 ojlojofolo]o 0jlojololo|1L 0jojololo]|1L
0jlojofof0]o0 0jlojojofo]o 0jlojojofo]o 0jlojojof0]o0

a|lc|lc|blc|b 11o0lolololo

({a},{0,1},+1) ({b; ¢}, {0,1},0)

H':'(WM§&OLO)<%5 1

({boe}, {1}, -1) Counter

ODCA May 18, 2025 33 /45




({a},{0,1}) ({b, c},{1}) ({0},{0}) ({c}, {0

1jojojo]ofo0 ofo[1]ofolo0 o[1]0]0J0]0 o[1]o0]oJ0]o0
0/0]0]0J0]0 0ojolojojojo] [o]1]of1]0]0| [0[1]0]0]0]O
0/0]0]0J0]0 0jo[1]0l0]0 0[1]0]0]0]0 0[1]0]0J0]0
0ojojlo|of0]0 ojojo]ofolo ojojojol1]0 olo[ojol1]o0
0jo0]o0]0l0]0 0jo]lo]o0lo0]o0 0lolo]olo]1 0jojlo]ojo]1
0/0]0]0J0]0 0jojo]o0lo0]o0 0[0[0]0J0]0O 0jolo0]o0l0]o0
alc|c|b|lc|b 11o0lolololo

({a}. (0.1, 41)  ({b.c}.{0.1},0)

OB

({b,e}, {1}, -1) Counter

({6 ¢}, {0},0)
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({a},{0,1}) ({b,c}, {1}) ({b},10}) ({c}, {0})
1]oJof0J0]0 ojof1[of0]o0 oj1lofof0]o0 oj1lofofo0]o0
0jlojolofo]o0 0jlojololo]o ojt|ol1l0]o0 oj1|olol0]o0
0jolojolo]0 ojol1]ol0]0 0oj1lo]olo]0 0j1lo]olo]0
0jo0[o0]0J0]o0 ojolofolo]lo ojolojol1]o0 ojolojol1]o0
0jlojolofo]o0 ojlojofolo]o 0jlojololo|1L 0jojololo]|1L
0jlojofof0]o0 0jlojojofo]o 0jlojojofo]o 0jlojojof0]o0

a | c c | b|c b 01lo 1 ololo

({a},{0,1},+1) ({b; ¢}, {0,1},0)

@200 é}) 0

({boe}, {1}, -1) Counter
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({c},{0})

({a},{0,1})
0 0

({b,057{1%3

(ﬁb},{g})

170 0 0 0]0 0 0 0 0 0]0 0j1]0]0J0]0
ojolofofo]o0 ojolofofo]o0 oj1lof[1l0]0 oj1lofofo]o0
ojojojolo]o0 ojol1]o0l0]0 oj1lo]ofo]o0 oj1lo]ofo]o0
0/0][0[0|0]0 0jojo]oj0]o0 0ojojojolL]o0 0ojojojolL]o0
ojolofofo]o0 ojolofolo]o ojofojolo]|1 ojolojolo]1
0ojojojofo]o0 ojojojolo]o0 ojojojolo]o0 ojolojofo]o
a|lc|c|b]|c|b ol11lo0lo01lo0
1401}, +1)  ({b,c}.{0,1},0)
: ‘/\ ({b,c},{0},0) é 0
({b,e}, {1}, -1) Counter
ODCA May 18, 2025 36 /45




({a},{0,1}) ({b,c}, {1}) ({0},{0}) ({c},{0})
1/0/010]0]0 0j0[1]0|0]0 0|1[0[{0|0]0 0|1(0[0|01]0
0j]0l0|0O|0]O0O 0j0l0[0O|0]O 0|1(0[1|01]0 0|1[0[0|01]0
0j0l0|0O|0O]O0 0j0[1]0|0]0 0|1[0[0|0]0 0|1[0[0|0]0
0j]0l0|0O|0]O0 0j]0[0|0O|0]O0 0000|110 0000|110
0(0l0J0|10]|0 001010100 0(010|0]0]1 0(010|0]0]1
0j]0l0|0O|0O0]O 0j0l0|0O|0]O 0j]0l0|0O|0]O 0j0l0|0O|0]O0

a c|bjc|b ol1]0|0]0]|oO
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Pseudo-pumping lemma (pumping down)

Pseudo-pumping lemma

If z is a reachability witness for (c,V,m) and the maximum counter
value encountered during the run of z is not polynomially bounded in
the input size then,

@ there exists a subword zg of 2, such that ¢ =% P x {m}, and

the maximum counter value encountered during this run is less
than the maximum counter value encountered during the run of
z.
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Pseudo-pumping lemma - Figure
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