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Abstract
This thesis contributes to the study of active learning and equivalence of one-

counter systems. The first part of this thesis focuses on developing a new approach
for active learning of deterministic real-time one-counter automata (DROCAs). Tra-
ditional approaches to learning DROCAs often involve learning an initial portion
of an infinite behavioural graph. The aim is to identify a repetitive structure in the
graph that defines the overall behaviour of the DROCA. However, this repetitive
structure often requires constructing an exponentially large graph, leading to an
exponential runtime and number of queries. In contrast, our SAT-based method
reduces the number of queries to a polynomial number, significantly improving the
efficiency of learning algorithms for DROCAs. Furthermore, it learns a minimal
counter-synchronous DROCA recognising the language making it more feasible for
practical applications. We also introduce improved equivalence checking algorithms
for counter-synchronised one-counter automata that is used in our learning algorithm.
This helps to obtain much smaller counter-examples on equivalence queries. Addi-
tionally, we present an even faster equivalence check for the special case of visibly
one-counter automata.

The second part of the thesis introduces real-time one-deterministic-counter au-
tomata (RODCAs). These are real-time one-counter automata with the property
of counter-determinacy, meaning that all paths labelled by a given word starting
from the initial configuration have the same counter-effect. We prove that the equiv-
alence of weighted RODCAs over fields is in P. This is a step towards resolving
the open question of the equivalence problem of weighted one-counter automata.
We also considered boolean RODCAs and showed that the equivalence problem for
(nondeterministic) boolean RODCAs is in PSPACE. In contrast, it is undecidable for
(nondeterministic) boolean one-counter automata. Additionally, a faster equivalence-
checking method is proposed for the special case of deterministic weighted real-time
one-counter automata. The thesis also explores the regularity and covering problems
for weighted RODCAs, and shows that they are in P.

Keywords: One-counter automata, Equivalence, Active Learning, Weighted automata,
Reachability, SAT solver, Regularity, Covering.
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CHAPTER 1
Introduction

1.1 Thesis Overview

Automata are mathematical models for systems that can describe sequences
of operations or events, making them valuable for applications such as formal
verification of software, model checking, and system analysis. A one-counter
automaton (OCA) extends a finite-state automaton with a non-negative integer
counter. The counter can be incremented, decremented, and tested for zero on
a transition. They are strictly more expressive than finite-state systems and can
capture the behaviour of certain infinite-state systems. A visibly one-counter
automaton (VOCA) is an OCA with the visibly constraint, where the counter
actions depend only on the letter.

Automata learning focuses on the automatic construction of automata from
observations, such as input/output samples. Automata learning is particularly
important for software verification as it allows for the modelling and analysing of
systems where exhaustive testing may not be feasible. With suitable algorithms,
automata learning can enable software verification tools to automatically con-
struct models from system traces, which can then be analysed for errors, security
vulnerabilities, and performance issues. Despite theoretical advancements, the
practical applicability of automata learning algorithms, especially for extensions
of finite automata (e.g., one-counter automata, pushdown automata), is hindered
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1. INTRODUCTION

by inefficient equivalence checks and learning processes. This limits the broader
applicability of automata learning algorithms for complex systems.

In the first half of this thesis, we primarily focus on active learning and
equivalence of real-time one-counter systems. The model is called real-time as
there are no Á-transitions. We discuss the state-of-the-art and our contributions to
learning and equivalence of one-counter systems separately.

In the second half of the thesis, we examine weighted one-counter systems
and introduce a model called the weighted real-time one-deterministic counter
automaton (weighted RODCA). These are weighted one-counter automata in
which the counter actions are deterministic. Our main focus is on the equiva-
lence, regularity, and covering of weighted RODCAs over fields. Additionally, we
demonstrate the existence of a more efficient equivalence check for a subclass
of weighted RODCAs. We also study both deterministic and nondeterministic
RODCAs and show that they are expressively equivalent to DROCAs.

1.1.1 Active Learning and Equivalence of DROCAs

Active Learning

The objective of learning algorithms is to identify a model that best fits a given
set of observations or data. However, this is a computationally challenging
task. For instance, finding the minimal deterministic finite automaton (DFA)
that accepts a given set of positive samples and rejects a given set of negative
samples is NP-complete (Gold, 1978). Angluin (1987) proposed an active learning
framework involving a learner and a teacher to overcome this challenge. The
learner constructs an automaton through a structured process of queries to
the teacher (see Figure 1.1). Membership queries determine whether a given
word is accepted by the target automaton, while equivalence queries verify if
a hypothesised model matches the target and returns a counter-example if it
doesn’t. Angluin (1987) showed that DFAs can be learned using membership
and equivalence queries in polynomial time. Angluin’s algorithm, known as the
L

ú algorithm, provided a theoretical foundation for efficient learning of DFAs by
allowing the learner to learn a minimal DFA in time polynomial in the size of the
DFA. However, one cannot extend the L

ú algorithm directly for more complex
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1.1. Thesis Overview

Fig. 1.1. Active learning framework.

automata, such as one-counter automata and pushdown automata, which have
infinitely many equivalence classes.

While state-of-the-art algorithms effectively learn finite-state models, extend-
ing these methods to systems with resources like stacks or counters poses signif-
icant challenges. These extended models are highly desirable as they capture
richer and more expressive behaviour, enabling the formal verification of complex
properties. However, current computational and algorithmic limitations hinder
the effective learning of such systems, emphasising the need for novel approaches
to bridge this gap in automata learning.

Recent advancements in automata learning, especially in deterministic real-
time one-counter automaton (DROCA), have shown promising potential for
practical applications (Bruyère et al., 2022). However, the scalability remains
a concern. Current learning algorithms for DROCAs, such as those by Fahmy
and Roos (1995) and Bruyère et al. (2022), still suffer from exponential time
complexity in both the runtime and the number of queries. This is also the
case with the algorithm for learning VOCAs by Neider and Löding (2010). This
exponential cost is a critical limitation that restricts the applicability of these
algorithms in real-world scenarios where scalability is a priority.

Our Contributions to Learning DROCA

To address limitations in the learning process, we focused on a new method for
learning deterministic real-time one-counter automaton (DROCA) with the help
of a SAT solver that requires only polynomially many queries (see Chapter 4). We
follow an active learning framework similar to that by Angluin (1987) that uses
membership, equivalence and counter value queries to infer an unknown DROCA
from a teacher. The DROCA learnt will be counter-synchronous with the DROCA
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under learning, meaning that for any word, the counter-value reached on reading
that word is the same on both machines.

In our learning algorithm, we use ideas from the L
ú algorithm by Angluin

(1987) and the idea of computing a minimal separating DFA with the help of a
SAT solver (Dell’Erba et al., 2024). This sets it apart from existing techniques that
rely on identifying repetitive patterns in behaviour graphs of exponential size. We
show that learning a minimal counter-synchronous DROCA with respect to the
teachers DROCA can be done using polynomially many membership, equivalence,
and counter-value queries. This improves the existing result by Bruyère et al.
(2022) that needed an exponential number of queries, space and time for learning
DROCAs using membership, equivalence, counter-value and partial-equivalence
queries.

We can adapt the algorithm for learning DROCAs to learn VOCAs with the
minimal number of states without using counter-value queries. It is important
to note that there does not exist an Angluin-style learning algorithm for VOCAs
that learns a minimal VOCA in polynomial time. If there is an L

ú-type algorithm
to learn a minimal VOCA in polynomial time, then it can be used to minimise
VOCAs in polynomial time. However, Michaliszyn and Otop (2022) have pointed
out that the problem of minimising VOCAs is NP-Complete. This implies that
knowing the counter-values will not help us get a better learning algorithm for
DROCAs. Hence, learning DROCAs with the help of counter-value queries (even
with counter-observability) is also a difficult problem.

We implemented the proposed algorithm and tested it on randomly generated
DROCAs. Our evaluations show that the proposed method outperforms the
existing technique by Bruyère et al. (2022) on the test set.

Equivalence

The equivalence problem for machine models is an important problem in for-
mal verification and learning. It asks whether two given machine models are
equivalent. However, the equivalence check is particularly challenging for com-
plex models, such as one-counter automata and pushdown automata, due to
their decision complexities. The study on weighted versions of pushdown or
one-counter machines is limited. Probabilistic pushdown automaton (PPDA) is a
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weighted pushdown automata variant that has been studied in the literature. The
decidability of equivalence of PPDAs is a long-standing open problem and is as
complex as the multiplicity equivalence of context-free grammars (Forejt et al.,
2014). The latter problem is not known to be decidable. These highlight the
intrinsic difficulty of handling weighted and probabilistic extensions in pushdown
automata models. Since the equivalence problem for PPDAs is unknown, the
natural question to ask is the equivalence problem for probabilistic one-counter
automata. However, this problem is also unresolved.

Our Contributions to the Equivalence of One-Counter Systems

The equivalence of DROCAs is in P Böhm and Göller (2011). However, it cannot
be used in practice because of its high computational costs. Given two DROCAs
with number of states less than some integer n, the equivalence check takes
O(n26) time. To overcome this, we introduced the concept of counter-synchronous
DROCAs, which allows for a faster equivalence check that runs in O(n5) time (see
Chapter 7). Two DROCAs are counter-synchronous if, for any word, the counter-
value reached on reading that word is the same on both machines. We use this
equivalence check of counter-synchronous DROCAs in our learning algorithm for
DROCAs in Chapter 4. We also have discovered an even faster O(n3) algorithm
for checking the equivalence of two visibly one-counter automata.

1.1.2 Weighted One-Counter Systems

In the second half of the thesis, we identify a subclass of probabilistic one-
counter automata called weighted real-time one-deterministic-counter automaton
(weighted RODCA) (see Chapter 6) and prove that its equivalence is in P (see
Chapter 7). These are weighted real-time one-counter automata with the property
of counter-determinacy, meaning that all paths labelled by a given word starting
from the initial configuration have the same counter-effect. This property allows
for a polynomial time equivalence checking for this model, whereas the problem
is not known to be decidable for weighted OCAs in general. Counter-determinacy
can be seen as a relaxation of the visibly constraint on one-counter automata, as
the counter actions are no longer input-driven but are deterministic. These are
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strictly more expressive than weighted VOCAs, which are weighted OCAs where
the input alphabet determines the counter action.

Our primary focus was on the equivalence problem for weighted RODCAs
where the weights are from a field. This field can be infinite, such as the set of
rationals Q with the standard addition and multiplication operations. We first
introduced two problems for weighted RODCAs, called the co-VS reachability
problem and co-VS coverability problem and prove that they are in P (see Chap-
ter 7). The co-VS reachability and the co-VS coverability problem are crucial,
along with the ideas developed by Böhm and Göller (2011); Böhm et al. (2014)
and Valiant and Paterson (1975) in proving that the equivalence problem of
weighted RODCAs is in P. Our positive result on weighted RODCAs forms a
foundation for developing their learning algorithms, creating new possibilities for
efficient verification tools.

We have also studied deterministic weighted real-time one-counter automa-
ton (DWROCA) (see Chapter 5), which is a subclass of weighted RODCAs and
proved that the equivalence of this model can be checked faster than that of
general weighted RODCAs. All these results are positive steps towards solving
the equivalence of weighted pushdown systems. We also considered deterministic
RODCAs and nondeterministic RODCAs in Chapter 6. We showed that determin-
istic RODCAs can be converted to DROCAs in polynomial time, and hence, their
equivalence is in P. Nondeterministic RODCAs can be transformed to DROCAs
that are exponentially larger, and hence, their equivalence is in PSPACE. In
contrast, it is undecidable for nondeterministic one-counter automata.

1.1.3 Other Results

We have also considered the regularity, covering and coverable equivalence
problems of weighted RODCAs in Chapter 7. First, we consider the regularity
problem of weighted RODCAs – the problem of deciding whether a weighted
RODCA is equivalent to some weighted automaton. The crucial idea in proving
regularity is to check for the existence of infinitely many equivalence classes. The
proof technique is adapted from the ideas developed by Böhm et al. (2014) in
the context of real-time OCAs. We prove that the regularity problem of weighted
RODCAs (weights from a field) is in P.
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Finally, we look at covering and coverable equivalence problems. Let A1 and
A2 be two weighted RODCAs without initial distributions. We say A2 covers A1 if
for all initial configurations of A1 there exists an initial configuration of A2 that
makes them equivalent. We say A1 and A2 are coverable equivalent if A1 covers
A2, and A2 covers A1. We show that the covering and coverable equivalence
problems for weighted RODCAs are decidable in polynomial time. The proof
relies on the algorithm to check the equivalence of two weighted RODCAs.

A summary of our results is given in Table 1.1.

Deterministic RODCAs Nondeterministic RODCAs weighted RODCAs over a field
Reachability P (Chistikov et al., 2019) P (Chistikov et al., 2019)

P
Coverability
Equivalence P (Böhm and Göller, 2011) PSPACE (Böhm and Göller, 2011)Regularity
Covering P PSPACECoverable equivalence
Learning P1 open

Table 1.1. Summary of results.

1.2 Organisation of the Thesis

The rest of the thesis is organised into four main parts, each focusing on distinct
aspects of learning and equivalence of one-counter automata and its variants.
Below is an overview:

Part I: Preliminaries

This part establishes the foundational concepts necessary for the rest of the thesis.
• Chapter 2: Foundations, introduces mathematical notations and core topics
like linear algebra, complexity classes and one-counter automata. The chapter
explains various OCA variants, including deterministic, deterministic real-time,
and visibly one-counter automata. It also explores the concepts of learning
automata.

1One can obtain a PNP algorithm for learning Deterministic RODCAs from the results
presented in Chapter 4. However, in recent work Mathew et al. (2025c), we have proved the
existence of a polynomial time algorithm for learning deterministic one-counter automata.
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Part II: Deterministic Real-Time One-Counter Automata (DROCA)

The second part investigates equivalence and learning of DROCAs.
• Chapter 3: Equivalence of DROCAs gives faster equivalence checks for counter-
synchronised and visibly one-counter automata.
• Chapter 4: Learning DROCAs Using Polynomially Many Queries presents
our learning algorithm for DROCAs using SAT solver. The chapter explains the
learning algorithm, implementation details and experimental results.

Part III: Weighted One-Counter Automata

This part presents our work on weighted one-counter systems.
• Chapter 5: Deterministic Weighted Real-Time One-Counter Automata intro-
duces deterministic weighted real-time one-counter automaton (DWROCA) and
provides an algorithm for checking its equivalence.
• Chapter 6: Real-Time One-Deterministic Counter Automata introduces
weighted real-time one-deterministic counter automaton (weighted RODCA)
and discusses our results for nondeterministic RODCAs.
• Chapter 7: Equivalence of Weighted RODCAs Over Fields, focuses on
weighted RODCAs over fields and studies their reachability, equivalence, regular-
ity and covering problems.

Part IV: Conclusions

This part presents our conclusions and future directions.
• Chapter 8: Summary and Future Work, summarises our contributions and
identifies future research directions.

Note to Readers of the PDF Version of This Thesis

This document incorporates numerous hyperlinks to enhance usability in its
electronic format. In addition to the cross-references generated by LATEX, most of
the terms and concepts defined within the document are directly linked to their
definitions. This feature, made possible by the knowledge package by Thomas
Colcombet, applies to both text and mathematical expressions. Keep in mind
that a single expression can contain multiple links. For example, the expression
ce(T )|1 > K2poly3(K) includes links to three distinct concepts: ce, K and poly3.
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2.1 Mathematical Notations

For any set S, we use |S| to denote the number of elements in S. We denote
by N the set {0, 1, 2, 3, . . .} and by [i, j] the interval {i, i + 1, . . . , j}. For any d œ N,
the sign of d, denoted by sign(d), is defined as

sign(d) =

Y
_]

_[

0, if d = 0
1, otherwise.

An alphabet is a finite non-empty set of letters. In this thesis, we denote the
alphabet by �. We use �ú to denote the set of all finite-length words over �. For
all l œ N, we use �Æl (resp. �l) to denote the set of all words over � having a
length less than or equal to l (resp. exactly equal to l). Let w = ‡1‡2 . . . ‡n œ �ú,
where ‡1, ‡2, · · · , ‡n œ �. We use |w| to denote the length of the word w. For
j, k œ [1, n], with j < k, we use w[j] to denote the letter ‡j and w[j···k] to denote
the factor ‡j‡j+1 · · · ‡k. A word u = ‡1 · · · ‡k is a subword of a word w, if w =
u0‡1u1‡2 · · · ‡kuk, where ‡i œ �, uj œ �ú for all i œ [1, k] and j œ [0, k]. The word
u is a proper subword of w if u ”= w. We say that a word u is a prefix of a word w

if there exists v œ �ú such that w = uv. Similarly, a word v is a suffix of a word w

if there exists u œ �ú such that w = uv. A set S of words is prefix-closed, if for all
s œ S, any prefix sÕ of s is also in S. Similarly, a set S of words is suffix-closed, if
for all s œ S, any suffix sÕ of s is also in S.

Given a tuple e = (e1, e2), we use e|1 to denote e1 and e|2 to denote e2.
A group is a triple (S, ¶, e) where S is a non-empty set, ¶ is an associative

binary operation and e œ S is an identity element. The set S is closed under the
operation ¶ and for all s œ S, e ¶ s = s ¶ e = s. For all s œ S there exists s≠1

œ S

such that s ¶ s≠1 = s≠1
¶ s = e.

A field F = (S, +, ◊, 0e, 1e) is a set S with two commutative operations + and
◊ and distinguished elements 0e and 1e such that

• (S, +, 0e) and (S \ {0e}, ◊, 1e) are groups.
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• ◊ distributes over + (i.e., for all s, t, r œ S, s ◊ (t + r) = s ◊ t + s ◊ r).

2.1.1 Linear Algebra

In this thesis, we use x, y, z to denote vectors over a field F , and A,B,M to
denote matrices over a field F . We use U , V to denote vector spaces. Given a
vector x = [x0, . . . , xn≠1] œ F

n for some n œ N, we use x[i] to denote xi for all
i œ [0, n ≠ 1]. We recall the following fundamental theorems of vector spaces. An
interested reader can refer to the book on linear algebra by Strang (2006) for
more details.

Lemma 2.1
The following are true for a field F .

1. For any set X of n vectors in F
k with n > k, there exists a vector

x œ X that is a linear combination of the other vectors in X.

2. Given a set B of n vectors in F
k and a vector x œ F

k, we can check if
x is a linear combination of vectors in B in time polynomial in k and
n.

The above lemma holds irrespective of whether the values k and n are given
in unary or binary notation.

Lemma 2.2
Let V be a vector space, k œ N and for all n œ [0, k], zn œ F

k and Mn œ F
k◊k.

Then, there exists an i œ [1, k] such that the following conditions are true:

1. zi is a linear combination of z0, . . . zi≠1, and

2. if ziMi /œ V, then there exists j < i such that zjMi /œ V.

Proof. Let k œ N, n œ [0, k], zn œ F
k,Mn œ F

k◊k be matrices and V be a vector
space.
1. Consider the set {z0, z1, . . . , zk} of k + 1 vectors of dimension k. It follows from
Lemma 2.1 that there are at most k independent vectors of dimension k, and
hence not all elements of the set can be independent.
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2. Let i œ [1, k] be such that zi is a linear combination of z0, . . . zi≠1 and ziMi /œ V .
Let us assume for contradiction that zjMi œ V for all j œ [0, i ≠ 1]. Since zi is a
linear combination on z0, . . . zi≠1, there exists s0, . . . si≠1 œ F such that

zi = s0 · z0 + s1 · z1 + · · · + si≠1 · zi≠1

Since ziMi =
1 qi≠1

j=0 sj · zj

2
Mi and V is closed under linear combinations, we

get that ziMi œ V contradicting our initial assumption.

Lemma 2.3
Let V be a vector space, k œ N and for all n œ [0, k2], An,Mn,Bn œ F

k◊k.
Then, there exists an i œ [1, k2] such that the following conditions are true:

1. Mi is a linear combination of M0, . . . ,Mi≠1, and

2. for all x œ F
k, if xAiMiBi /œ V, then there exists a j < i such that

xAiMjBi /œ V.

Proof. Let An,Mn,Bn œ F
k◊k for n œ [0, k2], be matrices over F and V a vector

space.
1. Consider the set {M0,M1, . . . ,Mk2} of k2+1 matrices of dimension k2. It follows
from Lemma 2.1 that there are at most k2 independent vectors of dimension k2,
and hence not all elements of this set can be independent.
2. Let i œ [1, k2] be such that Mi is a linear combination of M0, . . . ,Mi≠1 and
xAiMiBi /œ V. Since Mi is dependent on M0, . . . ,Mi≠1, we prove that there exists
j < i such that xAiMjBi /œ V. Let us assume for contradiction that this is not the
case. Since Mi is a linear combination on M0, . . .Mi≠1, there exists s0, . . . si≠1 œ F

such that
Mi = s0 · M0 + s1 · M1 + · · · + si≠1 · Mi≠1

Since xAiMjBi œ V for all j œ [0, i≠1] we get that xAiMiBi = qi≠1
j=0 sj ·xAiMjBi œ

V, which is a contradiction.
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Lemma 2.4
Let k œ N,A œ F

k◊k and V ™ F
k be a vector space. Then, the following set

is a vector space,
U = {y œ F

k
| yA œ V}.

Proof. To prove that U is a vector space, it suffices to show that it is closed under
vector addition and scalar multiplication. First, we prove that U is closed under
vector addition. Let z1, z2 œ U be two vectors, since z1A, z2A œ V, (z1 + z2)A =
z1A + z2A œ V. Therefore, z1 + z2 œ U . Now, we prove that U is closed under
scalar multiplication. For any vector z1 œ U , we know that z1A œ V. Since V is a
vector space, for any scalar s œ F , (s · z1)A œ V, and therefore s · z1 œ U . This
concludes the proof.

In particular, the above lemma holds for the vector space {0 œ F
k
}.

2.2 Complexity Classes

In this section, we will briefly introduce and discuss the complexity classes that
we use in this thesis. These complexity classes categorise problems based on the
computational resources required to solve them. These resources typically include
time and space, measured as functions of the input size.

The class P consists of all decision problems that can be solved efficiently
using an algorithm that runs in polynomial time with respect to the input size.
i.e., problem is said to be in P if there exists an algorithms that solves it in O(nk)
time for some constant k œ N, where n is the input size.

The class NP contains all decision problems for which a given solution can be
verified in polynomial time. However, finding a solution to a problem in this class
might be hard. Every problem that can be solved in polynomial time can also
be verified in polynomial time. Therefore, it follows that P ™ NP. However, the
question of whether NP ™ P remains an open problem. A problem is NP-complete
if it is in NP and is at least as hard as any other problem in NP. This means that
any problem in NP can be transformed into it using a polynomial-time reduction.
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If there is a polynomial time algorithm for solving any NP-complete problem,
then all problems in NP can also be solved in polynomial time, implying P=NP.

The class NL consists of all decision problems that can be solved using a
logarithmic amount of memory. It is known that all NL problems can be solved in
polynomial time, implying NL™ P. A problem is NL-complete if it belongs to NL
and is at least as hard as any other problem in NL. This means that any problem
in NL can be transformed into it using a log-space reduction.

The class PSPACE consists of all problems that can be solved using a polyno-
mial amount of memory. Every NP problem is in PSPACE implying NP ™ PSPACE.
A problem is PSPACE-complete if it belongs to PSPACE and is at least as hard as
any other problem in PSPACE. This means that any problem in PSPACE can be
transformed to it using a polynomial-time reduction.

2.3 Finite Automata

Finite automata are models of computation used for recognising regular languages.
They consist of finite states and transitions between them based on the input
symbols. There are two types of finite automata: nondeterministic finite automata
(NFA) and deterministic finite automata (DFA).

2.3.1 Nondeterministic Finite Automata
Definition 2.5 (Nondeterministic finite automata)

A nondeterministic finite automaton (NFA), is defined by a tuple A =
(Q, �, q0, ”, F ), where

• Q is a finite set of states,

• � is the input alphabet,

• q0 œ Q is the initial state,

• ” : Q ◊

1
� fi {Á}

2
æ 2Q is the transition function, and

• F ™ Q is the set of accepting states.

16
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In an NFA, the range of the transition function ” is the powerset 2Q. Therefore,
on reading a symbol from a state, the next state is not given by a single element
of Q, but rather a subset of it. This subset defines all the possible states that can
be reached on taking that transition. We also allow Á-transitions, where the NFA
can move to a new state without consuming any input.

Given a word w = a1a2 · · · an, where each a1, . . . , an œ (� fi {Á}

2
and states

q, qÕ
œ Q, we write q

w
≠æ qÕ, if there exists states q1, . . . , qn+1 such that q1 = q, qn+1 =

qÕ and for all i œ [1, n], qi+1 œ ”(qi, ai). A word w œ �ú is accepted by an NFA A if
there exists a state qÕ

œ F such that q0
w
≠æ qÕ. The language of an NFA, denoted as

L(A), is the set of all words accepted by A.

2.3.2 Deterministic Finite Automata
Definition 2.6 (Deterministic finite automata)

A deterministic finite automata (DFA) is a tuple A = (Q, �, q0, ”, F ), where

• Q is a finite set of states,

• � is the input alphabet,

• q0 œ Q is the initial state,

• ” : Q ◊ � æ Q is the transition function, and

• F ™ Q is the set of accepting states.

The transition function ” can be extended inductively for words as follows:
”(q, ‡w) = ”(”(q, ‡), w) for any q œ Q, ‡ œ �, and w œ �ú. We use q

w
≠æ qÕ to

denote that ”(q, w) = qÕ. A word w is said to be accepted by the DFA A if q0
w
≠æ qÕ

such that qÕ
œ F . The word is said to be rejected otherwise. The language of the

DFA, denoted as L(A), is the set of all words accepted by A. Two DFAs A and B

are said to be equivalent if L(A) = L(B).
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2.4 One-Counter Automata

A one-counter automaton (OCA) can be viewed as a finite automaton equipped
with an integer counter (refer Figure 2.1). The transitions within this machine
depend on the current state and whether the counter’s value is positive or zero.
The automaton can increment or decrement the counter during transitions, but
the counter’s value must always stay non-negative. Unlike finite state machines
that can recognise only regular languages (languages that can be expressed using
regular expressions), the counter aids OCAs in recognising non-regular languages
(e.g., {anbn

| n Ø 0}).

One way read-only input tape

Finite state
Counter

zero test

{+1, ≠1, 0} machine

Fig. 2.1. One-counter automata.

An OCA is called deterministic or nondeterministic based on how the tran-
sitions of the finite state machine are defined. In this thesis, our focus is on
deterministic one-counter automata.
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2.4.1 Variants of One-Counter Automata

2.4.1.1 Nondeterministic One-Counter Automata

Definition 2.7 (Nondeterministic one-counter automata)
A nondeterministic one-counter automaton (NOCA) is a tuple A =
(Q, �, q0, ”0, ”1, F ), where

• Q is a finite nonempty set of states,

• � is the input alphabet,

• q0 œ Q is the initial state,

• ”0 : Q ◊

1
� fi {Á}

2
æ 2Q◊{0,+1} and ”1 : Q ◊

1
� fi {Á}

2
æ 2Q◊{0,+1,≠1}

are functions that defines the transitions, and

• F ™ Q is the set of final states.

A configuration of an NOCA is a pair (q, n), where q is a state and n is a counter
value. The transition function ”0 (resp. ”1) can only be taken from a configuration
with zero (resp. positive) counter value. Each transition can change the counter
value by at most one. Given a configuration (q, n) œ Q ◊ N and ‡ œ � fi {Á},
there is transition from the configuration (q, n) to another configuration (qÕ, nÕ) on
reading ‡ if and only if (qÕ, e) œ ”sign(n)(q, ‡), where e œ {≠1, 0, +1} and nÕ = n+e.
We denote this by (q, n) ‡

≠æ (qÕ, nÕ). A run of a word starting from a configuration
c0 and ending in cn on reading the word w (denoted as c0

w
≠æ cn) is specified by

the transition rules that leads from c0 to cn and in the process, reads the word
w. Note that in an NOCA, a word can have multiple runs. A run fi1 = c0

w1
≠æ ci is

called a sub-run of the run fi = c0
w
≠æ cn, if w = w1w2 for some w1, w2 œ �ú and

there exists a run fi2 = ci
w2
≠æ cn such that that runs fi and fi1fi2 are the same. A

word w is accepted by an NOCA if there exist a run (q0, 0) w
≠æ (qF , n), for some

qF œ F and n œ N. The language of an NOCA is the set of all words accepted by
it.
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Example 2.8 (MatchOrSkip)
An NOCA recognising the language MatchOrSkip defined as

MatchOrSkip = {anbmck
| n, m, k > 0 with n ”= m or m ”= k}.

If a transition from state qi to qj is labelled with ‡=0/e (resp. ‡>0/e) for
some ‡ œ

1
� fi {Á}

2
and e œ {≠1, 0, +1}, then it can be taken upon reading

the symbol ‡ from state qi when the current counter value is zero
(resp. positive). The value e will be added to the current counter value in
both cases. Assume that all transitions not shown in the figure go to a
non-final sink state while incrementing the counter by 1.

q0

q1 q2 q3 q4

q5 q6 q7 q8

Á/0

Á/0

a=0/+1, a>0/+1

b>0/≠1

b>0/≠1

b=0/+1

c>0/0

b>0/0

c>0/0

c>0/0

a=0/0, a>0/0

b=0/0

b=0, b>0/+1

c>0/≠1

c=0/+1

c>0/≠1

c=0/+1

c>0/0
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2.4.1.2 Deterministic One-Counter Automata

Definition 2.9 (Deterministic one-counter automata)
A deterministic one-counter automaton (DOCA) is a tuple A =
(Q, �, q0, ”0, ”1, F ), where

• Q is a finite nonempty set of states,

• � is the input alphabet,

• q0 œ Q is the initial state,

• ”0 : Q ◊

1
� fi {Á}

2
æ Q ◊ {0, +1} and ”1 : Q ◊

1
� fi {Á}

2
æ Q ◊

{0, +1, ≠1} are partial functions that defines the transitions, and

• F ™ Q is the set of final states.

A deterministic one-counter automaton (DOCA), was first introduced by
Valiant and Paterson (1975). A configuration of a DOCA is a pair (q, n), where
q is a state and n is a counter value. The transition function ”0 (resp. ”1) can
only be taken from a configuration with zero (resp. positive) counter value. The
transition function ”0 (resp. ”1) can have an Á-transition from a state q (i.e., can
be taken without reading any input) if ”0(q, a) (resp. ”1(q, a)) is not defined for
all a œ �. Each transition can change the counter value by at most one. Given
a configuration (q, n) œ Q ◊ N and ‡ œ � fi {Á}, there is transition from the
configuration (q, n) to another configuration (qÕ, nÕ) on reading ‡ if and only if
”sign(n)(q, ‡) = (qÕ, e), where e œ {≠1, 0, +1} and nÕ = n + e. We denote this by
(q, n) ‡

≠æ (qÕ, nÕ). A run of a word starting from a configuration c0 and ending in cn

on reading the word w (denoted as c0
w
≠æ cn) is specified by the transition rules

that leads from c0 to cn and in the process, reads the word w. A word w is accepted
by the DOCA if (q0, 0) w

≠æ (qF , n), for some qF œ F and n œ N. According to the
definition by Valiant and Paterson (1975), there are no Á-transitions possible from
a final state, and the counter value can never go below zero.

There are different ways of defining a DOCA. For instance, Böhm et al. (2013)
defines it as a machine with reset moves instead of having Á-transitions. The
set of states is partitioned into states that have a reset transition and states that
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don’t. The reset move from a state resets the counter to zero without reading any
input and takes the machine to a state based on the current state and the current
counter value modulo some period. They show that this model is equivalent to
the definition of DOCA with Á-transitions and is equi-succint.

Two DOCAs are equivalent if the set of words accepted by both of them are
the same. Valiant and Paterson (1975) proved that the equivalence of DOCAs is
decidable, and an analysis of their proof shows that it is in PSPACE. Based on
these ideas, Böhm et al. (2013) conducted a thorough analysis, which proved
that the equivalence of DOCAs is NL-complete.

Theorem 2.10 (Theorem 3, Böhm et al. (2013))
Equivalence of deterministic one-counter automata is NL-complete.

Example 2.11 (LeadMatch)
A DOCA recognising the language LeadMatch as follows

LeadMatch = {ambn ctdt
| m, n, t œ N and m > n, t > 0}.

Assume that all transitions not shown in the figure go to a non-final sink
state while incrementing the counter by 1. Note that you cannot have a
transition on a>0 or b>0 from q2 since the machine is deterministic.

q0 q1

q2q3q4

q5

a=0/+1, a>0/+1

b>0/≠1

c>0/0

b>0/≠1

c>0/0

c=0/+1

d=0/0

Á>0/≠1

d>0/≠1

c>0/+1

d=0/0

d>0/≠1
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2.4.1.3 Deterministic Real-Time One-Counter Automata

Definition 2.12 (Deterministic real-time one-counter automata)
A deterministic real-time one-counter automaton (DROCA) is a tuple A =
(Q, �, q0, ”0, ”1, F ), where

• Q is a finite nonempty set of states,

• � is the input alphabet,

• q0 œ Q is the initial state,

• ”0 : Q ◊ � æ Q ◊ {0, +1} and ”1 : Q ◊ � æ Q ◊ {0, +1, ≠1} are the
transition functions, and

• F ™ Q is the set of final states.

In a deterministic real-time one-counter automaton (DROCA), the transition
function is deterministic, meaning each state and counter value pair has a unique
transition on reading a symbol. Additionally, “real-time” indicates that there are
no Á-transitions in this system.

We use |A| to denote the size of A, which we consider to be |Q|. A configura-
tion c of a DROCA is a pair (q, n) œ Q ◊N, where q œ Q denotes the current state
and n œ N is the counter value. The configuration c0 = (q0, 0) is called the initial
configuration of A. Let p, q œ Q, n œ N, e œ {≠1, 0, +1} and ‡ œ �. A transition
between two configurations (p, n) and (q, n + e) on the symbol ‡ is defined, if
”sign(n)(p, ‡) = (q, e). We use (p, n) ‡

≠æ (q, n + e) to denote this. A run over a
word w = ‡1 . . . ‡n≠1 from a configuration (p1, m1) is the sequence of transitions
(p1, m1) ‡1

≠æ (p2, m2) ‡2
≠æ (p3, m3) ‡3

≠æ . . .
‡n≠1
≠≠≠æ (pn, mn) where pi œ Q and mi œ N.

In this case, we denote the run by (p1, m1) w
≠æ (pn, mn). Note that the counter

values always stay non-negative during a run, implying that you cannot perform a
decrement operation on the counter from a configuration with zero counter value.
The run (p1, m1) ‡1

≠æ (p2, m2) ‡2
≠æ (p3, m3) ‡3

≠æ . . .
‡n≠1
≠≠≠æ (pn, mn) is called floating if

for all i œ [1, n ≠ 1], mi > 0. The run is called non-floating otherwise.
Let q œ Q, n œ N, and w œ �ú with (q0, 0) w

≠æ (q, n). We use ceA(w) = n to
denote the counter value reached on reading w from the initial configuration
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and call it the counter-effect of w. We denote by heightA(w) the maximal counter-
effect of the prefixes of w in A. We drop the subscript A when the DROCA under
consideration is evident. A word w is accepted by A if and only if (q0, 0) w

≠æ (qf , m)
for some qf œ F and m œ N. The language of A, denoted by L(A), is the set of
all words accepted by A. For convenience, we use A(w) = 1 if w œ L(A) and
A(w) = 0 otherwise. Two configurations c1 and c2 of a DROCA are not equivalent
to each other if there exists w œ �ú with c1

w
≠æ (p1, m1), c2

w
≠æ (p2, m2) for some

p1, p2 œ Q and m1, m2 œ N such that exactly one among p1 and p2 is a final state.
We use c1 ”©c2 to denote this. Otherwise, we say that c1 and c2 are equivalent and
use c1©c2 to denote it.

Example 2.13 (FlipBalance)
A DROCA recognising the language FlipBalance defined as

FlipBalance = {anban
| n > 0}.

Assume that all transitions not shown in the figure go to a non-final sink
state while incrementing the counter by 1.

q0 q1

q2

a=0/+1, a>0/+1

b>0/≠1

a>0/≠1

a=0/+1

Note that there are no Á-transitions in a DROCA. Given two DROCAs A and
B, we say that they are equivalent if L(A) = L(B). The equivalence of DROCAs
was shown to be NL-complete by Böhm and Göller (2011).

Theorem 2.14 (Theorem 3, Böhm and Göller (2011))
Equivalence of deterministic real-time one-counter automata is NL-
complete.
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Now, we define the configuration graph of a DROCA up to a given counter
value. Recall that in a DROCA there are no Á-transitions.

Definition 2.15 (Configuration graph up to counter value k)
Given a DROCA A = (Q, �, q0, ”0, ”1, F ) and a counter value k, the configu-
ration graph of A up to counter value k is a DFA GA = (QÕ, �, qinit, �, F Õ),
where

• QÕ = {(q, n) | n Æ k}, is the set of states.

• qinit = (q0, 0) is the initial state.

• � : QÕ
◊ � æ QÕ is the transition function defined as follows: For

q, qÕ
œ Q, n œ N, and d œ {≠1, 0, 1}

�((q, n), a) = (qÕ, n + d), if n = 0 and ”0(q, a) = (qÕ, d) or

if n > 0 and ”1(q, a) = (qÕ, d).

• F Õ = {(q, n) | n Æ k and q œ F}, is the set of final states.

We now define the notion of counter-synchronous DROCAs. Two DROCAs
are counter-synchronous if, for any word, the counter values reached by both the
DROCAs on reading that word are the same.

Definition 2.16 (Counter-synchronous DROCAs)
Two DROCAs A and B are counter-synchronised if for all w œ �ú,
ceA(w) =ceB(w).

Given a DROCA A, the DROCA A
c obtained by making its final states as

non-final and its non-final states as final will give us a DROCA that is counter-
synchronous with A. However, A and A

c are not equivalent. Given two DROCAs
A and B that are counter-synchronous and equivalent, we call B a minimal counter-
synchronous DROCA with respect to A, if B has the minimal number of states
among all DROCAs that are equivalent and counter-synchronous to A. Figure 2.2
shows two DROCAs that are counter-synchronous and equivalent. These DROCAs
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q0

q1

q3

q2

a=0/+1

b=0/+1

b>0/≠1

b>0/≠1

a>0/+1
a=0/0

a>0/+1

a=0/+1

b=0/+1

b=0/+1

a>0/+1

b>0/+1

(a)

q1

q3 q2

q0
a>0/+1

a=0/+1

a>0/+1

b>0/≠1

a=0/+1 b=0/+1

b>0/≠1
a=0/0

a>0/+1
b=0/+1

b=0/+1
b>0/+1

(b)

Fig. 2.2. Two DROCAs that are counter-synchronous and equivalent recognising
the language MatchAB = {anbna | n > 0}.

recognise the language {anbna | n > 0} and contains the minimal number of states
among all counter-synchronous DROCAs recognising this language. However,
they are not isomorphic to one another.

2.4.1.4 Visibly One-Counter Automata

Definition 2.17 (Visibly one-counter automata)
A visibly one-counter automaton (VOCA) is a tuple A = (Q, �call fi �ret fi

�int, q0, ”0, ”1, F ), where

• Q is a finite nonempty set of states,

• � = �call fi �ret fi �int is the input alphabet,

• q0 œ Q is the initial state,

• ”0 : Q ◊ � æ Q ◊ {0, +1} and ”1 : Q ◊ � æ Q ◊ {0, +1, ≠1} are the
transition functions, and

• F ™ Q is the set of final states.

A VOCA is a DROCA where the input alphabet � can be written as a union of
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three disjoint sets �call, �ret, and �int. The VOCA has to increment (resp. decre-
ment) its counter on reading a symbol from �call (resp. �ret). The counter value
remains unchanged on reading a symbol from �int. We call (�call, �ret, �int) the
pushdown alphabet. The notions of counter-effect, runs and transitions for VOCAs
remain the same as that of DROCAs. Note that we have defined VOCAs to be
deterministic.

In the case of VOCAs, we use ce(w) to denote the effect on the counter on
reading a word w œ �ú. The counter-effect of a transition is solely based on the
input alphabet, making the starting state and counter value irrelevant.

For ‡ œ �, ce(‡) =

Y
____]

____[

1, if ‡ œ �call

≠1, if ‡ œ �ret, and

0, if ‡ œ �init

If w = ‡1‡2 . . . ‡n for some n œ N and ‡1, . . . , ‡n œ �, then ce(w) = ce(‡1) +
ce(‡2) + . . . + ce(‡n). Since the counter value can never go below zero in a one-
counter automaton, there will be words that do not have a valid run in a VOCA.
These words will be considered as rejected by the VOCA. For any VOCA, there
exists an equivalent DROCA. A VOCA recognising the language {anbna | n > 0}

defined over the pushdown alphabet ({a}, {b}, ÿ) is given in Example 2.19.
Since VOCAs are a subclass of DROCAs, their equivalence is also decidable

in polynomial time, and hence we get the following corollary. The lower bound
comes from the emptiness checking of DFAs.

Theorem 2.18
Equivalence of visibly one-counter automata is NL-complete.

Similar to that of DROCAs, VOCAs also have two sets of transition functions:
one for counter value zero and the other for positive counter value. The transition
function is chosen based on a zero test on the counter value. The notion of
acceptance in a VOCA is with a final state. One can also think of a model where
the notion of acceptance is with a final state and counter value zero. There are
languages that VOCAs accept with final state that cannot be recognised by any
VOCA that accept with final state and zero counter value (eg., {anbm

| m < n}).
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Also, there are languages recognised by VOCAs that accept with final state and
counter value zero that cannot be recognised by any VOCA that accept with final
state (e.g., {anbn

| n > 0}). The equivalence results that we present for VOCAs

will hold true even if the notion of acceptance is with a final state and counter
value zero.

Example 2.19 (MatchAB)
A VOCA recognising the language MatchAB = {anbna | n > 0} is given in
the figure below. The counter value is always incremented on reading an a

and is decremented on reading a b. If a transition from state qi to qj is
labelled with ‡=0 (resp. ‡>0) for some ‡ œ �, then it can be taken upon
reading the symbol ‡ from state qi when the current counter value is zero
(resp. positive).

q0 q1

q2q3

a=0, a>0

b>0

b>0

a=0
a>0

a>0

a=0, a>0, b>0

b>0

Visibly one-counter automata (VOCAs) are a subclass of visibly pushdown
automata introduced by Alur and Madhusudan (2004) and were first studied
by Bárány et al. (2006). Now, we compare our model with the definition of
visibly one-counter automata with a threshold m (called m-VCAs) by Bárány et al.
(2006), where the machine can test for counter value up to m. The notion of
acceptance by m-VCAs is by final state and counter value zero. As stated in Bárány
et al. (2006), for any m œ N, (m+1)-VCAs are more expressive than m-VCAs. A
VOCA that accepts with final state and counter value zero is equivalent to a 0-
VCA and is less expressive than m-VCAs with m > 0. For instance, the language
{anbn

| n > 0} cannot be recognised by a VOCA. Also, there are languages
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recognised by a VOCA that accept with final state that cannot be recognised by
any m-VCA (e.g., {anbm

| m < n}).

2.4.2 Pushdown Automata

A pushdown automaton (PDA) is a computational model that extends finite
automata by using a stack as an auxiliary storage device. This additional storage
space allows them to recognise the broader class of context-free languages. A
one-counter automaton can be seen as a PDA that can store only one type of
symbol in the stack.

PDAs can be classified into nondeterministic and deterministic variants based
on their transition functions. We briefly discuss both these models.

2.4.2.1 Nondeterministic Pushdown Automata

Definition 2.20 (Nondeterministic pushdown automata)
A nondeterministic pushdown automaton (NPDA) is a tuple A =
(Q, �, �, ”, q0, ‹, F ), where

• Q is a finite set of states,

• � is the finite set of input alphabet,

• � is the finite set of stack alphabet,

• ” : Q ◊

1
� fi {Á}

2
◊ � æ 2Q◊�ú is the transition function,

• q0 œ Q is the initial state,

• ‹ œ � is the unique bottom of the stack symbol, and

• F ™ Q is the set of final states.

A configuration of an NPDA is of the form (q, z) œ Q ◊ �ú that denotes the
current state and current contents of the stack. The configuration (q0, ‹) is the
initial configuration of A. Given a configuration (q, z“) for some q œ Q, “ œ �
and z œ �ú, and ‡ œ � fi {Á}, there is transition from the configuration (q, z“) to
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another configuration (qÕ, zzÕ) for some zÕ
œ �ú on reading the symbol ‡, if and

only if (qÕ, zÕ) œ ”(q, ‡, “). We denote this by (q, z“) ‡
≠æ (qÕ, zzÕ). A run of a word

starting from a configuration c0 and ending in cn on reading the word w (denoted
as c0

w
≠æ cn) is specified by the transition rules that leads from c0 to cn and in the

process, reads the word w. Note that in an NPDA, a word can have multiple runs.
A word w is accepted by an NPDA if there exist a run (q0, ‹) w

≠æ (qF , z), for some
qF œ F and z œ �ú. The language of an NPDA is the set of all words accepted by
it.

2.4.2.2 Deterministic Pushdown Automata

Definition 2.21 (Deterministic pushdown automata)
A deterministic pushdown automaton (DPDA) is a tuple A =
(Q, �, �, ”, q0, ‹, F ), where

• Q is a finite set of states,

• � is the finite set of input alphabet,

• � is the finite set of stack alphabet

• ” : Q ◊

1
� fi {Á}

2
◊ � æ Q ◊ �ú is the transition function,

• q0 œ Q is the initial state,

• ‹ œ � is the unique bottom of the stack symbol, and

• F ™ Q is the set of final states.

A DPDA is a pushdown automaton where the transition function is determin-
istic. i.e., for every state, input symbol and stack symbol at most one transition is
possible. Also, ”(q, Á, “) is defined for some q œ Q and “ œ � only if ”(q, ‡, “) is
not defined for all ‡ œ �. The stack alphabet represents the finite set of symbols
that a DPDA can store in the stack.

A configuration of a DPDA is of the form (q, z) œ Q ◊ �ú that denotes the
current state and current contents of the stack. The configuration (q0, ‹) is the
initial configuration of A. Given a configuration (q, z“) for some q œ Q, “ œ �
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and z œ �ú, and ‡ œ � fi {Á}, there is transition from the configuration (q, z“) to
another configuration (qÕ, zzÕ) for some zÕ

œ �ú on reading the symbol ‡, if and
only if ”(q, ‡, “) = (qÕ, zÕ). We denote this by (q, z“) ‡

≠æ (qÕ, zzÕ). Let w = a1, . . . an,
where ai œ � fi {Á} be a word. There is a run on w starting from a configuration
c0 and ending in a configuration cn, if there exists configurations c1, . . . , cn≠1 such
that ci≠1

ai
≠æ ci for all i œ [1, n]. We use c0

w
≠æ cn to denote this. A word w is

accepted by a DPDA if (q0, ‹) w
≠æ (qF , z), for some qF œ F and z œ �ú. The

language of a DPDA is the set of all words accepted by it.

2.4.3 Expressive Power and Comparisons

We now compare the expressive power of NPDAs, DPDAs, NOCAs, DOCAs,
DROCAs, VOCAs, and DFAs. Let L(NPDAs), L(DPDAs), L(NOCAs), L(DOCAs),
L(DROCAs), L(DOCAs) and L(DFAs) respectively denote the set of languages
recognised by NPDAs, DPDAs, NOCAs, DOCAs,DROCAs, VOCAs, and DFAs
respectively.

Theorem 2.22
1. L(DFAs) ( L(VOCAs) ( L(DROCAs) ( L(DOCAs) ( L(DPDAs),

2. L(DOCAs) ( L(NOCAs) ( L(NPDAs) and L(DPDAs) ( L(NPDAs).

Proof. We first prove that L(DFAs) ( L(VOCAs) ( L(DROCAs) ( L(DOCAs) (
L(DPDAs). We prove these inclusions individually.

Claim 1. L(DFAs) ( L(VOCAs).

Proof. By definition, every DFA is a VOCA. A DFA can be seen as a VOCA that
does not use the counter. Whereas, we show that the language MatchAB = {anbna |

n > 0} can be recognised by a VOCA (see Example 2.19), but not by a DFA. This
can be proved using a pumping argument. Assume for contradiction that there
is k > 0 and a DFA A with k states that recognises this language. Consider the
word w = ak+1bk+1. The word w is accepted by this DFA. Now consider the run of
this word w on A. Since the DFA has only k states, by the pigeon-hole principle,
at least one state repeats during the run of the word ak+1 in A. Let q be this
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state. The run of the word w can be written as q0
ai1
≠æ q

ai2
≠æ q

ai3 bk+1a
≠≠≠≠≠æ qF , where

i2 > 0,i1 + i2 + i3 = k + 1, q0 is the initial state and qF is the final state of A. The
words ai1ai3bk+1a will also be accepted by this DFA. However, since i1 + i3 < k +1,
this word is not in the language MatchAB. This contradicts our initial assumption
that there is a DFA with k states that recognises the language MatchAB. Claim:1

Claim 2. L(VOCAs) ( L(DROCAs).

Proof. By definition, every VOCA is a DROCA. We show that there exists lan-
guages recognised by a DROCA that cannot be recognised by a VOCA. Consider
the language FlipBalance = {anban

| n > 0}. A DROCA recognising this lan-
guage is given in Example 2.13. We show that this language cannot be recognised
by a VOCA.

Assume for contradiction that this language is recognised by a VOCA A with
k states. Consider the the word w = ak+2bak+2 accepted by A. There are three
cases to consider here.
Case -1: The VOCA decrements its counter on reading an a.
This is not possible since the VOCA will have to decrement its counter from
counter value zero on reading the first a in w. Since the counter cannot go below
zero, the machine cannot decrement its counter on reading an a.
Case-2: The VOCA doesnot modify its counter on reading an a.
Since the machine doesnot modify its counter on reading an a, there is a configu-
ration with counter value zero that occurs twice during the run of the prefix ak+1

of w from the initial configuration c0 of A. The run on the word w in A can be
written as c0

ai1
≠æ (q, 0) ai2

≠æ (q, 0) ai3 bak+2
≠≠≠≠≠æ (qF , m) where i2 > 0, i1 + i2 + i3 = k + 2,

m œ N and qF is a final state of A. Now consider the word ai1ai3bak+2. This
word will also be accepted by this VOCA, since its run on A reaches a final state.
However, it is not in the language FlipBalance. This contradicts our assumpton
that A recognises the language FlipBalance.
Case-3: The VOCA increments its counter on reading an a.
Since the machine increments its counter on reading an a, there is a state that
occurs twice during the run of the word ak+1 from the initial configuration
c0 of A. The run on the word w in A can be written as c0

ai1
≠æ (q, m1) ai2

≠æ

(q, m1 + d) ai3 bak+2
≠≠≠≠≠æ (qF , m2) where i2 > 0, i1 + i2 + i3 = k + 2, d < k, m1, m2 œ N
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and qF is a final state of A. Now consider the word ai1ai3bak+2. Theis word is also
accepted by this VOCA, since its run on A is c0

ai1
≠æ (q, m1) ai3 bak+2

≠≠≠≠≠æ (qF , m2 ≠ d)
also reaches a final state. However, this word is not in the language FlipBalance.
This contradicts our assumpton that A recognises the language FlipBalance.
Therefore, no matter what pushdown alphabet we choose, a VOCA cannot recog-
nise the given language FlipBalance. Claim:2

Claim 3. L(DROCAs) ( L(DOCAs).

Proof. By definition, every DROCA is a DOCA. We now give an example of a
language recognised by a DOCA, but not by any DROCA. Consider the language
LeadMatch = {ambn ctdt

| m, n, t œ N and m > n, t > 0}. A DOCA recognising
this language is given in Example 2.11. We prove that a DROCA cannot recognise
this language.

Assume for contradiction that some DROCA A with k states recognise the
language LeadMatch. Let w = a5k2

b5k2≠1cd. The word w œ LeadMatch, is accepted
by A. Let c0 denote the initial configuration of A and fi = c0

w
≠æ (qF , m) denote

the run of w in A, where qF is a final state of A and m œ N.
First, we prove that heightA(a5k2) > 4k. Assume for contradiction that

heightA(a5k2) Æ 4k. Since there are only 4k2 distinct configurations of A with
counter values less than or equal to 4k, by the pigeon-hole principle, there
is a configuration that repeats during the run of the word a5k2 from c0. The
subword between those configurations can be removed to get a word that is
accepted by A but not in the given language. This is a contradiction. Therefore,
heightA(a5k2) > 4k.

Since heightA(a5k2) > 4k, there exist an t Æ 5k2 such that c0
at

≠æ (p1, 4k +1) for
some state p1 of A. Consider the run of the word wÕ = atck+1dk+1 in A. We already
know that c0

at

≠æ (p1, 4k + 1). Therefore, no configuration with counter value less
than 2k ≠ 1 is encountered during the run (p1, 4k + 1) ckdk

≠≠æ (qÕÕ
F , m1) for some final

state qÕÕ
F of A and m1 œ N with m1 Ø 2k ≠ 1. Let e0, e1, . . . , ek respectively denote

the configurations reached on reading Á, c, . . . , ck from (p1, 4k + 1). By the pigeon-
hole principle, there exists i, j œ [0, k], such that configurations ei and ej have
the same state. The sub-run between these configurations can be removed to get
an accepting run for the word atck≠(j≠i)dk, that is not in the language LeadMatch.
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This contradicts our initial assumption that A recognises the language LeadMatch.
Therefore, there is no DROCA that recognises the language LeadMatch.

Claim:3

Claim 4. L(DOCAs) ( L(DPDAs).

Proof. By definition every DOCA is a DPDA. Since DOCAs are deterministic
pushdown automata (DPDAs) with a singleton stack alphabet, any language
recognised by a DOCA can be recognised by a pushdown automata. We now
prove that DOCAs are less expressive than DPDAs. Consider following the
language MatchTwice = {ambncndm

| m, n > 0}. This language can be recognised
by a pushdown automaton by using the stack to check whether the number of
a and d (resp. b and c) are equal. However, prove that this language cannot be
recognised by a DOCA because the counter cannot keep track of the number of
as and the number of bs simultaneously. We provide a formal proof below.

Assume for contradiction that there is a DOCA A with k states recognising
this language. Let w = a3k3+1b4k4

c4k4
d3k3+1. The word w is accepted by A since

it is in the given language. Consider the run fi = c0
w
≠æ (qf , t) in A where c0 is

the intial configuration of A, t œ N and qf is a final state of A. Let fi = c0
a3k3+1
≠≠≠≠æ

(p3, mÕ) b4k4
c4k4

d3k3+1
≠≠≠≠≠≠≠≠æ (qf , t) where p3 is a state of A and mÕ

œ N. Consider the run

fiÕ = c0
a3k3+1
≠≠≠≠æ (p3, mÕ). We first prove that mÕ > 2k2.

Assume for contradiction that mÕ
Æ 2k2. Since A has only k states, the

maximum counter value encountered during the run fiÕ must be greater than
3k2. If not, then by the pigeon-hole principle, there is a configuration that
repeats during this run, and the subword between those configurations can be
pumped to get a word that is accepted by A but not in the given language.
Observe that fi does not have loops on Á-transitions that increases the counter
value. If it does, then it will get stuck in that loop and will never be able to
get out. The run fiÕ can be written as c0

ai1
≠æ (p1, mÕ) ai2

≠æ (p2, 3k2 + 1) ai3
≠æ

(p3, mÕ), where p1, p2 are states of A and i1, i2, i3 œ N such that i1 + i2 + i3 =
3k3 + 1. For any i œ [mÕ, 3k2 + 1], we denote by ei and eÕ

i the configurations
with counter value i that is encountered for the last (resp. first) time before
(resp. after) reaching counter value 3k2 + 1 during the run fiÕ. Consider the
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pairs of configurations (emÕ , eÕ
mÕ), (emÕ+1, eÕ

mÕ+1), . . . , (e3k2 , eÕ
3k2). Since mÕ

Æ 2k2,
by the pigeonhole principle, there exist two states r, s of A, and indices i, j œ

[mÕ, 3k2] such that, the states of ei and ej is r and the states of eÕ
i and eÕ

j is s. Let

j1, j2, j3, j4, j5 œ N such that fiÕ = c0
ai1
≠æ (p1, mÕ) aj1

≠≠æ ei
aj2
≠≠æ ej

aj3
≠≠æ eÕ

j
aj4
≠≠æ eÕ

i
aj5
≠≠æ

(p3, mÕ). We can now remove the subruns ei
aj2
≠≠æ ej and eÕ

j
aj5
≠≠æ eÕ

i to get a run

fiÕ = c0
ai1
≠æ (p1, mÕ) aj1

≠≠æ ei
aj3
≠≠æ eÕ

i
aj5
≠≠æ (p3, mÕ). Since (p3, mÕ) b4k4

c4k4
d3k3+1

≠≠≠≠≠≠≠≠æ (qf , t),
the word ai1+j1+j3+j5b4k4

c4k4
d3k3+1 is also accepted by A. Since i1 + j1 + j3 + j5 <

3k3 + 1, it contradicts our assumption that A recognises the language MatchTwice.
Therefore, mÕ > 2k2.

Using a similar argument, we can show that fiÕÕ = c0
a3k3+1
≠≠≠≠æ (p3, mÕ) b4k4

≠≠æ

(p4, mÕÕ) is a run that reaches a state p4 with counter value mÕÕ > 4k3 and no
configuration with counter value less than or equal to k2 is encountered during

the run (p3, mÕ) b4k4

≠≠æ (p4, mÕÕ). The run fi can hence be written as fi = c0
a3k3+1b4k4

≠≠≠≠≠≠æ

(p4, mÕÕ) ci1
≠æ (p5, mÕÕ

≠k2) ci2 d3k3+1
≠≠≠≠≠æ (qf , t) for some i1, i2 œ N and state p5 of A such

that i1 + i2 = 4k4 and no configuration with counter value greater than or equal

to mÕÕ
≠ k2 is encountered during the run (p5, mÕÕ

≠ k2) ci2 d3k3+1
≠≠≠≠≠æ (qf , t). If there is

no such i1, i2, then again, using an argument similar to the one used above, we
can show that A accepts a word that is not in the language MatchTwice.

Now, let e0, . . . , ek2 respectively denote the last configurations with counter

value 0, . . . , k2 encountered during the sub-run c0
a3k3+1
≠≠≠≠æ (p3, mÕ) and eÕ

k2 , . . . , eÕ
0

respectively denote the first configurations with counter values mÕÕ, . . . , mÕÕ
≠ k2

encountered during the run (p4, mÕÕ) ci1
≠æ (p5, mÕÕ

≠k2). By the pigeonhole principle,
there exist two states r, s of A, and indices i, j œ [0, k2] such that, the states of ei

and ej is r and the states of eÕ
i and eÕ

j is s. Let j1, j2, j3, j4, j5, j6 œ N such that fi can

be written as fi = c0
aj1
≠≠æ ei

aj2
≠≠æ ej

aj3 b4k4

≠≠≠≠æ (p4, mÕÕ) cj4
≠æ eÕ

j
cj5
≠æ eÕ

i
cj6 d3k3+1
≠≠≠≠≠æ (qf , t),

where j1+j2+j3 = 3k3+1 and j4+j5+j6 = 4k4. By removing the portions ei
aj2
≠≠æ ej

and eÕ
j

cj5
≠æ eÕ

i from this run, we get that the word wÕ = aj1+j3b4k4
cj4+j6d3k3+1 has a

run c0
wÕ
≠æ (qf , t). However, wÕ is not in the language MatchTwice. This contradicts

our assumption that A recognises the language MatchTwice. Therefore, we can
conclude that the language MatchTwice cannot be recognised by a DOCA. Claim:4

Item 1 follows from Claims 1 to 4.
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Now we prove that L(DOCAs) ( L(NOCAs) ( L(NPDAs) and L(DPDAs) (
L(NPDAs). We prove each of these inclusions one by one.

Claim 5. L(DOCAs) ( L(NOCAs).

Proof. A DOCA, by definition, is also an NOCA. Therefore, every language
recognised by a DOCA is recognised by an NOCA. However, we prove that DOCAs
are less expressive than NOCAs. Consider the language MatchOrSkip = {anbmck

|

n, m, k > 0 with n ”= m or m ”= k}. An NOCA recognising this function is given
in Example 2.8. However, we show that this language cannot be recognised using
a DOCA.

Assume for contradiction that there is a DOCA A that recognises the language
MatchOrSkip. Since DOCAs are DPDAs, it is recognised by a DPDA also. Since
DPDAs are closed under complementation (Sipser, 1997), the complement of
the language MatchOrSkip must also be recognised by a DPDA. Intersecting
this complement language with the regular language {aúbúcú

} should give us a
context-free language (Hopcroft and Ullman, 1979).However, the language that
we obtain is {atbtct

| t > 0}, which is a well-known non-context-free language.
This is a contradiction. Therefore, there is no DPDA that recognises the language
MatchOrSkip. Hence, there does not exist a DOCA that recognises this language.

Claim:5

Claim 6. L(NOCAs) ( L(NPDAs).

Proof. By definition, every NOCA is an NPDA. Since NOCAs are nondeter-
ministic pushdown automata (NPDAs) with a singleton stack alphabet, any
language recognised by NOCAs can be recognised by NPDAs. Now, we show that
NOCAs are less expressive than NPDAs. Consider the language MatchTwice =
{ambncndm

| m, n > 0}. As we have observed in proof of Claim 4 in Theorem 2.22,
there is a DPDA that recognises this language. Since every DPDA is an NPDA,
this language is recognised by an NPDA also. However, there does not exist an
NOCA that recognises this language.

Assume for contradiction that there is a NOCA A with k states recognising
this language. Let w = a3k3+1b4k4

c4k4
d3k3+1. The word w is accepted by A since it

is in the given language. Consider the run fi = c0
w
≠æ (qf , t) in A where c0 is the
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intial configuration of A, t œ N and qf is a final state of A. Since w is accepted
by A, such a run exists. We can assume that there are no loops on Á-transitions
with inverse counter effects between two configurations with counter value zero
during the run fi. If there are such loops, then we can remove them to get a
shorter run on w that reaches a final state. Now, similar to the proof of Claim 4,
we can show that the A accepts a word that is not in the language MatchTwice.
Hence, an NOCA cannot recognise the language MatchTwice. Claim:6

Claim 7. L(DPDAs) ( L(NPDAs).

Proof. A DPDA, by definition, is also an NPDA. Therefore, every language
recognised by a DPDA is recognised by an NPDA. However, DPDAs are less ex-
pressive than NPDAs. Consider the language MatchOrSkip = {anbmck

| n, m, k >

0 with n ”= m or m ”= k}. An NOCA which is also an NPDA that recognises this
language is given in Example 2.8. However, as proven in Claim 5, there is no
DPDA that recognises this language. Claim:7

Item 2 follows from Claim 5, Claim 6, and Claim 7.

The relation between the expressive power of these automata models is
depicted in Figure 2.3.

L(DFAs) L(VOCAs) L(DROCAs) L(DOCAs) L(DPDAs)

L(NOCAs) L(NPDAs)

( ( ( (

(
(

(

Fig. 2.3. Expressive power of some automata models.

From the above proof it can be observed that L(NOCAs) and L(DPDAs)
are incomparable. From the proof of Claim 5, we know that the language
MatchOrSkip is recognised by an NOCA but not by any DPDA. Also, from the
proof of Claim 4, we know that the language MatchTwice is recognised by a DPDA
but not by any NOCA.

For additional examples on languages recognised by these machines, readers
can refer to the Ph.D. thesis by Staquet (2024).
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2.5 Learning Finite Automata

Automata learning focuses on constructing models from the observed behaviours
of a system. Automata learning frameworks can be broadly divided into passive
and active learning frameworks. We briefly discuss both of these below.

2.5.1 Passive Learning

In a passive learning framework, the aim is to identify a model based on a given
set of observations. Here, we can’t obtain any additional information regarding
the system to aid us in the process of learning. The minimal separating DFA
problem was one among the first to be considered. In the minimal separating
DFA problem, two finite disjoint sets of words, Pos and Neg, are given as inputs.
The aim is to find the minimal DFA that accepts all words in Pos and rejects all
words in Neg (refer Example 2.23). This problem was shown to be NP-complete
by Gold (1978).

Example 2.23
The minimal separating DFA for the set Pos = {x, ay, bz} and
Neg = {Á, a, b, az, by}.

q0 q1

q2

a, z a, b, y

a, b, x, y, z

b

x, zx, y

Under the assumption that P ”= NP, Pitt and Warmuth (1993) proved that
given two disjoint sets of labelled samples Pos and Neg, and a constant n œ N,
no polynomial time algorithm can guarantee to produce a DFA with fewer than
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Kn states that accepts all words in Pos and rejects all words in Neg, where K is
the size of the minimal separating DFA for the sets Pos and Neg.

There are various passive automata learning techniques, such as the evidence-
driven state merging (EDSM) algorithm and regular positive and negative in-
ference (RPNI) algorithm, that in practice, identify a DFA of a reasonable size
consistent with a given set of positive and negative samples in polynomial time.

2.5.2 Active Learning

The problem of identifying a minimal model that agrees with a given set of
samples is difficult. Therefore, efficient learning algorithms assume that the
learner has access to some additional information. Angluin (1987), proposed an
active learning framework for learning DFAs that involves a learner and a teacher.
The learner exactly learns a target language using polynomially many queries to
the teacher. We will now discuss Angluin’s algorithm (known as the L

ú algorithm)
for learning DFAs in detail.

L
ú Algorithm

In an active learning framework, we have a learner and a teacher. The teacher
is assumed to know a regular set R. The teacher can answer the following two
types of queries by the learner.

1. membership queries MQR: the learner provides a word w œ �ú. The teacher
returns 1 if w œ R, and 0 if w ”œ R.

2. equivalence queries EQR: the learner provides a DFA A and asks whether
L(A) = R. The teacher returns yes if they are the same. Otherwise, the
teacher provides a counter-example z œ �ú such that z is in exactly one
among R and L(A).

The learner learns the regular language using polynomially many membership
and equivalence queries with respect to the size of the longest counter example
returned by the teacher and the number of states in the minimal DFA that accepts
the language R. Towards this purpose, the learner maintains an observation
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table C = (P , S, Mem) where P µ �ú is a set of prefix-closed words, S µ �ú is
a set of suffix-closed words and Mem : (P fi P�)S æ {0, 1}, is a function that
maps every word in (P fi P�)S to its corresponding membership in R. i.e., for
w œ (P fi P�)S, Mem(w) = 1 if w œ R and is 0 otherwise.

An observation table can be visualised as a table with rows indexed by P fi P�
and columns indexed by S. For p œ P fi P� and s œ S, the entry in row p and
column s denotes Mem(ps). Given p1, p2 œ PfiP�, we say that row(p1) = row(p2)
if and only if for all s œ S, Mem(p1s) = Mem(p2s).

Definition 2.24 (Closed)
An observation table is closed if for all pÕ

œ P� there exists p œ P, such that
row(p) = row(pÕ). The observation table is said to be not closed otherwise.

Definition 2.25 (Consistent)
An observation table is consistent if for all p1, p2 œ P, row(p1) = row(p2)
implies that for all ‡ œ �, row(p1‡) = row(p2‡). We say that the observation
table is not consistent otherwise.

Constructing a DFA from a closed and consistent observation table.

Given a closed and consistent observation table C, we define a corresponding
DFA MC = (Q, �, q0, ”, F ), where

• Q = {row(p) | p œ P} is the set of states,

• q0 = {row(Á)} is the initial state,

• � is the input alphabet,

• ” : Q ◊ � æ Q is the transition function, defined as follows:

for all p œ P and ‡ œ �, ”(row(p), ‡) = row(p‡).

• F = {row(p) | Mem(p) = 1} is the set of final states.

The algorithm L
ú, proposed by Angluin for learning regular sets using queries and

counter-examples is given in Algorithm 1.
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Algorithm 1: L
ú: DFA Learning algorithm.

Require :The teacher knowing a regular language R
Ensure :A DFA accepting the language R is returned

1 Initialise P and S to {Á}.
2 Initialise the observation table C = (P , S, Mem) using membership

queries.
3 repeat
4 while C is not closed or not consistent do
5 if C is not closed then
6 Find p œ P, ‡ œ � such that row(p‡) ”= row(pÕ) for all pÕ

œ P.
7 Add p‡ to P.
8 end
9 if C is not consistent then

10 Find p, q œ P, ‡ œ �, s œ S such that row(p) = row(q), and
Mem(p‡s) ”= Mem(q‡s).

11 Add ‡s to S.
12 end
13 Extend Mem to (P fi P�)S, using membership queries.
14 end
15 Construct a DFA MC from C.
16 Ask an equivalence query EQR(MC).
17 if teacher gives a counter-example z then
18 Add z and all its prefixes to P.
19 Extend Mem to (P fi P�)S using membership queries.
20 end
21 until teacher replies yes to an equivalence query;
22 Halt and output MC .
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To have a better understanding of how the L
ú algorithm works, let us look at

an example where the learner learns a regular language from the teacher with
the help of membership and equivalence queries, as discussed.

Example L
ú.

We assume that the teacher has the language R = {baú + a(a + b)úb} in their mind,
and the learner uses the L

ú algorithm to learn this language. The learner initialises
P and S to {Á} and constructs the initial observation table C = (P , S, Mem) (see
Table 2.1) using membership queries. This observation table is not closed since
for all p œ P, row(b) ”= row(p). Therefore, we add b to P to make the table closed
and fill the observation table using membership queries. The observation table
obtained after this step is shown in Table 2.2.

Á
Á 0
a 0
b 1

Table 2.1. Initial observation table with
P = S = {Á}.

Á
Á 0
b 1
a 0
ba 1
bb 1

Table 2.2. Closed and consistent ob-
servation table with P = {Á, b} and
S = {Á}.

This observation table is both closed and consistent. Therefore, we construct
the DFA shown in Figure 2.4 from this observation table.

q0 q1

a

b

a, b

Fig. 2.4. DFA constructed from the observation table in Table 2.2.

The learner now asks an equivalence query EQR with this automaton as input.
Since, this is not the right DFA, the teacher returns a counter-example. Let’s
assume that the counter-example returned by the teacher is aba. We add aba and
all it prefixes (i.e., a, ab) to P and extend Mem to (P fi P�)S using membership
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2.5. Learning Finite Automata

queries. The observation table obtained after this step is shown in Table 2.3.
However, this observation table is not consistent since row(b) = row(a) but
b · a · Á ”= a · a · Á. Therefore, we add a to S and extend Mem to (P fi P�)S using
membership queries. The observation table obtained after this step is shown in
Table 2.4.

Á
Á 0
b 1
a 0
ab 1
aba 0
ba 1
bb 1
aa 0

abb 1
abaa 0
abab 1

Table 2.3. Observation table with P =
{Á, b, a, ab, aba} and S = {Á} that is not
consistent.

Á a
Á 0 0
b 1 1
a 0 0
ab 1 0
aba 0 0
ba 1 1
bb 1 1
aa 0 0

abb 1 0
abaa 0 0
abab 1 0

Table 2.4. Observation table with P =
{Á, b, a, ab, aba} and S = {Á, a} that is
not consistent.

This table is also not consistent since row(Á) = row(a) but Á · b · a ”= a · b · a.
Therefore, we add ba to S and extend Mem to (P fi P�)S using membership
queries. The observation table obtained after this step is shown in Table 2.5. Each
distinct colour in the table represents a distinct Myhill-Nerode equivalence class.
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Á a ba
Á 0 0 1
b 1 1 1
a 0 0 0
ab 1 0 0
aba 0 0 0
ba 1 1 1
bb 1 1 1
aa 0 0 0

abb 1 0 0
abaa 0 0 0
abab 1 0 0

Table 2.5. Closed and consistent obser-
vation table with P = {Á, b, a, ab, aba}

and S = {Á, a, ba}.

q0 q1

q2 q3

b

a

a,b

a

b
b

a

Fig. 2.5. DFA constructed from the ob-
servation table in Table 2.5.

This observation table is both closed and consistent. Therefore, the learner
constructs the automaton shown in Figure 2.5 from this observation table and asks
an equivalence query. Since this DFA accepts the language R = baú + a(a + b)úb,
the teacher replies yes to the equivalence query. The learner has now successfully
learnt the target language, and the L

ú algorithm outputs this learnt DFA and halts.
Motivated by the L

ú algorithm, various other active learning algorithms were
later proposed. The TTT Algorithm by Isberner et al. (2014) is such an algorithm
that needs a lesser number of queries to learn a target language (also see Isberner
(2015)). Recently, Vaandrager et al. (2022) proposed the L

# algorithm that
operates directly on tree-shaped automata rather than using observation tables.
Instead of trying to identify the distinct Myhill-Nerode equivalence classes, L

#

tries to distinguish states having different behaviours.

2.6 Conclusion

This chapter has laid the foundational groundwork for understanding this thesis.
We introduced the notations used throughout the thesis and discussed some basic
concepts from linear algebra. Additionally, we presented various one-counter
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automata models and compared their expressive powers. A brief discussion on
automata learning algorithms was included, along with an overview of the L

ú

algorithm for learning DFA. This foundation will support the subsequent chapters,
which will delve into the theoretical and practical aspects of one-counter systems.
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Part II

Deterministic Real-Time One-Counter

Automata (DROCA)

• The results presented in Chapter 3 and Chapter 4 will be published in the proceed-
ings of TACAS 2025. The full version of the paper is available on arXiv under the ti-
tle “Learning Real-Time One-Counter Automata Using Polynomially Many Queries”
[https://arxiv.org/abs/2411.08815].

This is a joint work with Dr. Vincent Penelle, and Dr. Sreejith A.V.

https://arxiv.org/abs/2411.08815


CHAPTER 3
Equivalence of DROCAs

In this chapter, we show that the equivalence of counter-synchronous DROCAs
and that of VOCAs can be checked faster than that of general DROCAs. The
equivalence of DROCAs was shown to be NL-complete by Böhm and Göller
(2011). They prove that if two DROCAs with number of states less than K œ N
are not equivalent, then there is an O(K26) length word1 that distinguishes
them. However, this polynomial is too large for practical applications. First, in
Section 3.1, we examine the reachability and coverability problems of DROCAs
and show that they are in P. Next, in Section 3.2, we introduce an algorithm
that solves the following two problems: (1) Counter synchronicity: check if two
DROCAs are counter-synchronous, and (2) Equivalence: check if two counter-
synchronous DROCAs are equivalent. Finally, Section 3.3 presents an even more
efficient algorithm for equivalence checking of VOCAs.

Contents

3.1 Reachability and Coverability Problems of DROCAs . . . . . . . . 48
3.2 Equivalence of counter-synchronised DROCAs . . . . . . . . . . . 52
3.3 Equivalence of Visibly One-Counter Automata . . . . . . . . . . . 55
3.4 Conclusion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 59
1This polynomial is obtained from the equivalence result of DROCA from Chapter 5.
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3. EQUIVALENCE OF DROCAS

3.1 Reachability and Coverability Problems of

DROCAs

In this section, we define the reachability problem and the coverability problem
for DROCAs and show that they are in P. The proofs are straightforward and use
standard techniques. These results presented in this section are folklore and are
presented here for the sake of completeness.

REACHABILITY PROBLEM

INPUT: a DROCA A, two configurations c and d.
OUTPUT: Yes, if there exists a run c

ú
≠æ d in A. No, otherwise.

COVERABILITY PROBLEM

INPUT: a DROCA A, a configuration c, and a state p.
OUTPUT: Yes, if there exists a run c

ú
≠æ (p, n) in A for some n œ N. No,

otherwise.

The reachability and coverability problems of one-counter automata are well-
studied in the literature. Chistikov et al. (2019) studied the length of the shortest
accepted word by one-counter automata. They proved that for a DROCA of
size n and states p, q, if (p, 0) ú

≠æ (q, 0) then the length of the shortest word
w such that (p, 0) w

≠æ (q, 0) is not greater than 14n2. This upper bound was
previously conjectured by Wojtczak (2009). Chistikov et al. (2019) also proved
that whenever there is a path for a configuration (p, m) to another configuration
(q, k) where p, q œ Q and m, k œ N, there also exists a path from (p, m) to (q, k)
that has length at most 14n2 + n · max(m, k). One can obtain polynomial time
algorithms (even an NL upper bound) for reachability and coverability using their
results. However, we present proofs for both reachability and coverability for
completeness.

Given a DROCA A, and two configurations c and d as inputs, we say that a
word w is a reachability witness for (c, d) if c

w
≠æ d. The word w is called a minimal

reachability witness for (c, d) if it is a reachability witness and for all wÕ
œ �ú if

c
wÕ
≠æ d then |wÕ

| Ø |w|. Similarly, given a coverability problem with a DROCA A,
a configuration c, and a state q as inputs, we say that a word w is a coverability
witness for (c, q) if c

w
≠æ (q, n) for some n œ N. The word w is called a minimal
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3.1. Reachability and Coverability Problems of DROCAs

coverability witness for (c, q) if it is a coverability witness for (c, q) and for all
wÕ

œ �ú if c
wÕ
≠æ (q, nÕ) for some nÕ

œ N, then |wÕ
| Ø |w|. In the following lemma,

we show that if the run of a minimal coverability witness is a floating run, then
the last counter value is linearly bounded in the initial counter value and the size
of the automaton.

Lemma 3.1
Given a DROCA A, a state p and a configuration (q, k), if (q, k) ú

≠æ (p, n) for
some n œ N is a floating run, then there exists a word w and m < k + |A|

such that (q, k) w
≠æ (p, m) and is a floating run.

Proof. Let p be a state of a DROCA A, c = (q, k) be the given configuration and
c

ú
≠æ (p, n) for some n œ N is a floating run. Let w œ �ú be a word such that

c
w
≠æ (p, m) for some m œ N and for all wÕ

œ �ú, if c
wÕ
≠æ (p, n) for some n œ N then

n Ø m. We show that the counter value m < k + |A|.
Assume for contradiction that m Ø k + |A|. For any i œ [k, m], we denote by

gi the configuration with counter value i encountered for the last time during the
run of the word w from the given configuration c.

Consider the configurations gk, gk+1, gk+2, . . . , gm. Since m Ø k + |A|, by the
pigeonhole principle, there exists i, j with k Æ i < j Æ m, such that gi and
gj have the same state. Let w = w1w2w3 for some w1, w2, w3 œ �ú such that
c

w1
≠æ gi

w2
≠æ gj

w3
≠æ (p, m). The configurations gi and gj have the same state, and

since gj is the configuration with counter value j encountered for the last time
during the run of the word w from c, the counter values encountered during the
run gj

w3
≠æ (p, m) is greater than j. Therefore, the run c

w1
≠æ gi

w3
≠æ (p, m≠(j≠i)) is

a valid floating run since it does not introduce any new zero tests. This contradicts
our initial assumption that m is the smallest possible counter value where we
encounter the state p in a floating run starting from c.

In the following lemma, we show that the maximum counter value encoun-
tered during the run of a minimal reachability witness is linearly bounded in the
input counter values and quadratically bounded in the size of the DROCA.
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3. EQUIVALENCE OF DROCAS

Lemma 3.2
Given a DROCA A, and two configurations (q, k) and (p, n), if (q, k) ú

≠æ (p, n),
then there exists w œ �ú, such that (q, k) w

≠æ (p, m) and the maximum
counter value encountered during this run is less than max{k, m} + |A|

2.

Proof. Let (q, k) and (p, n) be two configurations of a DROCA A and w œ �ú

be a minimal reachability witness for ((q, k), (p, n)). Let h denote the maximum
counter value encountered during the run (q, k) w

≠æ (p, n). We show that h <

max{k, m} + |A|
2.

Let t = max{k, m}. Assume for contradiction that h Ø t + |A|
2. For any

i œ [t, h], we denote by ei and e
Õ
i the configurations with counter value i that is

encountered for the last (resp. first) time before (resp. after) reaching counter
value h during the run of the word w. Consider the pairs of configurations
(et, e

Õ
t), (et+1, e

Õ
t+1), . . . , (eh≠1, e

Õ
h≠1). Since h > t + |A|

2, by the pigeonhole princi-
ple, there exist two states r, s, and indices i, j œ [t, h ≠ 1] such that, the states
of ei and ej is r and the states of e

Õ
i and e

Õ
j is s. Let w = u1u2u3u4u5 for some

u1, u2, u3, u4, u5 œ �ú such that (q, k) u1
≠æ ei

u2
≠æ ej

u3
≠æ e

Õ
j

u4
≠æ e

Õ
i

u5
≠æ (p, n). The run

(q, k) u1
≠æ ei

u3
≠æ e

Õ
i

u5
≠æ (p, n) is a valid run since the sub-runs on u2 and u4 are

loops with inverse counter effects. Note that removing these sub-runs does not
introduce any zero tests since the counter values encountered during the runs
ei

u2
≠æ ej and e

Õ
j

u4
≠æ e

Õ
i are greater than i. This contradicts the minimality of w.

Therefore, h < max{k, m} + |A|
2.

Now, we prove that if there exists a minimal coverability witness for a cov-
erability problem, then the final counter value is linearly bounded in the input
counter value and the size of the automaton.

Lemma 3.3
Given a DROCA A, a configuration (q, k), and a state p, if (q, k) ú

≠æ (p, n)
for some n œ N, then there exists m œ N with m < k + |A| such that
(q, k) ú

≠æ (p, m).

Proof. Let A be a DROCA, (q, k) a configuration of A, and p a state of A. Let
w œ �ú denote the minimal coverability witness such that (q, k) w

≠æ (p, m) in A for
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some m œ N. We prove that the counter value m < k + |A|
2.

If (q, k) w
≠æ (p, m) is a floating run, then from lemma 3.1, we get that m <

k + |A|. Let us now assume that (q, k) w
≠æ (p, m) is non-floating run. Let e0

denote the last configuration with counter value encountered during the run
(q, k) w

≠æ (p, m). Let w1, w2 œ �ú such that w = w1w2 and (q, k) w1
≠æ e0

w2
≠æ (p, m).

Since w is the minimal coverability witness, by applying Lemma 3.1 on the run
e0

w2
≠æ (p, m), we get that m < |A|.

Using Lemma 3.1, Lemma 3.2, and Lemma 3.3, we prove that both the
reachability and coverability problems are in P.

Theorem 3.4 (Chistikov et al. (2019))
Given a DROCA A, a configuration (q, k), a state p, and t œ N,

1. if (q, k) ú
≠æ (p, n) for some n œ N, then a minimal coverability witness

for ((q, k), p) in A can be found in (max{k, |A|} + |A|
2)|A| time.

2. if (q, k) ú
≠æ (p, t), then a minimal reachability witness for ((q, k), (p, n))

in A can be found in (max{k, t} + |A|
2)|A| time.

Proof. First, we show that the maximum counter value encountered during the
run of a minimal reachability witness and a minimal coverability witness is
polynomially bounded by the size of the automaton and the input counter values.

Let A be a DROCA, (q, k) a configuration, p a state of A and t œ N. First,
consider the coverability problem. From Lemma 3.3, we get that if (q, k) ú

≠æ

(p, n) for some n œ N, then there exists m œ N with m < k + |A| such that
(q, k) ú

≠æ (p, m). Let w be the minimal reachability witness for (q, k) ú
≠æ (p, m).

From Lemma 3.2, the maximum counter value encountered during this run is
max{k, |A|}+ |A|

2. Next, we consider the reachability problem. From Lemma 3.2,
we get that if (q, k) ú

≠æ (p, t), then the maximum counter value encountered
during this run is max{k, t} + |A|

2. Therefore, in either case, the maximum
counter value encountered is polynomially bounded in |A| and the input counter
values. Therefore, both the reachability and coverability problems are reduced
to checking reachability between a set of configurations whose counter value is
polynomially bounded in the size of the automaton and the input counter values.
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3. EQUIVALENCE OF DROCAS

Let r be the maximum counter value encountered during the run of a minimal
reachability witness. To check reachability, we construct the configuration graph
of A up to counter value r. The configuration graph of A up to counter value
r will contain at most r ◊ |A| many states. The reachability from one state to
another in this graph can be done in r ◊ |A| time using standard breadth-first
search. Therefore, coverability can be checked in (max{k, |A|} + |A|

2)|A| time
and reachability in (max{k, t} + |A|

2)|A| time.

3.2 Equivalence of counter-synchronised DROCAs

In this section, we prove that the equivalence of two counter-synchronous
DROCAs can be checked significantly faster than that of general DROCAs.

COUNTER-SYNCHRONICITY OF DROCAS

INPUT: Two DROCAs A and B.
OUTPUT: Yes, if A and B are counter-synchronised.

No, otherwise.

EQUIVALENCE OF COUNTER-SYNCHRONISED DROCAS

INPUT: Two counter-synchronised DROCAs A and B.
OUTPUT: Yes, if A and B are equivalent.

No, otherwise.

Given two DROCAs with K states, we give O(–(K5)K5) algorithms for the
following: (1) Check whether they are counter-synchronised and (2) verify their
equivalence if they are counter-synchronised. This is stated in Theorem 3.5.

Hopcroft and Karp (1971) gave an algorithm for checking the equivalence of
two DFAs. An analysis of this algorithm by Almeida et al. (2010) shows that
given two DFAs with size n, the algorithm runs in O(–(n)n) time. Here, – is a
slow-growing function and is related to the functional inverse of the Ackermann
function (Almeida et al., 2010). The paper does not provide a closed-form
expression for –. However –(n) = o(n) and for every j œ [0, 22216

], –(j) Æ 4.
Therefore, for all practical applications, one can consider – as a constant function.
The function – in Theorem 3.5 and Theorem 3.6 comes from this algorithm for
checking the equivalence of two DFAs.
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Theorem 3.5
Given two DROCAs A and B with |A|, |B| Æ K for some K œ N,

1. if A and B are not counter-synchronised then there is a word w œ �ú

with |w| Æ 2K5, heightA(w) Æ K4 and, heightB(w) Æ K4 such that,
ceA(w) ”= ceB(w). There is an O(K6) time algorithm to output this
word if it exists.

2. if A and B are counter-synchronised and not equivalent, then there
is a word w œ �ú with |w| Æ 2K5, and heightA(w) = heightB(w) Æ K4

such that A(w) ”= B(w). There is an O(–(K5)K5) time algorithm to
output this word if it exists.

Proof. Let A = (Q1, �, p0, ”1
0, ”1

1, F1) and B = (Q2, �, q0, ”2
0, ”2

1, F2) be two DROCAs.

Case-1: A and B are not counter-synchronised.
Let w be a word such that ceA(w) ”= ceB(w) and for all wÕ

œ �ú with ceA(wÕ) ”=
ceB(wÕ), either |wÕ

| > |w| or heightA(wÕ) > heightA(w).
Let w = w1a for some w1 œ �ú and a œ �. We know that for all strict prefixes

wÕ of w, ceA(wÕ) = ceB(wÕ). Since the counter values remain the same for all
strict prefixes of w, the synchronous run on the word w1 on the two machines can
be seen as the run of a DROCA C with |A| ◊ |B| states as defined below.

C = (Q1 ◊ Q2, �, (p0, q0), ”0, ”1, F1 ◊ F2), where

”0 : (Q1 ◊ Q2) ◊ � æ (Q1 ◊ Q2) ◊ {0, +1} and ”1 : (Q1 ◊ Q2) ◊ � æ (Q1 ◊ Q2) ◊

{0, +1, ≠1} are the transition functions defined as follows: For q1, qÕ
1 œ Q1, q2, qÕ

2 œ

Q2, ”0((q1, q2), a) = ((qÕ
1, qÕ

2), e) if ”1
0(q1, a) = (qÕ

1, e) and ”2
0(q2, a) = (qÕ

2, e) and is
undefined otherwise. Similarly, for q1, qÕ

1 œ Q1, q2, qÕ
2 œ Q2, ”1((q1, q2), a) =

((qÕ
1, qÕ

2), e) if ”1
1(q1, a) = (qÕ

1, e) and ”2
1(q2, a) = (qÕ

2, e) and is undefined otherwise.
The states of this machine C will be of the form (p, q) œ Q1 ◊ Q2. The

synchronous run of w1 can be represented as ((p0, q0), 0) w1
≠æ ((p, q), m) for some

(p, q) œ Q1 ◊ Q2 and m œ N.

Claim 1. heightA(w1) = heightB(w1) < (|A| ◊ |B|)2.
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Proof. Assume for contradiction that heightA(w1) = heightB(w1) Ø (|A| ◊ |B|)2.
If m > 0 (resp. m = 0), then in order to find a shorter word that distinguishes A

and B, we only need to find a shorter word to a configuration ((p, q), mÕ) of C for
some mÕ > 0 (resp mÕ = 0). From Lemma 3.2 and Lemma 3.3, we get that there
exists wÕ

œ �ú with heightC(wÕ) < (|A| ◊ |B|)2 such that ((p0, q0), 0) wÕ
≠æ ((p, q), mÕ),

where mÕ = 0 if m = 0 and mÕ > 0 otherwise. Therefore, (p0, 0) wÕ
≠æ (p, mÕ) in A,

(q0, 0) wÕ
≠æ (q, mÕ) in B and heightA(wÕ) = heightB(wÕ) < (|A|◊|B|)2. Now consider

the word wÕa. The machines A and B reach different counter values on reading
this word. This contradicts our initial assumption regarding the minimality of w.

Claim:1

From Claim 1, we know that both heightA(w1) and heightB(w1) is less than
(|A| ◊ |B|)2. Hence, the number of distinct counter values encountered during
this run is (|A| ◊ |B|)2.

Let GA denote the configuration graph of A up to counter value (|A| ◊ |B|)2

and GB denote the configuration graph of B up to counter value (|A| ◊ |B|)2. The
number of states in GA is |A| ◊ (|A| ◊ |B|)2 and that of GB is |B| ◊ (|A| ◊ |B|)2.
Let G = (QÕ, �, qinit, ”, F ) be a DFA. Where F = {qF } is a singleton set containing
a final state, QÕ =

1
Q1 ◊ Q2 ◊ (|A| ◊ |B|)2

2
fi F , qinit = (p0, q0, 0) is the initial

state, ” : QÕ
◊ � æ QÕ is a partial transition function defined as follows: for

p œ Q1, q œ Q2, n œ [0, (|A| ◊ |B|)2] and a œ �, if ”1
sign(n)(p, a) = (pÕ, e) and

”2
sign(n)(q, a) = (qÕ, e) for some e œ {≠1, 0, +1} with n + e Æ (|A| ◊ |B|)2 then,

”((p, q, n), a) = (pÕ, qÕ, n + e). if ”1
sign(n)(p, a) = (pÕ, e) and ”2

sign(n)(q, a) = (qÕ, eÕ)
for some e, eÕ

œ {≠1, 0, +1} with e ”= eÕ then, ”((p, q, n), a) = qF . The number
of states in G is less than (|A| ◊ |B|)3. Now, checking whether A and B are
counter-synchronous reduces to checking whether the final state f is reachable in
G. Using breadth-first search on G, we get that the smallest word, if it exists, that
satisfies this property is less than (|A| ◊ |B|)3 and can be found in O((|A| ◊ |B|)3)
time.

Case-2: A and B are counter-synchronised but not equivalent.
Assume A and B are counter-synchronised DROCAs. If A and B are not

equivalent, then there exists a w œ �ú such that A(w) ”= B(w). Without loss of
generality, let us assume that A(w) = 1 and B(w) = 0.
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Now consider the run of the word w on the DROCA A ◊ B obtained by taking
the product of A and B. Similar to the proof of the previous case, we can show
that if w is a minimal witness, then heightA(w), heightB(w) Æ (|A| ◊ |B|)2. Now
consider the configuration graphs of A and B upto counter value (|A| ◊ |B|)2. In
order to check the equivalence of A and B, it suffices to check the equivalence
of these initial portions of the configuration graphs. The total number of states
in the configuration graphs of A and B up to counter value (|A| ◊ |B|)2 is (|A| +
|B|)(|A|◊ |B|)2. Therefore, the length of w is bounded by (|A|+ |B|)◊ (|A|◊ |B|)2.
Also, this equivalence check can be done in O(–((|A| + |B|) ◊ (|A| ◊ |B|)2)(|A| +
|B|) ◊ (|A| ◊ |B|)2) time using the algorithm for checking the equivalence of two
DFAs Hopcroft and Karp (1971) that returns a minimal word that is accepted in
one machine and rejected in the other.

Note that in both these cases, the returned word w is such that |w| Æ (|A| +
|B|) ◊ (|A| ◊ |B|)2, heightA(w) Æ (|A| ◊ |B|)2, heightB(w) Æ (|A| ◊ |B|)2 and can
be found in O(–((|A| + |B|) ◊ (|A| ◊ |B|)2)(|A| + |B|) ◊ (|A| ◊ |B|)2) time. Since
|A|, |B| Æ K, the theorem follows.

3.3 Equivalence of Visibly One-Counter Automata

In the special case of VOCAs, we show that there is a faster algorithm running in
O(–(K3)K3) for checking the equivalence of two VOCAs with number of states
less than or equal to K. Given two VOCAs over the same pushdown alphabet
(�call, �ret, �int), the counter is always incremented (resp. decremented) on read-
ing a symbol from �call (resp. �ret) and is left unchanged on reading a symbol
from �int. Therefore, the counter value reached on reading a word is dependent
only on the word and the pushdown alphabet. For two VOCAs over the same
pushdown alphabet, the counter value reached on both the VOCAs on the same
word is, therefore, the same.

EQUIVALENCE OF VOCAS

INPUT: Two VOCAs A and B.
OUTPUT: Yes, if A and B are equivalent.

No, otherwise.
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Similar to Theorem 3.5, the function – in the following theorem is a function
that grows very slowly Almeida et al. (2010) and can be considered a constant
function for all practical purposes. It comes from the algorithm by Hopcroft and
Karp (1971) for checking the equivalence of two DFAs. The ideas in proving
Theorem 3.6 is similar to those used in Section 7.2 in the context of weighted
one-counter automata.

Theorem 3.6
Given two VOCAs A and B over the same pushdown alphabet with
|A|, |B| Æ K for some K œ N, if A and B are not equivalent, then there
exists a minimal word w such that A(w) ”= B(w) with |w| Æ 4K(K+K2), and
heightA(w) = heightB(w) Æ 2(K + K2). There is an O(–(K3)K3) algorithm
to find this word if it exists.

Proof. Let A = (Q1, �, pinit, ”1
0, ”1

1, F1) and B = (Q2, �, qinit, ”2
0, ”2

1, F2) be two
VOCAs that are not equivalent. Since A and B are VOCAs, for any w œ

�ú, ceA(w) = ceB(w). We use ce(w) to denote this value. Similary, we use
height(w) to denote heightA(w) = heightB(w). Let Q1 = {p1, p2, . . . , p|A|} and
Q2 = {q1, q2, . . . , q|B|}. For a pair of states pi œ Q1 and qj œ Q2, we define the
row vector x(pi,qj) œ {0, 1}

|A|+|B| as follows: x(pi,qj)[k] = 1 if and only if k = i or
k = |A| + j for k œ [1, |A| + |B|]. We also define the row vector ÷ œ {0, 1}

|A|+|B|

such that for k œ [1, |A| + |B|]

÷[k] =

Y
____]

____[

1, if k Æ |A| and pk œ F1

≠1, if k > |A| and qk≠|A| œ F2

0, otherwise.

Therefore, x(p,q)÷€
”= 0, if exactly one among p and q is a final state.

We consider the synchronous run of A and B. A configuration pair is de-
noted by (x(p,q), n) where p œ Q1, q œ Q2, and n is a counter value. The initial
configuration pair is denoted by cinit = (x(pinit,qinit), 0). Given two configuration
pairs c1 = (x(p,q), n) and c2 = (x(pÕ,qÕ), m), we use the notation c1

u
≠æ c2 to denote

that (p, n) u
≠æ (pÕ, m) and (q, n) u

≠æ (qÕ, m). We define the transition matrix of u

from (x(p,q), n) as the matrix M œ {0, 1}
(|A|+|B|)2 such that for i, j œ [1, |A| + |B|],
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M[i, j] = 1 if and only if (pi, n) u
≠æ (pj, m) in A or (qi≠|A|, n) u

≠æ (qj≠|A|, n) in B.
Therefore, x(p,q)M = x(pÕ,qÕ). Since A and B are VOCAs, Claim 1 and Claim 2
directly follow from the definition of the transition matrix.

Claim 1. For any p, pÕ
œ P , q, qÕ

œ Q and word w, the transition matrix of w from
(x(p,q), n) is the same as the transition matrix of w from (x(pÕ,qÕ), n).

Claim 2. Let w be such that ce(wÕ) > 0 for all prefixes wÕ of w. Then, the transition
matrix of w from (x(p,q), n) is the same as the transition matrix of w from (x(pÕ,qÕ), m)
for any p, pÕ

œ P and q, qÕ
œ Q and m, n > 0.

We use the fact that the machines are VOCAs to obtain Claim 1 and Claim 2.

Claim 3. Any set of |A|
2 + |B|

2 + 1 transition matrices is linearly dependent.

Proof. Given any transition matrix M, a non-zero value can occur only in positions
i, j œ [1, |A| + |B|] with both i, j < |A| or both i, j > |A|. Therefore, there are at
most |A|

2 + |B|
2 positions in M where a non-zero value can occur. A transition

matrix can be seen as a vector of size |A|
2 + |B|

2, discarding the portions where a
non-zero value can never occur. From the fundamental theorem of vector spaces
(see Lemma 2.2), if we have more than |A|

2 + |B|
2 transition matrices, there will

be at least one that is dependent on the others (Strang, 2006). Claim:3

Let w be a minimal word such that A(w) ”= B(w). Let c¸ = (x¸, n¸) denote the
configuration pair such that cinit

w
≠æ c¸. Therefore, x¸÷€

”= 0.

Claim 4. No configuration pair repeats during the synchronous run cinit
w
≠æ c¸.

Proof. Assume for contradiction that there is a configuration pair that repeats
during the synchronous run on w. Let d denote this configuration pair and
w1, w2, w3 be words such that w = w1w2w3 and cinit

w1
≠æ d

w2
≠æ d

w3
≠æ c¸. Since

cinit
w1
≠æ d

w3
≠æ c¸, the word w1w3 is a shorter word that distinguishes A and B.

This contradicts the minimality of w. Claim:4

Claim 5. height(w) Æ n¸ + |A|
2 + |B|

2.

Proof. Assume for contradiction that height(w) = m and m > n¸ + |A|
2 + |B|

2.
Then there exists w1, w2 œ �ú and configuration pair d such that w = w1w2 and
cinit

w1
≠æ d

w2
≠æ c¸ such that ce(w1) = m. For an i œ [n¸, m], let (yi, i) (resp. (yÕ

i, i))
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Aj

d

cinit

c¸

(yt, t) (yÕ
t, t)

Bt

(yj, j) (yÕ
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word length
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Fig. 3.1. The figure shows the synchronous run of a word on two VOCAs such
that it reaches a final state in one VOCA and a non-final state in the other.
Configuration pairs clj and clt (resp. cgj and cgt) are where the counter values j
and t are encountered for the last (resp. first) time before (resp. after) reaching
m. The dashed line denotes the part of the synchronous run that can be removed
to get a smaller word that distinguishes the VOCAs.

be the configuration pair such that the counter value i is encountered for the last
(resp. first) time during the run cinit

w1
≠æ d (resp. d

w2
≠æ c¸); let Ai and Bi denote

the transition matrices such that yiAi = yÕ
i and yÕ

iBi = x¸ (see Figure 7.1); and
let xi, yi and zi be such that cinit

xi
≠æ (yi, i) yi

≠æ (yÕ
i, i) zi

≠æ c¸ and w = xiyizi.
Consider the matrices Am≠1,Am≠2, . . . ,An¸

in order. From Claim 3, it follows
that there exists t œ [n¸, m ≠ 1] such that At is linearly dependent on matri-
ces Am≠1, · · · ,At+1. Since x¸÷€

”= 0, it follows that ytAtBt÷€
”= 0. Therefore,

yt(rt+1At+1 + · · ·+rm≠1Am≠1)Bt÷€
”= 0 for some integers rt+1, . . . , rm≠1 and hence

there is a j > t such that ytAjBt÷€
”= 0. We conclude the proof, by saying that

ŵ = xtyjzt is a word accepted by exactly one of A or B contradicting the mini-
mality of w. It suffices to show cinit

xt
≠æ (yt, t) yj

≠æ (ytAj, t) zt
≠æ (ytAjBt, n¸). From

Claim 2, we get that the transition matrix of yj from (yt, t) is Aj. From Claim 1,
we get that the transition matrix of zt from (ytAt, t) is Bt. Claim:5

Claim 6. n¸ Æ |A| + |B|.

Proof. Assume for contradiction that n¸ > |A| + |B|. For i œ [1, n¸], let (zi, i)
denote the configuration pair such that the counter value i is encountered for
the last time during the run cinit

w
≠æ c¸. For all i œ [1, n¸], let xi, zi œ �ú such that
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cinit
xi
≠æ (zi, i) zi

≠æ c¸ and w = xizi. For all i œ [1, n¸ ≠1], let Ci denote the transition
matrix such that ziCi = x¸ with ziCi÷€

”= 0 . Consider the vectors z1, z2, . . . , zn¸

in order. From the fundamental theorem of vector spaces (see Lemma 2.2), it
follows that there exists t Æ (|A| + |B|) + 1 such that zt is a linear combination
of z1, . . . , zt≠1. Since ztCt÷€

”= 0, there exists j < t such that zjCt÷€
”= 0. From

Claim 2, we get that the transition matrix of zt from (zt, t) is Ct. The word xjzt

contradicts the minimality of w. Claim:6

Let K œ N such that |A|, |B| < K. From Claim 5 and Claim 6, we get that
height(w) Æ 2(K + K2). We construct DFA A

Õ (resp. B
Õ) of size O(K3) correspond-

ing to the configuration graph of A (resp. B) up to counter value 2(K + K2). By
using the Hopcroft-Karp algorithm Hopcroft and Karp (1971) for checking equiv-
alence of DFAs, we get a distinguishing word with length less than 4K(K + K2) if
A and B are not equivalent.

The above proof will not work for the case of DROCAs, since Claim 1 and
Claim 2 in the above theorem don’t hold for DROCAs. For VOCAs, the counter
actions only depend on the input alphabet. Whereas, for DROCAs, the counter
actions depend on the input alphabet, the current counter value and the current
state of the DROCA. The transition matrix of a word changes based on its state
and the counter value from which it is read.

3.4 Conclusion

In this chapter, we developed a specialised equivalence checking algorithm for
counter-synchronous DROCAs. For VOCAs, we optimised this process and pro-
posed an even faster equivalence check. Additionally, we presented the reacha-
bility and coverability problems of DROCAs and showed that they are in P. A
summary of the results presented in this chapter is given in the folllowing table.
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Problem Complexity

Coverability from a configuration (q, k) to a state
p of a DROCA with size K

O((max{k, K} + K2)K)
(Chistikov et al., 2019)

Reachability from a configuration (q, k) to another
configuration (p, t) of a DROCA with size K

O((max{k, t} + K2)K)
(Chistikov et al., 2019)

Counter-synchronicity of two DROCAs of size K O(K6)

Equivalence of two counter-synchronised
DROCAs of size K

O(–(K5)K5)

Equivalence of two VOCAs of size K O(–(K3)K3)

Table 3.1. Summary of results presented in Chapter 3.
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CHAPTER 4
Learning DROCAs Using

Polynomially Many Queries

In this chapter, we introduce a novel method for active learning of deterministic
real-time one-counter automaton (DROCA). The existing techniques for learning
a DROCA rely on observing the behaviour of the DROCA up to exponentially
large counter values. Our algorithm eliminates this need and requires only a
polynomial number of queries. Additionally, our method differs from existing
techniques as we learn a minimal counter-synchronous DROCA, resulting in
much smaller counter-examples on equivalence queries. Learning a minimal
counter-synchronous DROCA cannot be done in polynomial time unless P = NP,
even in the case of visibly one-counter automata (VOCAs). We use a SAT solver
to overcome this difficulty. The solver is used to compute a minimal separating
DFA from a given set of positive and negative samples.

We implemented the proposed learning algorithm and tested it on randomly
generated DROCAs. Our evaluations show that the proposed method outperforms
the existing techniques on the test set. We use the equivalence result of counter-
synchronous DROCAs from Section 3.2 in our learning algorithm.
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4.1 Introduction

Automata learning is a subfield of theoretical computer science that focuses on
the automatic construction of automata from observations, such as input/output
samples. This process plays a crucial role in fields like software verification and
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machine learning. Automata are mathematical models for systems that can de-
scribe sequences of operations or events, making them valuable for applications
such as formal verification of software, model checking, and system analysis.
Automata learning is particularly important for software verification as it allows
for the modelling and analysing systems where exhaustive testing may not be
feasible. With suitable algorithms, automata learning can enable software veri-
fication tools to automatically construct models from system traces, which can
then be analysed for errors, security vulnerabilities, and performance issues.
Despite theoretical advancements, the practical applicability of automata learning
algorithms, especially for automata with resources (e.g., one-counter automata,
pushdown automata), is hindered by inefficient equivalence checks and learning
processes. This limits the broader applicability of automata learning algorithms
for complex systems.

The objective of learning algorithms is to identify a model that best fits a given
set of observations or data. However, this is a computationally challenging task.
For instance, finding a minimal separating DFA – a DFA that accepts a given
set of positive samples and rejects a given set of negative samples – is known
to be NP-complete (Gold, 1978). Angluin (1987) introduced an active learning
framework involving a learner and a teacher to overcome this challenge (see
Figure 1.1). The learner constructs an automaton through a structured process of
queries to the teacher. She proved that DFA can be learned using membership
and equivalence queries in polynomial time. Angluin’s algorithm, known as the
L

ú algorithm, provided a theoretical foundation for efficient DFA learning by
allowing the learner to learn a minimal DFA in time polynomial in the size of the
DFA by identifying all distinct equivalence classes. However, one cannot extend
the L

ú algorithm directly for more complex automata, such as OCA, which have
infinitely many equivalence classes.

In this chapter, we are interested in active learning of a deterministic real-time
one-counter automata (DROCAs). The counter adds expressive power, enabling
a DROCA to recognise certain context-free languages (e.g., {anbn

| n > 0}) that
cannot be recognised with a DFA. However, current computational and algorith-
mic limitations hinder the effective learning of such systems, emphasising the
need for novel approaches to bridge this gap in automata learning.
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4.2 Active Learning DROCAs

In this section, we explore active learning of DROCAs. In this framework, we have
a learner and a teacher. The learner aims to construct a DROCA that recognises
the same language as the teacher’s DROCA (call it A). We discuss the various
types of queries used in the learning process. We also provide a brief discussion
of existing learning algorithms and compare the proposed method with these
techniques, highlighting their differences.

4.2.1 Types of Queries

We list the various types of queries commonly used in the literature.

• membership queries MQA: the learner provides a word w œ �ú. The teacher
returns 1 if w œ L(A), and 0 if w ”œ L(A).

• equivalence queries EQA: the learner asks whether a DROCA C is equivalent
to A. The teacher returns yes if C and A are equivalent. Otherwise, the
teacher provides a counter-example z œ �ú such that C(z) ”= A(z).

• counter value queries CVA: the learner asks the counter value reached on
reading a word w in A. The teacher returns the corresponding counter
value. i.e., ceA(w).

• partial equivalence queries EQA: the learner gives a DROCA C and an
integer t and asks whether for all z œ �Æt, C(z) = A(z). The teacher
returns yes if this condition is true. Otherwise, the teacher provides a
counter-example z œ �Æt such that C(z) ”= A(z).

The membership query and the equivalence query are similar to the ones used
in L

ú. The membership query returns the membership of a given word, and
the equivalence query checks whether two DROCAs are equivalent and returns
a counter-example if they are not. The counter value query, when given a
word, returns the counter value reached on reading that word from the initial
configuration. A partial equivalence query takes a DROCA and a limit and
determines whether the set of all words whose length does not exceed the given
limit accepted by the given DROCA and the target language are the same. It
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returns a word of length less than the limit that distinguishes them otherwise. We
also introduce an additional query called the synchronous-equivalence query for
learning DROCAs.

• synchronous-equivalence queries SEQA: the learner asks whether a DROCA C

is equivalent and counter-synchronous to A. The teacher returns yes if C and
A are counter-synchronous and equivalent. Otherwise, the teacher provides
a counter-example z œ �ú such that C(z) ”= A(z) or ceA(z) ”= ceC(z).

One can also consider minimal versions of equivalence and synchronous-
equivalence queries, that returns the smallest counterexample rather than return-
ing an arbitrary one. These are outlined below.

• minimal equivalence queries MEQA: the learner asks whether a DROCA
C is equivalent to A. The teacher returns yes if C and A are equivalent.
Otherwise, the teacher provides a minimal counter-example z œ �ú such
that C(z) ”= A(z).

• minimal synchronous-equivalence queries MSQA: the learner asks whether a
DROCA C is equivalent and counter-synchronous to A. The teacher returns
yes if C and A are counter-synchronous and equivalent. Otherwise, the
teacher provides a minimal counter-example z œ �ú such that C(z) ”= A(z)
or ceA(z) ”= ceC(z).

In the case of synchronous-equivalence queries and minimal synchronous-
equivalence queries, the teacher only returns the counter-example z and does not
provide any additional information.

4.2.2 Existing Methods

In the context of learning one-counter systems, studies have been conducted by
Berman and Roos (1987), Fahmy and Roos (1995), Neider and Löding (2010),
and Bruyère et al. (2022). In this section, we provide a brief discussion of each of
these works.
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Berman and Roos (1987): Learning One-Counter Languages in Polynomial
Time

P. Berman and R. S. Roos, in an extended abstract, claim to have proved that both
equivalence and learning of deterministic one-counter automata is in P. However,
as pointed out by Böhm et al. (2014), the results cannot be verified due to a lack
of precise formulation and detailed proofs. It was later proved by Böhm et al.
(2013), that the equivalence of determinisitc one-counter automata is indeed
in P (NL-complete). However, the existence of a polynomial time algorithm for
learning deterministic one-counter automata remained an open problem1.

Fahmy and Roos (1995): Efficient Learning of Real-Time One-Counter
Automata

A. F. Fahmy and R. S. Roos. proposed a learning algorithm for DROCAs using
membership and equivalence queries. This work was proposed as a faster algo-
rithm than Berman and Roos (1987) for learning DROCAs and can be considered
as the first algorithm for learning DROCAs. They showed that a DROCA can be
learned by first learning an initial segment of its behaviour graph. Unlike the
behaviour graph of VOCAs, this behaviour graph is defined based on the standard
Myhill-Nerode congruence. Additionally, they proved that the behaviour graph
of a DROCAs exhibits a repeating structure. To learn a DROCA, it is sufficient
to identify this repeating structure. However, to identify this repeating structure,
one needs to learn an exponentially large behaviour graph. Recognising this
repetitive structure of the behaviour graph lies at the core of all existing learning
algorithms for learning DROCAs. This work also motivated Bárány et al. (2006)
to prove that checking whether a given visibly pushdown automaton is equivalent
to some VOCA is decidable. However, Bruyère et al. (2022) raises concerns about
the precision of Fahmy and Roos’ proofs for learning DROCAs, indicating that
their method did not yield the expected results in some instances.

1We have recently proved that active learning of DOCAs is also in P (Mathew et al., 2025c).
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Neider and Löding (2010): Learning Visibly One-Counter Automata in
Polynomial Time

D. Neider and C. Löding, in a technical report, combined the techniques in Fahmy
and Roos (1995) and Bárány et al. (2006) to propose an algorithm for learning
VOCAs, employing an additional partial equivalence query. Their algorithm
learns the initial portion of a behaviour graph defined based on a refined Myhill-
Nerode congruence. Two words belong to the same equivalence class under
this congruence if they reach the same counter value when read from the initial
configuration. Note that in a VOCA, the input alphabet determines the counter-
actions. Similar to the work by Fahmy and Roos (1995), the algorithm works
by identifying a repetitive structure of this behaviour graph. They prove that
their algorithm for learning VOCAs runs in polynomial time with respect to some
characteristic parameters of the target language. However, these parameters
can be exponential in size with respect to the number of states of a “minimal”
VOCA recognising the language. Hence, even the existing algorithms for learning
VOCAs have exponential time and query complexity with respect to the number
of states of a minimal VOCA recognising the language.

Bruyère et al. (2022): Learning Real-Time One-Counter Automata

Recent work by V. Bruyère, G. A. Pérez, and G. Staquet focuses on learning
DROCAs and introduces an additional counter value query along with the partial
equivalence query. They use the counter value queries and employ the techniques
introduced by Neider and Löding (2010) to learn DROCAs, but using exponential
space, time, and number of queries. Their learning algorithm will be referred
to as BPS from this point forward. This algorithm also works by identifying the
repetitive structure of the behaviour graph defined based on the refined Myhill-
Nerode congruence introduced by Neider and Löding (2010). They evaluated an
implementation of their learning algorithm on random benchmarks and used it
for JSON-stream validation.
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4.2.2.1 Limitations of Existing Methods

From a complexity theoretical perspective, DROCAs can be learned with polyno-
mial space and exponential time with a straightforward brute-force approach. This
method entails enumerating all conceivable DROCAs, starting with a one-state
DROCA, and submitting equivalence queries for each. This approach, without a
doubt, entails an exponential number of equivalence queries.

All existing algorithms for learning DROCAs, including the algorithm by
Fahmy and Roos (1995), the algorithm by Bruyère et al. (2022), and the algorithm
for learning VOCA by Neider and Löding (2010) require exponential time and
an exponential number of queries with respect to the number of states of a
minimal DROCA recognising the language. All these algorithms share the idea
of learning the initial portion of an infinite behaviour graph and then seek to
identify a repetitive structure in it. However, in the worst-case scenario, this
repetitive structure becomes apparent only after learning an exponentially large
portion of the graph (see Figure 4.3). In this case, the learnt DROCA will be
exponentially large. Consequently, learning this exponential-sized behaviour
necessitates exponentially many queries. Moreover, the equivalence queries
also run on these exponentially large DROCAs, making it even more infeasible.
Section 4.2.3 gives the formal definition of a behaviour graph and discusses its
repetitive structure. We prove the existence of DROCAs for which repetitive
structure of the behaviour graph becomes apparent only after observing an
exponentially large segment of the behaviour graph. Additionally, we present a
language recognised by a VOCA that exhibits this phenomenon.

4.2.3 Behavioural Graph and its Repetitive Structure

The existing algorithms for learning one-counter automaton rely on learning the
initial portion of an infinite canonical automaton called the behaviour graph. It
has a periodic structure and thus can be represented using a finite object. The
current algorithms seek to identify this repetitive pattern from an initial portion of
the behaviour graph. However, one needs to learn the behaviour of the automaton
up to exponentially large counter values to observe this pattern. We will now
define a refined Myhill-Nerode congruence that defines a behaviour graph.
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Definition 4.1 (Definition 2 in Neider and Löding (2010))
Given a DROCA A, we define a refined Myhill-Nerode congruence ƒ ™

�ú
◊ �ú as follows: for u, v œ �ú, u ƒ v if and only if for all z œ �ú,

A(uz) = A(vz) and ceA(uz) = ceA(vz). For all w œ �ú, the equivalence
class of w under ƒ is defined as [w] = {u œ �ú

| u ƒ w}.

In addition to the standard conditions enforced by the Myhill-Nerode con-
gruence, this refinement also ensures that all words that belong to the same
equivalence class under it have the same counter value. The behaviour graph of
a DROCA is an infinite state automaton induced by this refined congruence ƒ.
Each equivalence class under this refined congruence corresponds to a state of
the behaviour graph, and the transitions between them are defined based on the
equivalence class of the resultant words.

Definition 4.2 (Definition 3 in Neider and Löding (2010))
Given a DROCA A and the refined Myhill-Nerode congruence ƒ,
the behaviour graph BGA of A is a machine defined as BGA =
(P, �, p0, �, H) where,

• P = {[u] | u œ �ú
} is the set of states.

• p0 = [Á] is the initial state.

• � : P ◊ � æ P is the transition function and is defined as follows.
For u œ �ú and a œ �, �([u], a) = [ua].

• H = {[u] | A(u) = 1} is the set of final states.

Given a DROCA A = (Q, �, q0, ”0, ”1, F ) and it’s behaviour graph BGA =
(P, �, p0, �, H) we define a mapping cMap between the configurations of A and
the states of the behaviour graph BGA similar to that by Fahmy and Roos (1995).
Note that the behaviour graph can be obtained from the configuration graph of
A by merging the states corresponding to the configurations that belong to the
same refined Myhill-Nerode equivalence class. For a configurations c of A, we say
that cMap(c) = [u] for some u œ �ú if and only if (q0, 0) u

≠æ c in A. We extend this
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mapping cMap to the infinite configuration graph GA = (QÕ, �, q0, �Õ, F Õ) of A as
follows: given a configuration c of A and a œ �, cMap(�Õ(c, a)) = �(cMap(c), a).
A subgraph of the configuration graph is now mapped into a subgraph of the
behavioural graph using the mapping cMap.

Let S denote a set of configurations and GA(S) denote the portion of the
configuration graph containing S and all the transitions between the states
in S. Let Sm,n denote the set of configurations {(p, i) | p œ Q, m Æ i <

n}. We say that the behaviour graph has a repetitive structure with offset o

and period per for some o, per œ N, if segments of the configuration graph
BA(So,o+per), BA(So+per,o+2úper), . . . all have isomorphic images under the mapping
cMap and for all oÕ < o and perÕ < per this condition does not hold. Either
all these images coincide in the behaviour graph BGA, or they are all distinct
subgraphs of BGA. For any DROCA A, the behaviour graph of A has a repetitive
structure with an offset greater than zero and period greater than or equal to zero
(Bruyère et al. (2022) (Theorem 1), Neider and Löding (2010)(Theorem 1)).

Example 4.3 (PrimeMatch)
Let S be a finite set of prime numbers. Consider the language

PrimeMatch(S) =
€

iœS

Ó
anpib

n≠1a | i divides n
Ô

A VOCA over the pushdown alphabet � = ({a}, {b} fi
t

iœS{pi}, ÿ) recognis-
ing the language PrimeMatch({2, 3}) is given in Figure 4.1. Here, each pi

denotes a unique symbol. The initial portion of the configuration graph
and behaviour graph corresponding to this VOCA is given in Figure 4.2
and Figure 4.3, respectively. The behaviour graph can be obtained by
merging equivalent states having the same counter value. Observe that the
segment of the behaviour graph from counter value 3 to 8 repeats infinitely.
In Figure 4.3, the behaviour graph shown has an offset 2 and a period
2 ú 3 = 6.

Every state in a behaviour graph has an associated counter value that reflects
the counter value reached on reading the words in that equivalence class. The
behaviour graph of a DROCA has a repetitive structure, as mentioned in Exam-
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ple 4.3. It consists of an initial part followed by a repeating segment that repeats
indefinitely. The existing algorithm for learning DROCAs using counter value
queries (Bruyère et al., 2022) and the learning algorithm for VOCAs (Neider and
Löding, 2010) works by finding the repetitive structure of this behaviour graph.
However, there are VOCAs for which the repetitive structure of the behaviour
graph becomes evident only after observing the behaviour graph up to some
exponentially large counter value. We will now prove this fact by providing a
class of languages for which this is true.

Lemma 4.4 (Exponentially large period of behaviour graph)
There exist languages recognised by VOCAs, for which the period of the
behaviour graph is exponential in the size of the VOCAs.

Proof. Consider a VOCA that recognises the language PrimeMatch(S) (see Exam-
ple 4.3), where S contains the first n prime numbers. It is easy to observe from
Figure 4.1 that there is a VOCA B recognising PrimeMatch(S) defined over the
pushdown alphabet � = (�call, �ret, �init) where �call = {a}, �ret = {b}fi

t
iœS{pi}

and �init = ÿ with |B| = q
iœS i + 2. By the prime number theorem, the sum of the

first n prime number is less than n2 log n. Therefore, we get that |B| < n2 log n.
Let c0 denote the initial configuration of B.

Let j œ S and m be a positive integer such that m is divisible by j. For all
i œ S, let si denote the state of B such that c0

ampi
≠≠≠æ (si, m ≠ 1). For i œ S,

(si, m ≠ 1)©(sj, m ≠ 1) if and only if m is divisible by both i and j. Since bm≠1a is
the only word accepted from (sj, m ≠ 1), it should be accepted from (si, m ≠ 1)
also. If m is not divisible by i then, (si, m ≠ 1)”©(sj, m ≠ 1) since bm≠1a is accepted
from (sj, m ≠ 1) but not from (si, m ≠ 1). Therefore, the set of configurations
{(si, m ≠ 1) | i œ S} are equivalent to each other if and only if m = c ·

r
iœS i

for some c > 0. i.e., m is divisible by all elements in S. This is in fact, the
factor which defines the period of the behaviour graph. Similar to Figure 4.3,
the behaviour graph of PrimeMatch(S) will have an offset 2 and a period

r
iœS i,

which is exponential in n.
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q0

q1 q2

q3 q4

q5

q6

b>0

b>0

b>0

b>0b>0

a=0, a>0

p2>0

p3>0

a=0

a=0

Fig. 4.1. A VOCA over the pushdown alphabet � = ({a}, {b} fi
t

iœS{pi}, ÿ)
for the language PrimeMatch(S) for S = {2, 3}. Note that (q1, 6)©(q3, 6) but
(q1, 3)”©(q3, 3). Transitions not shown in the figure go to a non-final sink state q7.

4.2.4 MinOCA: An overview

This chapter introduces a novel approach for active learning of DROCAs. The
algorithm, hereafter referred to as MinOCA, learns a DROCA using a polynomial
number of queries with respect to the size of the teacher’s DROCA. However,
the active learning framework differs from that introduced by Angluin (1987)
in a few crucial aspects (see Section 4.3 for details). Similar to the work by
Bruyère et al. (2022), we use an additional query type called counter value query.
This allows the learner to ask for the counter value reached on reading a word
in the DROCA. Furthermore, the learner has access to a minimal synchronous-
equivalence query on the DROCA. The teacher returns true for this equivalence
query if the learnt DROCA is counter-synchronous and equivalent to the teacher’s
DROCA. Otherwise, it returns a minimal word that violates this property. We
consider only complete DROCAs in this chapter. Every incomplete DROCA can
be made complete without changing its language by directing all the undefined
transitions to a new non-final sink state.

In this framework, we give an algorithm that learns a minimal counter-
synchronous DROCA. A key innovation in our approach is the use of a SAT
solver for solving the NP-hard problem of finding a minimal separating DFA from
a set of positive and negative samples. The solver, in conjunction with a modified
version of L

ú, learns a characteristic DFA (see Definition 4.6). Subsequently, we
use this characteristic DFA to construct a minimal counter-synchronous DROCA.
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4. LEARNING DROCAS USING POLYNOMIALLY MANY QUERIES

Observe that in Figure 4.3, all states drawn with dotted circles belong to the
same equivalence class under the standard Myhill-Nerode congruence.

Justification for Using SAT Solver

Let us first consider the problem of minimisation of VOCAs. The existence of
a minimal finite automata is a classic result in finite automata theory. It is also
well known that DFA minimisation can be done in polynomial time. However,
VOCAs differs from DFAs in this aspect. For a language recognised by a VOCA,
a canonical minimal VOCA recognising this language does not exist. Thus, the
problem of minimisation of VOCAs is to produce at least one VOCA of minimal
size that recognises the target language. Minimisation and learning of VOCAs are
related. Consider an algorithm that learns a minimal VOCA. This algorithm can
then be used for minimising VOCA. Hence, a polynomial time algorithm to learn
a minimal VOCA implies a polynomial time algorithm for minimisation.

However, it was observed by Michaliszyn and Otop (2022) that given a VOCA
A, and an n > 0, deciding whether there exists a VOCA that is equivalent to
A with at most n states is NP-complete (Proposition 1, Michaliszyn and Otop
(2022)). This follows from the result by Gauwin et al. (2020) that minimising
visibly pushdown automata is NP-complete. Therefore, unless P = NP, learning a
minimal visibly one-counter automaton (VOCA) cannot be done in polynomial
time.

Justification for Using Minimal Synchronous-Equivalence Query

One significant bottleneck in learning DROCAs is the equivalence test by the
teacher. Given two DROCAs with number of states less than some K œ N, the best-
known algorithm for equivalence check takes O(K26) time2. This is impractical
for real-world applications. Bruyère et al. (2022) were the first to pursue a
practical application of learning DROCAs. Due to the difficulty in checking the
equivalence of DROCAs, they used an incomplete equivalence that checks in their
implementation. Their equivalence check works as follows. First, they will check
whether the configuration graphs up to counter value t = K4 of both the DROCAs

2This polynomial is obtained from the equivalence result of DROCAs from Chapter 5.
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are equivalent. If they are equivalent, then with probability 1
2 , the algorithm

performs an equivalence check of the configuration graphs up to counter value
t = t + k for some fixed k œ N and with probability 1

2 , outputs that the given
DROCAs are equivalent. This process repeats until the algorithm finds a counter-
example or outputs that the given DROCAs are equivalent. This procedure might
say that two non-equivalent DROCAs are equivalent if the length of the minimal
counter-example is large.

To mitigate this, we use the minimal synchronous-equivalence queries that
run in O(–(K5)K5) time3. Using this equivalence check, we obtain significantly
smaller counter-examples on equivalence queries if the learnt DROCA is not the
right one. Our equivalence queries are also on models whose size is less than or
equal to a minimal counter-synchronised DROCA. On an equivalence query, if the
DROCA presented by the learner is not equivalent to the teacher’s DROCA, then
the teacher returns a word z that satisfies one of the following conditions: (1)
The run on z reaches configurations with different counter values in the learnt
DROCA and the teacher’s DROCA or (2) The word z is accepted by exactly one
among the learnt DROCA and the teacher’s DROCA.

4.2.5 Comparison with Existing Methods

Our approach (MinOCA) differs fundamentally from the existing methods by
eliminating the need to observe the automaton’s behaviour up to exponentially
large counter values that require exponentially many queries. We propose an
algorithm for learning DROCAs using only a polynomial number of queries.
Furthermore, unlike existing techniques that learn exponentially large DROCAs,
our algorithm always learns an equivalent counter-synchronous DROCA with the
minimal number of states.

Now, we provide two examples of DROCAs learnt using MinOCA and BPS.
In Figure 4.4, the DROCA learnt by MinOCA is a minimal one that is counter-
synchronised and equivalent to the input DROCA. The DROCA learnt by BPS

is equivalent but is neither counter-synchronous with respect to the input nor
3This polynomial is obtained from the equivalence result of counter-synchronised DROCAs

from Chapter 3.
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minimal. It is also not complete. However, the equivalence check used by BPS

is less powerful in the sense that they cannot check whether the learnt DROCA
is counter-synchronous with the teacher’s DROCA. In Figure 4.5, the number
of states in the output DROCA is smaller for BPS compared to the output of
MinOCA. However, the DROCA learnt by MinOCA is a minimal one that is counter-
synchronised and equivalent to the input DROCA. The DROCA learnt by BPS is
equivalent but not counter-synchronous with respect to the input DROCA.

Observations

We have observed that minimal synchronous-equivalence queries can be replaced
with minimal equivalence queries. However, in that case, the number of queries
needed for learning will depend on the polynomial bound obtained from the
result by Böhm and Göller (2011) on the length of the minimal counter-example
that distinguishes two DROCAs. The minimal synchronous-equivalence queries
are much faster than equivalence queries due to our result on the equivalence of
counter-synchronous DROCAs (see Theorem 3.5). Similarly, a minimal equiva-
lence query can be replaced with a partial equivalence query. One can simulate
the teacher returning a minimal counter-example in polynomial time by asking
partial equivalence queries starting from limit 0 and incrementing the limit un-
til the teacher returns a counter-example. Similarly, one can replace a partial
equivalence query with a minimal equivalence query. The assumption that the
teacher consistently offers the minimal counter-example obviates the necessity
for partial equivalence queries, as this information can be deduced from the
counter-example length.
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4.2.6 Experiments

We evaluate an implementation of our algorithm against randomly generated
DROCAs and compare the results obtained with the existing technique by Bruyère
et al. (2022). Experiments were conducted on randomly generated DROCAs with
number of states ranging from 2 to 15 and the input alphabet size varying from 2
to 5. The results indicate that MinOCA outperforms BPS in terms of the number of
successfully learnt languages within the given timeout.

The remainder of this chapter is organised as follows: Section 4.3 details our
learning algorithm for DROCAs, Section 4.4 covers the implementation details and
presents our experimental results. Finally, Section 4.5 summarises our work and
suggests future research directions.

4.3 MinOCA: The Proposed Method

In this section, we give an L
ú-like algorithm for active learning of deterministic

real-time one-counter automaton (DROCA). In this framework, we have a learner

and a teacher. The learner aims to construct a DROCA that recognises the same
language as the teacher’s DROCA (call it A). The teacher can answer membership
queries, counter value queries and minimal synchronous-equivalence queries by
the learner.

q0 q1

q2q3

a=0/+1, a>0/+1

b=0/+1

b>0/≠1

b>0/≠1

a=0/0a>0/+1

a=0/+1, a>0/+1

a=0/+1, a>0/+1

b=0/+1, b>0/+1

b=0/+1

b=0/+1, b>0/+1

Fig. 4.6. A DROCA recognising the language {anbna | n > 0}.

4.3.1 Observation Table

Our algorithm maintains an observation table C = (P , S, Mem, ce �PfiP�, Actions)
over the input alphabet � = {‡1, ‡2, . . . , ‡k} for some k œ N where P ™ �ú is a
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nonempty prefix-closed set of strings, S ™ �ú is a nonempty suffix-closed set of
strings, Mem : (P fi P�)S æ {0, 1} is a function that indicates whether words
belong to the language, ce �PfiP� : P fi P� æ N is the function ce with domain
restricted to the set P fi P�, and Actions : (P fi P�)S æ {0, 1} ◊ {0, 1, ≠1}

k is a
function representing the sign of the counter value reached and the counter-actions
on every letter after reading a word. Given w œ (P fi P�)S, Mem(w) is equal to 0
(resp. 1) if A(w) is equal to 0 (resp. 1), and Actions(w) = (sign(ce(w)), ce(w‡1) ≠

ce(w), . . . , ce(w‡k) ≠ ce(w)). Given w1, w2 œ (P fi P�)S we say that Actions(w1)
is not similar to Actions(w2) if sign(ce(w1)) = sign(ce(w2)) and Actions(w1) ”=

Actions(w2). We use Actions(w1)”≥Actions(w2) to denote this. We say that
Actions(w1) is similar to Actions(w2) otherwise. The observation table initially has
P = S = {Á} and is augmented as the algorithm runs.

An observation table can be viewed as a two-dimensional array with rows
labelled with elements of P fi P�, columns labelled by elements of S and an
additional column labelled ce. The column ce contains the counter value reached
on reading the word labelling a row (see Table 4.1). For any p œ P fi P� and
s œ S, the entry in row p and column s is equal to (Mem(ps), Actions(ps)) and
cell(p) denotes the finite function fp from S to {0, 1} ◊ {0, 1} ◊ {0, 1, ≠1}

k defined
by fp(s) = (Mem(ps), Actions(ps)). We use row(p) to denote (ce(p), cell(p)). For
p, pÕ

œ P fi P�, we say row(p) is equal to row(pÕ) (denoted by row(p) = row(pÕ)), if
cell(p) = cell(pÕ) and ce(p) = ce(pÕ).

Now, we introduce the notion of d-closed and d-consistent observation tables for
any d œ N. This is similar to the notion of closed and consistency used by Angluin
(1987), but it also takes into account the counter values.

Definition 4.5 (d-closed and d-consistent)
Let d œ N and (P , S, Mem, ce �PfiP�, Actions) be an observation table.

1. The observation table is said to be d-closed if for all pÕ
œ P� with

ce(pÕ) Æ d there exists p œ P such that row(p) = row(pÕ). The observa-
tion table is otherwise said to be not d-closed.

2. The observation table is said to be d-consistent if for any p, q œ P,
ce(p) = ce(q) Æ d and row(p) = row(q) implies that for all a œ �,
row(pa) = row(qa). We say that the observation table is not d-consistent
otherwise.

Consider the observation table given in Table 4.1. This table is 1-closed but not
2-closed. This is because of the presence of the words aa, ba and bb in P�. The
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ce
Á a

Mem Actions Mem Actions

P

Á 0 0 (0, +1, +1) 0 (1, +1, ≠1)
a 1 0 (1, +1, ≠1) 0 (1, +1, ≠1)
ab 0 0 (0, 0, +1) 1 (0, +1, +1)
aba 0 1 (0, +1, +1) 0 (1, +1, +1)
b 1 0 (1, +1, +1) 0 (1, +1, +1)

P
�

aa 2 0 (1, +1, ≠1) 0 (1, +1, ≠1)
abb 1 0 (1, +1, +1) 0 (1, +1, +1)
abaa 1 0 (1, +1, +1) 0 (1, +1, +1)
abab 1 0 (1, +1, +1) 0 (1, +1, +1)
ba 2 0 (1, +1, +1) 0 (1, +1, +1)
bb 2 0 (1, +1, +1) 0 (1, +1, +1)

Table 4.1. An observation table corresponding to the DROCA given in Figure 4.6
recognising the language {anbna | n > 0}. Here, P = {Á, a, ab, aba, b} and
S = {Á, a}.

given table is trivially 1-consistent as there are no equal rows in P.

4.3.2 Constructing a DROCA from an Observation Table

We introduce the notion of a characteristic DFA. Given an alphabet �, we define
the modified alphabet Â� = t

aœ�{a0, a1
}. Note that a0 and a1 are special symbols

and should not be confused with Á and a respectively. For a DROCA A, we define
the function EncA : �ú

æ Â�ú as follows: For w œ �+, EncA(w) = w̃, such that for
all i œ [0, |w| ≠ 1], w̃[i] = w[i]sign(ceA(w[0···i≠1])). Also EncA(Á) = Á.

Definition 4.6 (Characteristic DFA)
Let A = (Q, �, q0, ”0, ”1, F ) be a DROCA. The characteristic DFA DA of A

over the modified alphabet Â� is DA = (Q, Â�, q0, ”, F ) where, for all q œ Q and
a œ �, ”(q, a0) = p (resp. ”(q, a1) = p) if and only if ”0(q, a) = (p, c) (resp.
”1(q, a) = (p, c)) for some p œ Q and c œ {0, 1, ≠1}.

Figure 4.7 shows the characteristic DFA over the modified alphabet Â� corre-
sponding to the DROCA given in Figure 4.6. We can construct a DROCA from an
characteristic DFA if we have access to the counter-actions.

4.3.2.1 Constructing a Characteristic DFA using a SAT solver

Let C = (P , S, Mem, ce �PfiP�, Actions) be an observation table. We provide C

as input to the procedure ConstructAutomaton (see Algorithm 2) and obtain a
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Algorithm 2: Algorithm to construct a characteristic DFA from an observa-
tion table.

Procedure ConstructAutomaton()

Input :Observation table C = (P , S, Mem, ce �PfiP�, Actions)
Output : characteristic DFA DC

Initialise Pos = ÿ, Neg = ÿ,
Operations = {Actions(w) | w = p.s for some p œ P and s œ S}.

foreach p in P do
foreach s in S do

if Mem(ps) = 1 then add Enc(ps) to Pos.
else add Enc(ps) to Neg.
add Enc(ps) · Actions(ps) to Pos.
foreach op œ Operations do

if Actions(ps)”≥op then add Enc(ps) · op to Neg.
end

end
end
B= find_dfa(Pos, Neg).
Remove transitions on Operations from B to obtain a DFA DC .
return DC .

end

q0 q1

q2q3

a0, a1

b0

b1

b1

a0a1, b0

a0, a1, b0, b1

a0, a1, b0, b1

Fig. 4.7. The characteristic DFA corresponding to the DROCA shown in Figure 4.6.
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DFA DC over the modified alphabet Â�. The DFA DC satisfies the following two
properties:

1. for all p œ P fi P� and s œ S, EncA(ps) œ L(DC) if and only if Mem(ps) = 1.

2. for any p1, p2 œ P fiP� and s1, s2 œ S, if the run on EncA(p1s1) and EncA(p2s2)
reaches the same state in DC then Actions(p1s1) is similar to Actions(p2s2).

We create two sets of words, Pos and Neg. The DFA DC will accept all words in
Pos and reject all words in Neg. For any p œ P fi P� and s œ S, we add EncA(ps)
to Pos (resp. Neg) if and only if Mem(ps) = 1 (resp. 0). This ensures condition
1. To ensure condition 2, we add words over a larger alphabet Â� fi Operations,
where Operations = {Actions(w) | w = ps for some p œ P and s œ S}. For any p œ

PfiP� and s œ S, we add EncA(ps)·Actions(ps) to Pos and for all op œ Operations

where Actions(ps)”≥op, we add EncA(ps)·op to Neg. We find the minimal separating
DFA for the sets Pos and Neg using the function find_dfa. We remove the
transitions labelled by the letters from Operations in this minimal separating DFA
to obtain DC . Given an observation table, the sets Pos and Neg can be constructed
in polynomial time. Every state of A can add two elements to the set Operations

– one corresponding to the counter-actions on reading letters from counter value
zero and one for counter-actions on reading letters from positive counter value.
Hence the cardinality of this set is at most 2|A|. In our implementation, we use
the algorithm by Dell’Erba et al. (2024) that uses a SAT solver to learn a minimal
separating DFA. However, any algorithm that finds a minimal separating DFA will
suffice (Heule and Verwer, 2010; Leucker and Neider, 2012; Neider, 2012).

Consider the following example of constructing a characteristic DFA from the
observation table given in Table 4.1. In this case, the set of distinct Actions in the
observation table is Operations = {(0, +1, +1), (1, +1, ≠1), (0, 0, +1), (1, +1, +1)}.
For convenience, let us use c, d, g, h to denote (0, +1, +1), (1, +1, ≠1), (0, 0, +1) and
(1, +1, +1) repectively. Given two tuples x, y œ Operations, we say that x is not
similar to y if x[0] = y[0] but either x[1] ”= y[1] or x[2] ”= y[2]. If the counter-actions
of a row p œ P is some t œ Operations, then we add the string Enc(p) · t to the set
Pos and for all x œ Operations with x not similar to t, we add Enc(p) · t to the set
Neg. In Table 4.1, since the counter-action of Á is c, we add the string Enc(Á) · c

to the set Pos and since c is not similar to g we add the string Enc(Á) · g to the
set Neg. We repeat the same procedure for all the rows in the table based on
their counter-actions. The set Pos and Neg obtained from the observation table in
Table 4.1 is given below.
Pos = {a0b1a0, c, a0d, a0b1g, a0b1a0c, b0h, a0a1d, a0b1b0h, a0b1a0a0h, a0b1a0b0h}, and
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Neg = {Á, a0, a0b1, b0, a0a1, a0b1b0, a0b1a0a0, a0b1a0b0, g, a0h, a0b1c, a0b1a0g, b0d, a0a1h,

a0b1b0d, a0b1a0a0d, a0b1a0b0d}.

We can now use a SAT solver to find the minimal separating DFA for the the set
Pos and Neg. In the next subsection, we observe that DC is a characteristic DFA.

4.3.2.2 Constructing a DROCA from a Characteristic DFA

Let C = (P , S, Mem, ce �PfiP�, Actions) be an observation table over the input
alphabet � = {‡1, . . . , ‡k}. The following lemma states that we can construct a
DROCA BC from C such that it agrees with the observation table C. The idea is to
use the observation table to assign counter-actions to transitions of DC .

Lemma 4.7
Given an observation table C of a DROCA A, we can construct a DROCA BC

with |BC | Æ |A| such that for all p œ P fi P� and s œ S, BC(ps) = Mem(ps)
and ceBC (ps) = ceA(ps).

Proof. Let DC = (Q, Â�, q0, ”, F ) be a DFA obtained by giving C as input to the
function ConstructAutomaton. For all p œ P fi P� and s œ S fi S�, we can find
ce(ps) from C. We define the DROCA BC = (Q, �, q0, ”0, ”1, F ) where ”0 and ”1

are specified as follows. For all q œ Q, a œ �, ”0(q, a) = (”(q, a0), c) for some
c œ {0, 1}, if there exists p œ P fi P� and s œ S such that DC on reading EncA(ps)
reaches the state q with ce(ps) = 0 and ce(psa) = c. Similarly, for all q œ Q,
a œ �, ”1(q, a) = (”(q, a1), c) for some c œ {0, 1, ≠1}, if there exists p œ P fi P�
and s œ S such that DC on reading EncA(ps) reaches the state q with ce(ps) > 0
and ce(psa) = c. If there are any transitions that do not have a counter-action, it
means that there is no word in the observation table that took that transition. One
can assign any arbitrary counter-action for these transitions. Note that since the
function ConstructAutomaton returns a minimal separating DFA, the number of
states in BC is at most |A|. Otherwise, it contradicts the minimality of DC , since
the characteristic DFA of A contains only |A| many states.

We know that for any word w, wÕ
œ �ú, if DC on reading w and wÕ reaches the

same state, then Actions(w) is similar to Actions(wÕ). We assign counter-actions
to transitions from a state in BC based on the counter-actions of words that reach
that state in DC . Since all words that reach a state have similar counter-actions,
this assignment will be consistent. By construction, for all p œ P fi P� and s œ S,
ceBC (ps) = ceA(ps). This also ensures that EncA(ps) = EncBC (ps). Note that,
DC on reading EncA(ps) reaches a final state if and only if ps œ L(A). Since
EncA(ps) = EncBC (ps), we get that BC reaches a final state on reading ps if and
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only if ps œ L(A). Therefore, for all p œ P fi P� and s œ S, BC(ps) = 1 if and only
if Mem(ps) = 1.

4.3.3 MinOCA: The Learning Algorithm

The algorithm to learn a DROCA that accepts the same language as a given DROCA
A is described in Algorithm 3. Initially, it sets up an observation table using empty
strings and incrementally refines this table to distinguish states of the unknown
DROCA. The process iteratively increases an integer value d and uses membership
and counter value queries to construct a d-closed and d-consistent observation table
C = (P , S, Mem, ce �PfiP�, Actions) (see lines 3 – 13 of Algorithm 3). This part
resembles the L

ú algorithm. Making the observation table d-closed will result in the
addition of new rows to P, and making it d-consistent will result in the addition
of new columns to S. We construct a DROCA from a d-closed and d-consistent
observation table C using Lemma 4.7 and ask a minimal synchronous-equivalence
query. If the teacher provides a counter-example, then all its prefixes are added to
P, and the value of d is updated to the height of the counter-example, if it is more
than d. The table is then extended until it becomes d-closed and d-consistent. This
process continues until the correct DROCA is learnt.

4.3.4 Example: MinOCA in Action.

We assume the learner is trying to learn the DROCA given in Figure 4.8 from the
teacher. The learner uses Algorithm 3 (MinOCA) to learn this language. First, the
learner initialises P and S to {Á} and d to 1. The initial observation table C =
(P , S, Mem, ce �PfiP�, Actions) is built as shown in Table 4.2 using membership
and counter value queries.

q0 q1q2

b=0/0 a>0/0

a=0/+1, a>0/0

b>0/0

a>0/0

b>0/0

b>0/0

Fig. 4.8. Example: The DROCA under learning.
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Algorithm 3: MinOCA: DROCA Learning algorithm.
Require :The teacher knowing a DROCA A

Ensure :A DROCA accepting the same language as A is returned

1 Initialise P and S to {Á}, d to 1 and C to (P , S, Mem, ce �PfiP�, Actions).
2 repeat
3 while C is not d-closed or not d-consistent do
4 if C is not d-closed then
5 Find p œ P, a œ � such that ce(pa) Æ d, row(pa) ”= row(pÕ) for all

pÕ
œ P.

6 Add pa to P.

7 end
8 if C is not d-consistent then
9 Find p, q œ P, a œ �, s œ S such that ce(p) = ce(q) Æ d,

row(p) = row(q), and Mem(pas) ”= Mem(qas) or
Actions(pas) ”= Actions(qas)).

10 Add as to S.

11 end
12 Extend Mem and Actions to (P fi P�)S, using MQ and CV queries.

13 end
14 Construct a DROCA BC from C using Lemma 4.7.
15 Ask minimal synchronous-equivalence query MSQA(BC).
16 if teacher gives a counter-example z then
17 Add z and all its prefixes to P.
18 Extend Mem and Actions to (P fi P�)S using MQ and CV queries.
19 if heightA(z) > d then d = heightA(z).
20 end

21 until teacher replies yes to a minimal synchronous-equivalence query;
22 Halt and output BC .

ce
Á

Mem Actions
Á 0 0 (0, +1, 0)
a 1 1 (1, 0, 0)
b 0 0 (0, +1, 0)

Table 4.2. Initial observation table with P = S = {Á}.

This observation table is not d-closed for d = 1, since ce(a) = d and row(a) ”=
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row(p) for all p œ P with ce(p) = d. Therefore, we add a to P and fill the
observation table using membership and counter value queries (see Table 4.3).

ce
Á

Mem Actions
Á 0 0 (0, +1, 0)
a 1 1 (1, 0, 0)
b 0 0 (0, +1, 0)
aa 1 1 (1, 0, 0)
ab 1 0 (1, 0, 0)

Table 4.3. An observation table with P = {Á, a} and S = {Á} that is not 1-closed.

However, the observation table is still not d-closed since ce(ab) = d and
row(ab) ”= row(p) for all p œ P, with ce(p) = d. Therefore, we add ab to P

and fill the observation table using membership and counter value queries. The
observation table after this step is shown in Table 4.4.

ce
Á

Mem Actions
Á 0 0 (0, +1, 0)
a 1 1 (1, 0, 0)
ab 1 0 (1, 0, 0)
b 0 0 (0, +1, 0)
aa 1 1 (1, 0, 0)
aba 1 1 (1, 0, 0)
abb 1 1 (1, 0, 0)

Table 4.4. A 1-closed and 1-consistent observation table with P = {Á, a, ab} and
S = {Á}.

This observation table is both d-closed and d-consistent. We use the procedure
ConstructAutomaton using this observation table as input to obtain a character-
istic DFA. Let x denote the tuple (0, +1, 0) and y denote the tuple (1, 0, 0). The
tuple x (resp. y) represents the counter-actions on reading symbols from zero
(resp positive) counter value. The sets Pos and Neg created inside the function
ConstructAutomaton are given below.

Pos = {x, a0, a0y, b0x, a0a1, a0a1y, a0b1y, a0b1a1, a0b1a1y, a0b1b1, a0b1b1y}.

Neg = {Á, b0, a0b1
}.

The characteristic DFA returned by ConstructAutomaton is shown in Figure 4.9.
A DROCA is constructed from this characteristic DFA by removing from it the

transitions on x and y, and by assigning counter-actions to the rest of the transitions
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q0 q1

b0

a0, a1, b1, x, y

a1, y
a0, b0, b1, x

Fig. 4.9. The characteristic DFA obtained from ConstructAutomaton using Ta-
ble 4.4 as input.

based on the tuples x and y. For instance, the tuple x = (0, +1, 0) is accepted from
state q0. This means that the counter-action on a transition on a (resp. b) from
counter value 0 from this state has counter-action +1 (resp. 0). The resultant
DROCA is shown in Figure 4.10.

q0 q1

b=0/0

a=0/+1, a>0/0, b>0/0

a>0/0b>0/0

Fig. 4.10. The DROCA obtained from the characteristic DFA in Figure 4.9.

The learner now asks a minimal synchronous-equivalence query with this
DROCA as input. This DROCA is counter-synchronous with the teachers DROCA
but not equivalent. Therefore, the teacher returns a minimal counter-example. Let
us assume that the counter-example returned by the teacher is aab. We add aab

and all its prefixes to P and extend the observation table using membership and
counter value queries. The observation table obtained after this step is shown in
Table 4.5. Since height(aab) = 1 = d, we keep the value of d unchanged.

This observation table is not d-consistent since row(aa) = row(aab) but aa·b·Á ”=
aab · b · Á. Therefore, we add b to S and extend the table using membership and
counter value queries. The observation table obtained after this step is shown in
Table 4.6. This observation table is both d-closed and d-consistent. Therefore, the
learner uses the procedure ConstructAutomaton using this observation table as
input to obtain a characteristic DFA. The sets Pos and Neg created during this
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ce
Á

Mem Actions
Á 0 0 (0, +1, 0)
a 1 1 (1, 0, 0)
ab 1 0 (1, 0, 0)
aa 1 1 (1, 0, 0)
aab 1 1 (1, 0, 0)
b 0 0 (0, +1, 0)

aba 1 1 (1, 0, 0)
abb 1 1 (1, 0, 0)
aaa 1 1 (1, 0, 0)
aaba 1 1 (1, 0, 0)
aabb 1 0 (1, 0, 0)

Table 4.5. An observation table with P = {Á, a, ab, aa, aab} and S = {Á} that is
not 1-closed.

ce
Á b

Mem Actions Mem Actions
Á 0 0 (0, 1, 0) 0 (0, +1, 0)
a 1 1 (1, 0, 0) 0 (1, 0, 0)
ab 1 0 (1, 0, 0) 1 (1, 0, 0)
aa 1 1 (1, 0, 0) 1 (1, 0, 0)
aab 1 1 (1, 0, 0) 0 (1, 0, 0)
b 0 0 (0, 1, 0) 0 (0, +1, 0)

aba 1 1 (1, 0, 0) 0 (1, 0, 0)
abb 1 1 (1, 0, 0) 0 (1, 0, 0)
aaa 1 1 (1, 0, 0) 1 (1, 0, 0)
aaba 1 1 (1, 0, 0) 1 (1, 0, 0)
aabb 1 0 (1, 0, 0) 1 (1, 0, 0)

Table 4.6. A 1-closed and 1-consistent observation table with P =
{Á, a, ab, aa, aab} and S = {Á, b}.

process are given below.

Pos = {x, a0, a0y, b0x, a0a1, a0a1y, a0b1y, a0b1a1, a0b1a1y, a0b1b1, a0b1b1y,

a0a1a1, a0a1a1y, a0a1b1, a0a1b1y, a0a1b1a1, a0a1b1a1y, a0a1b1b1y, b0b0x,

a0b1a1b1y, a0b1b1b1y, a0a1a1b1, a0a1a1b1y, a0a1b1a1b1, a0a1b1a1b1y,

a0a1b1b1b1, a0a1b1b1b1y}.

Neg = {Á, b0, a0b1, a0a1b1b1, b0b0, a0b1a1b1, a0b1b1b1
}.

The characteristic DFA returned is shown in Figure 4.11. A DROCA is constructed
from this characteristic DFA by removing from it the transitions on x and y, and by
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q0 q1

q2

b0

a0, a1, b1, x, y

a0, a1

b0, x, y

b1

a0

a1, b0

b1, x, y

Fig. 4.11. The characteristic DFA obtained from ConstructAutomaton using
Table 4.6 as input.

assigning counter-actions to the remaining transitions based on the tuples x and y.
The resultant DROCA is shown in Figure 4.12.

q0 q1

q2

b=0/0
a=0/+1, a>0/0, b>0/0

a=0/+1, a>0/0

b>0/0

b=0/0

a>0/0, b=0/0

a=0/+1

b>0/0

Fig. 4.12. The DROCA obtained from the characteristic DFA in Figure 4.11.

The learner now asks a minimal synchronous-equivalence query with this
DROCA as input. Since this is equivalent and counter-synchronous with the
teachers DROCA, the teacher replies yes to the minimal synchronous-equivalence
query. The algorithm halts by outputting the learnt DROCA shown in Figure 4.12.

4.3.5 Analysis of MinOCA

The correctness of Algorithm 3 follows from the fact that whenever the teacher
replies yes to a minimal synchronous-equivalence query, the learnt DROCA recog-
nises the target language. Now, we show that this algorithm will terminate af-
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ter polynomially many membership, counter value and minimal synchronous-
equivalence queries.

Recall that the behaviour graph (see Definition 4.2) of a DROCA is an infinite
state automaton induced by the refined Myhill-Nerode congruence ƒ. Each equiva-
lence class under this refined congruence corresponds to a state of the behaviour
graph, and the transitions between them are defined based on the equivalence class
of the resultant words. The state corresponding to the equivalence class of a word
will be marked as a final state in the behaviour graph if and only if that word is
accepted by the DROCA.

Let ƒ|C denote the restriction of ƒ to the entries in the observation table C. i.e.,
for all p, pÕ

œ P fi P� and s, sÕ
œ S, ps ƒ|C pÕsÕ if and only if for all z œ �ú where

both psz and pÕsÕz are in (P fi P�)S, A(psz) = A(pÕsÕz) and ceA(psz) = ceA(pÕsÕz).
Given an observation table C, we can construct a partial behavioural graph BGC

induced by ƒ |C in a similar fashion. Note that for all p œ P fi P� and s œ S,
the counter value corresponding to the equivalence class reached on reading ps

and the membership of ps in BGC is the same as the counter value reached and
membership of ps in C. The following observation follows from the definition of ƒ.

Proposition 4.8
Given p, pÕ

œ P, if p ƒ pÕ, then row(p) = row(pÕ).

In the next proposition, let C be an observation table and BC denote the DROCA
learnt by the learner from C (using Line 14 of Algorithm 3).

Proposition 4.9
Let d œ N and z be a counter-example returned by MSQ(BC) on Line 15,
with heightA(z) = d. Let C Õ be the observation table obtained by adding the
prefixes of z to P in C and making it d-closed and d-consistent. Then the
number of distinct rows with counter value less than or equal to d in C Õ is
more than that of C.

Proof. Let d œ N and z =MSQ(BC) be a counter-example with heightA(z) = d. Let
C Õ be the observation table obtained by adding the prefixes of z to P in C and
making it d-closed and d-consistent. Assume for contradiction that the number of
distinct rows with counter value less than or equal to d in C Õ is the same as that
of C. From Proposition 4.8, we get that BGC and BGCÕ are the same in this case.
From Lemma 4.7 for all p œ P fi P� and s œ S, the counter values reached and
membership of ps are the same in BC and C. We also know that the counter value
corresponding to the equivalence class reached on reading ps and membership of ps
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in BGC is the same as the counter value reached and membership of ps in C. Since
BGC = BGCÕ , the membership and counter values reached by all prefixes of z in A

should also match BC contradicting the assumption that z is a counter-example.

Proposition 4.10
For any d œ N, at most d ◊ |A| many counter-examples of height less than or
equal to d are returned by the minimal synchronous-equivalence query.

Proof. Fix a dÕ
œ N. There are at most |A| many configurations of A with counter

value dÕ. We know that for p, pÕ
œ P, if row(p) ”= row(pÕ), then p ”ƒ pÕ. Hence,

there are at most |A| distinct rows in the observation table with counter value dÕ.
Consequently, there are at most d ◊ |A| distinct rows with counter values dÕ

Æ d.
From Proposition 4.9, we get that every counter-example with height less than or
equal to d will increase the number of distinct rows with counter value dÕ

Æ d in
the observation table. The proposition follows.

Proposition 4.11
At most |A|

5 +1 many minimal synchronous-equivalence queries are executed
during the run of Algorithm 3.

Proof. Assume for contradiction that more than |A|
5+1 many minimal synchronous-

equivalence queries (Line 15 of Algorithm 3) are executed. Therefore, more than
|A|

5 many counter-examples are returned by these queries. From Proposition 4.10,
it follows that at least one counter-example is of height greater than |A|

4. However,
from Theorem 3.5, we know that the height of the minimal counter-example that
distinguishes two DROCAs of size |A| is at most |A|

4. This is a contradiction,
since by Lemma 4.7, |BC | Æ |A| for any observation table C during the run of the
algorithm.

This gives us the following theorem.

Theorem 4.12
Given a DROCA A, a minimal counter-synchronous DROCA recognising
the same language can be learnt with |A|

5 + 1 queries to the SAT solver,
|A|

5 + 1 minimal synchronous-equivalence queries and polynomially many
membership and counter value queries.

The minimality of the DROCA learnt follows from Lemma 4.7 and the fact
that the observation table corresponding to a DROCA A and a minimal counter-
synchronous DROCA A

Õ is the same.
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A visibly one-counter automata (VOCA) is a DROCA where the decision to
increment, decrement or not change the current counter value on a transition is
determined only by the input alphabet and not by state or current counter value.
We can adapt the learning algorithm for DROCAs for the special case of VOCAs
and use the equivalence check from Theorem 3.6. This will learn a minimal VOCA
using at most 2|A|

3 +1 equivalence queries. Note that for VOCAs, we do not require
the counter value queries.

Corollary 4.13
Given a VOCA A, a minimal VOCA recognising the same language can be
learnt using O(|A|

3) queries to the SAT solver, O(|A|
3) minimal synchronous-

equivalence queries and polynomially many membership queries.

The counter value reached upon reading any word from the initial configuration
of a VOCA can be determined without querying the teacher. Hence, we do not
require the counter value queries for learning VOCA. For VOCA, some words do
not have a valid run. i.e., the counter goes below zero during the run. These
words will not have a corresponding entry in the observation table and will be
treated as don’t care. Also, we don’t have to create the set Operations to encode
the counter-actions, as the counter actions are determined by the input alphabet.

4.4 Implementation

The proposed method was implemented in Python4 and was tested against ran-
domly generated DROCAs. This section discusses the implementation details and
compares the performance of our method with BPS Bruyère et al. (2022).

4.4.1 Equivalence Query

Even though there is a polynomial time algorithm to check the equivalence of two
DROCAs (Böhm and Göller, 2011), the required polynomial is so large that it is
not suitable for practical applications. Hence the implementation by Bruyère et al.
(2022) uses an approximate equivalence query that may say two non-equivalent
DROCAs to be equivalent.

In our implementation, we construct a DROCA that is counter-synchronised with
the DROCA to be learnt. Their equivalence can be checked by running a breadth-

4The implementation of MinOCA, the datasets used, and the complete results generated can be
found in the following link: https://doi.org/10.5281/zenodo.14604419.
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first search on the configuration graph of their union up to the counter value and
length obtained from Theorem 3.5. The minimal synchronous-equivalence query
either returns a word for which the constructed DROCA and DROCA to be learnt
reach different counter values, or returns a word that is accepted by one and
rejected by the other. In our implementation, after each equivalence query, we
increment the value of d for which d-closed and d-consistency have to be checked.

A major distinction between MinOCA and BPS is that the latter employs an
approximate equivalence query, while the former uses an exact equivalence query.
Therefore, there is a possibility that the DROCA returned by BPS is incorrect. On
the other hand, the DROCA returned by MinOCA is always the correct one.

4.4.2 Finding a Minimal-Separating DFA

We utilise the Python library DFAMiner by Dell’Erba et al. (2024) that uses a SAT
solver to learn a minimal separating DFA from a given set of positive and negative
samples. The Python library dfa-identify by Vazquez-Chanlatte et al. (2021)
performs the same function. Our experiments showed that DFAMiner outperforms
dfa-identify with respect to the time taken for identifying a minimal separating
DFA. Various other techniques for computing a minimal separating automaton
using SAT solvers are discussed by Leucker and Neider (2012), and Neider (2012).

4.4.3 Random Generation of DROCAs

We follow a procedure similar to that by Bruyère et al. (2022) to randomly generate
DROCAs with a given number of states.

Let n œ N be the number of states of the DROCA to be generated. The
procedure GenerateDROCA used to generate random DROCAs is as follows. First,
we initialise the set of states Q = {q1, q2, . . . , qn}. For all q œ Q, we make q a final
state with probability 0.5. If Q = F or F = ÿ after this step, then we restart the
procedure. Otherwise, for all q œ Q and a œ �, we assign ”0(q, a) = (p, c) (resp.
”1(q, a) = (p, c)), with p a random state in Q and c a random counter operation in
{0, +1} (resp. {0, +1, ≠1}). The constructed DROCA A = (Q, �, {q1}, ”0, ”1, F ). If
the number of reachable states of A from the initial configuration is not n, then
we discard A and restart the whole procedure. Otherwise, we output A. The exact
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procedure is given in Algorithm 4.

Algorithm 4: Algorithm to generate a random DROCA with n states.

Procedure GenerateDROCA()

Input :An integer n

Output :A random DROCA with n reachable states

repeat
Initialise Q = {1, 2, . . . , n}, F = ÿ.
foreach p in Q add p to F with probability 0.5.
foreach p in Q and a œ � assign ”0(q, a) = (p, c) (resp.
”1(q, a) = (p, c)), with p a random state in Q and c a random
counter operation in {0, +1} (resp. {0, +1, ≠1}).

Initialise DROCA A = (Q, �, {1}, ”0, ”1, F ).
until F ”= ÿ, F ”= Q and reachable(A) = n;
return A.

end

To ensure that the generated DROCA has n reachable states, we use the proce-
dure reachable – this procedure takes a DROCA as input and returns the number of
distinct states visited. It performs a breadth-first search on the configuration graph
up to counter value n2 starting from the initial configuration. From Lemma 3.2,
we know that if a state q is reachable from the initial configuration, then there
exists a word w that takes us from that initial configuration to a configuration
with state q and the maximum counter value encountered during the run on w is
less than n2. Since the configuration graph up to counter value n2 contains only
n3 configurations, this can be done in O(n3) time. Two datasets, each with 5600
DROCAs, were generated, varying input alphabet sizes from 2 to 5 and states from
2 to 15, with 100 random DROCAs for each combination.

Dataset1: Dataset for comparing MinOCA and BPS. The notion of acceptance in
BPS is by final state and zero counter value, whereas MinOCA employs the notion
of acceptance with the final state only. This is the widely accepted notion of
acceptance for DROCAs and is the one used by Böhm and Göller (2011) while
proving that the equivalence of DROCAs is in P. For comparing the two methods,
we generated random DROCAs where the notion of acceptance by final state and
counter value zero and the notion of acceptance by final state are the same. For this,
we use the procedure GenerateDROCA with an added condition. This mandates that
the final states can only be reached by transitions that read a symbol from counter
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value of zero and do not modify the counter value. The results of experiments
conducted using Dataset1 on MinOCA and BPS are shown in Figures 4.13-4.18.

Dataset2: Dataset for evaluating the performance of MinOCA on general DROCAs.
The performance of MinOCA was evaluated for general DROCAs, where the notion
of acceptance is with final states only. Random DROCAs were generated using the
procedure GenerateDROCA for this purpose. The results of experiments conducted
using Dataset2 on MinOCA are shown in Figures 4.19-4.24.

4.4.4 Experimental Results

We implemented MinOCA in Python and used the Java implementation of BPS. The
computations were performed on an Apple M1 chip with 8GB of RAM, running
macOS Sonoma Version 14.3.

4.4.4.1 Comparing MinOCA and BPS Using Dataset1.

A timeout of 5 minutes was allotted for both BPS and MinOCA for learning each
DROCA in Dataset1. If the algorithms cannot successfully learn a language within
the timeout, we discard that sample and process the next one. The number
of languages successfully learned by MinOCA and BPS for different input sizes is
depicted in Figure 4.13, and the exact values are provided in Table 4.8. Figure 4.14
shows the average length of the longest counter-example obtained during learning.
In all cases, MinOCA provides a smaller counter-example on average. Figure 4.15
shows the average number of states in the learnt DROCA. The number of states
of the automaton learnt by MinOCA is always less than or equal to the input size.
Figure 4.16 shows the average number of equivalence queries used for successfully
learning the input DROCAs. The number of equivalence queries is smaller for
MinOCA in all cases. The data used to plot Figures 4.13- 4.18 is given in Table 4.7.
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Fig. 4.13. Number of successfully
learnt languages (out of 400) by
MinOCA and BPS for Dataset1.

Fig. 4.14. The average length of the
longest counter-example obtained by
MinOCA and BPS for Dataset1.

Fig. 4.15. Average number of states
in the learnt DROCA obtained by
MinOCA and BPS for Dataset1.

Fig. 4.16. Average number of equiv-
alence queries used for learning by
MinOCA and BPS for Dataset1.

Fig. 4.17. Average number of rows
in the observation table obtained by
MinOCA and BPS for Dataset1.

Fig. 4.18. Average columns in the
observation table for MinOCA and BPS

on Dataset1.
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|�|

|Q| 2 3 4 5 6 7 8 9 10 11 12 13 14 15
M
i
n
O
C
A

2 100 100 100 100 100 100 100 100 100 95 85 54 27 7
3 100 100 100 100 100 100 100 100 100 99 91 61 22 1
4 100 100 100 100 100 100 100 100 100 100 91 79 38 9
5 100 100 100 100 100 100 100 100 100 100 94 66 45 14

B
P
S

2 100 100 98 80 61 48 39 32 32 24 23 18 15 9
3 100 100 95 67 31 17 5 12 2 5 5 2 2 4
4 100 100 90 48 25 13 4 3 3 2 0 1 2 0
5 100 100 87 52 22 9 2 2 0 0 1 1 0 0

Table 4.8. Number of successfully learnt samples (out of 100) by MinOCA and BPS

for Dataset1 with the number of states ranging from 2 to 15 and the size of the
alphabet ranging from 2 to 5.

4.4.4.2 Evaluating the Performance of MinOCA on Dataset2.

We used Dataset2 to evaluate the performance of MinOCA on DROCAs that accept
with final state. A timeout of 5 minutes was allocated for learning each language.
Figure 4.19 shows the number of successfully learnt languages by MinOCA. One can
see that as the number of states exceed 10, there is a decrease in the number of
samples learnt in 5 minutes.

#States Success States LongestCE EqQ MaxEqQ Time SAT Row Col
2 400 2.00 0.34 1.10 2.00 1.26 1.26 3.97 1.00
3 400 2.99 2.44 1.68 4.00 1.93 1.93 8.21 1.12
4 400 3.98 3.60 2.08 5.00 2.44 2.44 12.53 1.27
5 400 4.97 4.35 2.45 6.00 2.92 2.91 17.35 1.50
6 400 5.96 4.64 2.71 7.00 3.33 3.31 22.38 1.65
7 400 6.94 4.83 2.91 7.00 3.91 3.86 27.28 1.77
8 400 7.94 4.92 3.19 9.00 5.11 5.01 33.56 1.92
9 400 8.91 4.97 3.31 12.00 7.62 7.42 38.66 1.98

10 400 9.90 5.10 3.59 14.00 16.60 16.22 45.53 2.11
11 385 10.88 5.38 3.71 13.00 45.34 44.69 51.05 2.13
12 321 11.84 5.27 3.77 10.00 112.92 111.84 55.81 2.16
13 113 12.72 5.31 3.41 7.00 169.28 167.69 53.22 2.27
14 22 13.00 5.68 3.64 6.00 184.53 182.56 55.14 2.36
15 4 12.50 4.00 3.00 3.00 135.98 135.00 43.00 2.75

Table 4.9. The table shows the data used to plot Figures 4.19- 4.24. The col-
umn #States denotes the number of states in the input DROCA. The columns
Sucess, States, LongestCE, EqQ, MaxEqQ, T ime, SAT, Row, Col respectively
denote the number of successfully learnt languages, the average number of states in
the learnt DROCA, the average length of the longest counter-example, the average
number of equivalence queries used, the maximum number of equivalence queries
used, the average time taken for learning, the average time taken by the SAT solver in
finding a minimal separating DFA, the average number of rows in the final observa-
tion table and average number of columns in the final observation table for Dataset2.
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Fig. 4.19. Number of successfully
learnt languages (out of 400) by
MinOCA for Dataset2.

Fig. 4.20. The average length of the
longest counter-example obtained by
MinOCA for Dataset2.

Fig. 4.21. Average number of states
in the learnt DROCA obtained by
MinOCA for Dataset2.

Fig. 4.22. Average and maximum
number of equivalence queries used
for learning by MinOCA for Dataset2.

Fig. 4.23. The average number of
rows in the observation table ob-
tained by MinOCA for Dataset2.

Fig. 4.24. The average number of
columns in the observation table ob-
tained by MinOCA for Dataset2.

The number of languages successfully learned by MinOCA for different input
sizes is depicted in Figure 4.19, and the exact values are provided in Table 4.10.
Figure 4.20 shows the average length of the longest counter-example obtained
during learning. Figure 4.21 shows the average number of states in the learnt
DROCA. Figure 4.22 shows the average and maximum number of equivalence
queries used for successfully learning the input DROCAs. The data used to plot
Figures 4.19- 4.24 is given in Table 4.9.
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MinOCA spends most of the time in finding a minimal separating DFA (see Fig-
ure 4.25) using the SAT solver. The scalability of our algorithm is hence dependent
on the scalability of finding a minimal separating DFA.

|�|

|Q| 2 3 4 5 6 7 8 9 10 11 12 13 14 15

2 100 100 100 100 100 100 100 100 100 94 77 34 10 3
3 100 100 100 100 100 100 100 100 100 91 74 20 3 1
4 100 100 100 100 100 100 100 100 100 100 83 33 4 0
5 100 100 100 100 100 100 100 100 100 100 87 26 5 0

Table 4.10. Number of successfully learnt samples (out of 100) by MinOCA for
Dataset2 with the number of states ranging from 2 to 15 and the size of the
alphabet ranging from 2 to 5.

Fig. 4.25. Total time taken compared to the time taken by the SAT solver to find a
minimal separating DFA when tested on general DROCAs.

4.5 Conclusion

In this chapter, we presented a novel approach for active learning of DROCAs. We
showed that a DROCAs can be learnt using polynomially many queries with the
help of a SAT solver in contrast to the existing techniques that require exponentially
many queries. Our algorithm learns a minimal counter-synchronous DROCA,
which results in significantly smaller counter-examples in equivalence queries.
We evaluated an implementation of our algorithm against randomly generated
DROCAs and compared the results with the existing technique (Bruyère et al.,
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2022). The results show that the proposed method significantly outperforms the
existing one.

In future work, the proposed algorithm can be improved by finding better
methods for identifying the minimal separating DFA. The algorithm can also be
applied to learn VOCAs, and the scalability of this approach warrants further
investigation. Extending these ideas to learn more general models, such as visibly
pushdown automata, represents a valuable direction for further research. Another
open problem that remains is to determine whether active learning of DROCAs
can be done in polynomial time. This problem is open, even in the case of VOCAs.
However, learning a minimal VOCA cannot be done in polynomial time unless
P = NP. Exploring the possibility of finding a polynomial-time algorithm to obtain
a polynomial approximation is worthy of further study.
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Part III

Weighted One-Counter Automata

• The results presented in Chapter 5 will be published in the proceedings of ICLA 2025 under
the title “Equivalence of Deterministic Weighted Real-time One-Counter Automata”.
The full version of the paper is available on arXiv [https://arxiv.org/abs/2411.03066].

• The results presented in Chapter 6 and Chapter 7 have been published in the proceed-
ings of FSTTCS 2024 under the title “Weighted One-Deterministic-Counter Automata”
[https://drops.dagstuhl.de/entities/document/10.4230/LIPIcs.FSTTCS.2023.39].

Both of these are joint works with Dr. Vincent Penelle, Dr. Prakash Saisavan, and Dr. Sreejith A.V.

https://arxiv.org/abs/2411.03066
https://drops.dagstuhl.de/entities/document/10.4230/LIPIcs.FSTTCS.2023.39


CHAPTER 5
Deterministic Weighted Real-Time

One-Counter Automata
This chapter introduces deterministic weighted real-time one-counter automa-
ton (DWROCA). A DWROCA is a deterministic real-time one-counter automa-
ton(DROCA) whose transitions are assigned a weight from a field F . Two
DWROCAs are equivalent if the weight assigned to every word by one is the
same as the weight assigned to every word by the other. This chapter gives a
polynomial-time algorithm for checking the equivalence of two DWROCAs.

In Chapter 5, Chapter 6, and Chapter 7, we assume that the field involved and
its elements have some finite representation. For example, rational numbers can
be represented as a pair of integers (p, q) where q ”= 0, representing the fraction
p
q . The field operations are then implemented as algorithms - addition requires
finding common denominators, multiplication involves multiplying numerators
and denominators separately, and so on. This representation is exact and com-
plete, allowing us to work with the infinite field of rational numbers using only
finite representations of each individual element.
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5.1 Introduction
In this chapter, we give a polynomial-time algorithm to check the equivalence of
two deterministic weighted real-time one-counter automata (DWROCAs) where
the weights are from a field (possibly infinite). DWROCAs are weighted one-
counter automata with the “deterministic” condition — at most one transition on
a letter from a state, and the counter is modified by at most one on a transition.
Hence, for a word over a finite alphabet, there is at most one run starting from
the initial configuration that determines its accepting weight (see Definition 5.2
for a formal definition). Additionally, “real-time” indicates that there are no
Á-transitions in this system. The weight assigned to a word by a given DWROCA
is the product of the weights of the transitions along its run starting from the
initial configuration.

We say that two DWROCAs are equivalent if the weight assigned to every
word by one of the automata is the same as the weight assigned by the other. We
show that if two DWROCAs are not equivalent, then there exists a small word w

that got assigned with different weights by the two machines. It suffices to show
that the length of w is polynomially bounded in the size of the DWROCAs under
consideration. Two weighted automata that “simulate” the run of the DWROCAs
up to that bound can then be used to check equivalence. To prove a bound on
the length of w, we give a polynomial that bounds the counter values during
the run of w on both machines. Our proof strategy borrows the “belt technique”
developed in the context of deterministic real-time one-counter automata by
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Böhm and Göller (2011) (also see Böhm et al. (2010),Böhm et al. (2014)). We
introduce a pumping technique (see Theorem 5.3) to adapt their proof strategy
for checking the equivalence of two DWROCAs.

5.1.1 Related Work
One-counter automata are pushdown automata with a singleton stack alphabet.
It is well known that the equivalence problem for nondeterministic pushdown
automata is undecidable. On the other hand, Sénizergues (1997) proved that
it is decidable for deterministic pushdown automata. It was later proved that
there is a primitive recursive algorithm for this (Stirling, 2002). The equivalence
problem for deterministic one-counter automata is NL-complete (Böhm et al.,
2013). Studies on probabilistic pushdown automata conducted by Forejt et al.
(2014) showed that the equivalence problem of probabilistic pushdown automata
is equivalent to the multiplicity equivalence of context-free grammars. The
latter problem is not known to be decidable. The decidability of equivalence is
known for some special sub-classes of probabilistic pushdown automata. The
equivalence problem is at least as hard as polynomial identity testing (Forejt
et al., 2014) even when the input alphabet contains only one letter. For the case
of visibly probabilistic pushdown automata, there is a randomised polynomial
time algorithm for checking equivalence (Kiefer et al., 2013). However, there is a
polynomial time reduction from polynomial identity testing to this problem and
is hence not likely to be in P.
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5.2 Definitions
5.2.1 Deterministic Weighted Automata

Definition 5.1 (Deterministic weighted automata)
A deterministic weighted automaton (DWA) over a field F = (S, ü, ¶, 0e, 1e)
is a tuple A = (Q, �, q0, s0, ”, ÷F ), where

≠ Q is a finite, nonempty set of states.

≠ � is the input alphabet.

≠ q0 œ Q is the initial state.

≠ s0 œ F is the initial weight.

≠ ” : Q ◊ � æ Q ◊ F is the transition function.

≠ ÷F : Q æ F is a function that assigns an output weight to each state.

We use |A| to denote the size of A, which we consider to be |Q|. A configu-
ration of a DWA is a pair c = (q, t), with q œ Q and t œ F . The configuration
(q0, s0) œ Q ◊ F is called the initial configuration of A. A transition is a tuple
· = (p· , a· , q· , s· ) where p· , q· œ Q are states, a· œ �, and s· œ F such that
”(p· , a· ) = (q· , s· ). Given a transition · = (p· , a· , q· , s· ) and a configuration
c = (qc, sc), we denote the application of · to c as ·(c) = (q· , sc ¶ s· ) if qc = p·

and is undefined otherwise.
Given a sequence of transitions T = ·0 · · · ·¸≠1, we denote word(T ) = a·0 · · · a·¸≠1

the word labelling it and we(T ) = s·0 ¶ · · · ¶ s·¸≠1 its weight-effect. For all
0 Æ i < j Æ |¸ ≠ 1|, we use Ti···j to denote the sequence of transitions ·i · · · ·j and
|T | to denote ¸.

A run fi is an alternate sequence of configurations and transitions denoted
as fi = c0·0c1 · · · ·¸≠1c¸ such that for every i, ci+1 = ·i(ci). Given a sequence of
transitions T and a configuration c, we denote T (c) the run obtained by applying
T to c sequentially (if it is defined). The word labelling it, its length, and weight-
effect are those of its underlying sequence of transitions. A sub-run is a (syntactic)
sub-word of a run that is also a run.
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Since the machine is deterministic, for any word w, there is at most one run
labelled by w starting in a given configuration c0. We denote this run by fi(w, c0).
We use fi(w) to denote the run of starting the from the initial configuration
labelled by w. A run fi(w, c0) = c0·0c1 · · · ·¸≠1c¸ is also represented as c0

w
≠æ c¸.

We use the notation c0 æ
ú c¸ to denote the existence of some word w such that

c0
w
≠æ c¸. The weight assigned to a word w by A along the run fi(w, c0) is denoted

by fA(w, c0) = sc0 ¶ we(fi(w, c0)) ¶ ÷F (qc¸
). We use the notation fA(w) to denote

fA(w, (q0, s0)).
Let A and B be two DWAs. Consider the configurations c1 of A and c2 of

B. We say that c1 ©l c2 if and only if for all w œ �Æl, fA(w, c1) = fB(w, c2). We
say that the configurations c1 and c2 are equivalent if and only if c1 ©l c2 for all
l œ N, and we denote this by c1 © c2. We say that A and B are equivalent if for
all w œ �ú, fA(w) = fB(w). A word w œ �ú is called a non-equivalence witness for
A and B if and only if fA(w) ”= fB(w). A minimal witness is a non-equivalence
witness of minimal length.

An uninitialised DWA over a field F = (S, ü, ¶, 0e, 1e) is a tuple C = (Q, �, ”, ÷F ),
where Q is a finite, nonempty set of states, � is the input alphabet, ” : Q ◊ � æ

Q ◊ F is the transition function and ÷F : Q æ F is a function that assigns an
output weight to each state. Given an unitialised DWA C = (Q, �, ”, ÷F ), a state
q0 œ Q, and a weight s0 œ F , we can get a DWA A = (Q, �, q0, s0”, ÷F ). A config-
uration of C is a pair (q, s) œ Q ◊ F . The set of all configurations of C is the set
{(q, s) | q œ Q and s œ F}. Given a configuration (q, s) of C, and a word w œ �ú,
we define fC(w, (q, s)) as fB(w), where B = (Q, �, q, s, ”, ÷F ) is the DWA obtained
by making q as the initial state and s as the initial weight.

109



5. DETERMINISTIC WEIGHTED REAL-TIME ONE-COUNTER AUTOMATA

5.2.2 Deterministic Weighted Real-Time One-Counter
Automata

Definition 5.2 (DWROCA)
A deterministic weighted real-time one-counter automaton (DWROCA)
over a field F = (S, ü, ¶, 0e, 1e) is a tuple A = (Q, �, q0, s0, ”0, ”1, ÷F ), where

≠ Q is a finite, nonempty set of states.

≠ � is the input alphabet.

≠ q0 œ Q is the initial state.

≠ s0 œ F is the initial weight.

≠ ”0 : Q ◊ � æ Q ◊ {0, +1} ◊ F and ”1 : Q ◊ � æ Q ◊ {≠1, 0, +1} ◊ F

are the transition functions.

≠ ÷F : Q æ F is a function that assigns an output weight to each state.

We use |A| to denote the size of A, which we consider to be |Q|. A configura-
tion of a DWROCA is a triple c = (q, n, s), with q œ Q, n œ N and s œ F . Given
a configuration c = (q, n, s), we use qc, nc,and sc respectively to denote q, n and
s. The configuration (q0, 0, s0) œ Q ◊ N ◊ F is called the initial configuration of
A. A transition is a sextuple · = (p· , d· , a· , ce· , s· , q· ) where p· , q· œ Q are states,
d· œ {0, 1} specifies which among ”0 and ”1 is used, a· œ �, ce· œ {≠1, 0, 1}

is the counter-effect, and s· œ F such that ”d· (p· , a· ) = (q· , ce· , s· ). Intuitively,
”0 is used when you have a zero-test, and ”1 otherwise. Given a transition
· and a configuration c = (qc, nc, sc), we denote the application of · to c as
·(c) = (q· , nc + ce· , sc ¶ s· ) if qc = p· and d· = 0 if and only if nc = 0, and is
undefined otherwise. Note that the counter values always stay non-negative,
implying that you cannot perform a decrement operation on the counter from a
configuration with counter value zero.

Given a sequence of transitions T = ·0 · · · ·¸≠1, we denote word(T ) = a·0 · · · a·¸≠1

the word labelling it, we(T ) = s·0 ¶ · · · ¶ s·¸≠1 its weight-effect, and ce(T ) =
ce·0 + · · · + ce·¸≠1 its counter-effect. For all 0 Æ i < j Æ |¸ ≠ 1|, we use Ti···j to
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denote the sequence of transitions ·i · · · ·j and |T | to denote ¸.
We call a sequence of transitions non-floating if there is an i such that d·i = 0

and floating otherwise. We denote mince(T ) = mini(ce(·0 · · · ·i)) as the minimal
counter-effect of its prefixes and maxce(T ) = maxi(ce(·0 · · · ·i)) as the maximal
counter-effect of its prefixes. We say that the sequence of transitions T is valid if
for every i œ [0, ¸ ≠ 2], q·i = p·i+1.

A run fi is an alternate sequence of configurations and transitions denoted
as fi = c0·0c1 · · · ·¸≠1c¸ such that for every i, ci+1 = ·i(ci). Given a sequence of
transitions T and a configuration c, we denote T (c) the run obtained by applying
T to c sequentially (if it is defined). The word labelling it, its length, weight-effect
and counter-effect are those of its underlying sequence of transitions. A sub-run
is a (syntactic) sub-word of a run that is also a run. The run fi = c1·1c2·2 . . . ci is
called a simple cycle, if i Æ |A|, qc1 = qci and for all j, k œ [1, i ≠ 1], qcj = qck

if and
only if j = k. The efficiency of a simple cycle p = ≠ce(fi)

|fi| , is the counter loss per
length of the cycle.

Observe that, for a valid floating sequence of transitions, T (c) is defined if
and only if nc > ≠mince(T ), and for a valid non-floating sequence of transition,
T (c) is defined if and only if nc = ≠mince(T ) and for every i, d·i = 0 if and only if
ce(·0 · · · ·i≠1) = mince(T ). In particular, observe that if a valid floating sequence
of transitions T is applicable to a configuration (q, n, t), then for every nÕ

Ø n and
weight sÕ

œ F , it is applicable to (q, nÕ, sÕ).
Since the machine is deterministic, for any word w, there is exactly one run

labelled by w starting in a given configuration c0. We denote this run fi(w, c0). A
run fi is called an execution if c0 = (q0, 0, s0) is the initial configuration of A. We
use fi(w) to denote the execution labelled by w. A run fi(w, c0) = c0·0c1 · · · ·¸≠1c¸ is
also represented as c0

w
≠æ c¸. We use the notation c0 æ

ú c¸ to denote the existence
of some word w such that c0

w
≠æ c¸. The weight assigned to a word w by A along

the run fi(w, c0) is denoted by fA(w, c0) = sc0 ¶ we(fi(w, c0)) ¶ ÷F (qc¸
). We use the

notation fA(w) to denote fA(w, (q0, 0, s0)).
Let A and B be two DWROCAs. Consider the configurations c1 of A and c2

of B. We say that c1©lc2 if and only if for all w œ �Æl, fA(w, c1) = fB(w, c2). We
say that the configurations c1 and c2 are equivalent if and only if c1©lc2 for all
l œ N, and we denote this by c1©c2. We say that A and B are equivalent if for all
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w œ �ú, fA(w) = fB(w). A word w œ �ú is called a non-equivalence witness (or
simply a witness) for A and B if and only if fA(w) ”= fB(w). A minimal witness is
a non-equivalence witness of minimal length.

Given a set of words w, w0, . . . , wn œ �ú such that w = w0w1 · · · wn, and a set I

of indices in [0, n] : I = {i0, . . . , ik}, we call w≠I the word obtained by removing
from w all w¸ with ¸ œ I.

Theorem 5.3
Let w be a non-equivalence witness for two DWROCAs A and B such that
w = w0 · · · wn, where wi œ �ú for all i œ [0, n], and I, J be two disjoint set
of indices in [0, n]. If there exist sI , sJ , tI , tJ œ F , such that the following
hold:

• fA(w≠I) = fA(w) ¶ sI , fB(w≠I) = fB(w) ¶ tI ,

• fA(w≠J) = fA(w) ¶ sJ , fB(w≠J) = fB(w) ¶ tJ ,

• fA(w≠(IfiJ)) = fA(w) ¶ sI ¶ sJ , and fB(w≠(IfiJ)) = fB(w) ¶ tI ¶ tJ .

then, either fA(w≠I) ”= fB(w≠I), or fA(w≠J) ”= fB(w≠J), or fA(w≠(IfiJ)) ”=
fB(w≠(IfiJ)).

Proof. Since w is a non-equivalence witness for A and B, we know that fA(w) ”=
fB(w). Now, assume for contradiction that fA(w≠I) = fB(w≠I), fA(w≠J) =
fB(w≠J), fA(w≠(IfiJ)) = fB(w≠(IfiJ)), and the condition in the lemma holds. There-
fore, sI ”= tI (if not we will get that fA(w≠I) ”= fB(w≠I)). Since fA(w≠J) =
fB(w≠J), fA(w≠(IfiJ)) = fA(w≠J) ¶ sI , and fB(w≠(IfiJ)) = fB(w≠J) ¶ tI , we get that
fA(w≠(IfiJ)) ”= fB(w≠(IfiJ)). This is a contradiction. Therefore either fA(w≠I) ”=
fB(w≠I), or fA(w≠J) ”= fB(w≠J), or fA(w≠(IfiJ)) ”= fB(w≠(IfiJ)).

Now, we will define some notions on DWROCAs, that will help us in the
equivalence check. We will first define the notion of an underlying weighted
automata.
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5.2.3 Underlying Weighted Automata

Floating runs of a DWROCA are isomorphic to runs of the deterministic automa-
ton obtained by ignoring counter values. We formalise this so-called notion of
underlying uninitialised weighted automaton here. This is analogous to the notion
of an underlying DFA defined in Böhm and Göller (2011).

Definition 5.4 (Underlying uninitialised weighted automaton)
The underlying uninitialised weighted automaton of a DWROCA A =
(Q, �, q0, s0, ”0, ”1, ÷F ) is the uninitialised deterministic weighted automa-
ton given by U(A) = (Q, �, ”Õ

1, ÷F ), where ”Õ
1 is a transition function from

Q ◊ � æ Q ◊ F and is defined as follows:

”Õ
1(q1, a) = (q2, s) iff ”1(q1, a) = (q2, o, s), for some o œ {≠1, 0, +1}.

A configuration c of a DWROCA A is said to be k-equivalent to a config-
uration — of an uninitialised weighted automata B, denoted c≥k—, if for all
w œ �Æk, fA(w, c) = fB(w, —).

Given an uninitialised weighted automaton B and k > 0, we partition the con-
figurations of the DWROCA A into two parts: EqConfig(A, B, k) are those configu-
rations that are k-equivalent to some configuration of B, and notEqConfig(A, B, k)
are those that are not.

notEqConfig(A, B, k) = {c œ Q ◊ N ◊ F | ’— œ Q ◊ F , c”≥k—}.

EqConfig(A, B, k) = {c œ Q ◊ N ◊ F | ÷— œ Q ◊ F , c≥k—}.

The following lemma shows that membership in EqConfig(A, B, k) is inde-
pendent of the weight of the configuration. This can be observed immediately
from the definition of EqConfig(A, B, k). We prove this by taking advantage of
the existence of multiplicative inverses in the field and the commutativity of
multiplication.

Lemma 5.5
For all s, s̄ œ F \ {0e}, p œ Q, m œ N, (p, m, s) œ EqConfig(A, B, k) if and
only if (p, m, s̄) œ EqConfig(A, B, k).
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Proof. Let us assume that (p, m, s) œ EqConfig(A, B, k). Hence, there exists a
configuration (q, t) œ Q ◊ F of B such that for all w œ �Æk, fA(w, (p, m, s)) =
fB(w, (q, t)). Multiplying with s̄ ¶ s≠1 on both sides we get that for all w œ �Æk,
s̄ ¶ s≠1

¶ fA(w, (p, m, s)) = s̄ ¶ s≠1
¶ fB(w, (q, t)). Let t̄ = s̄ ¶ s≠1

¶ t. Due to the
commutativity of multiplication, we get that for all w œ �Æk, fA(w, (p, m, s̄)) =
fB(w, (q, t̄)). Therefore, (p, m, s̄) œ EqConfig(A, B, k).

The distance of a configuration c of a DWROCA A to a set of configurations C

of A is the length of a minimal word that takes you from c to a configuration in
C and is defined as

dist(c, C) = min{|w| | ÷cÕ
œ C with c

w
≠æ cÕ

}.

Notice that dist(c, C) < Œ if and only if there exists cÕ
œ C such that c æ

ú cÕ in
A. We denote this by c æ

ú C. By abuse of notation, we denote c
w
≠æ C if there

exists a configuration cÕ
œ C such that c

w
≠æ cÕ. The notion of distance will play

a key role in determining which parts of the run of a non-equivalence witness
can be pumped out if it is not minimal. Consider a configuration c such that
c

ú
≠æ notEqConfig(A, B, k). The following lemma identifies a special word u such

that c
u
≠æ notEqConfig(A, B, k). The proof of the lemma is similar to that of the

non-weighted case presented in Valiant and Paterson (1975) (Lemma 2) and
Böhm and Göller (2011) (Lemma 6). Their proof ideas can be directly used to
prove this without much modifications due to Lemma 5.5. However, we provide
proof for the sake of completeness.
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Lemma 5.6
Given a configuration c of a DWROCA A, and a weighted automaton B, if
c

ú
≠æ notEqConfig(A, B, k) then there exists a word u = u1ur

2u3 (with r Ø 0)
such that c

u
≠æ notEqConfig(A, B, k) and the following conditions hold:

1. for all w œ �ú, if c
w
≠æ notEqConfig(A, B, k), then |w| Ø |u|.

2. |u1u3| Æ 3|A|
3.

3. |u2| Æ |A|.

4. either u2 = Á or u2 is a simple cycle of counter loss greater than zero.

5. |u| Æ (max{|A|, nc} + |A|
2)|A| and the maximum counter value en-

countered during the run
c

u
≠æ notEqConfig(A, B, k) is less than max{|A|, nc} + |A|

2.

Proof. Let us fix u to be a minimal length word such that fi = c
u
≠æ cÕ

œ

notEqConfig(A, B, k) for the rest of the proof. First, we prove Item 5, let
us assume that the maximum counter value M encountered during the run
c

u
≠æ notEqConfig(A, B, k) is greater than max{|A|, nc} + |A|

2. By the pigeon-
hole principle, we can find configurations ci, cj, cÕ

i, cÕ
j and d < |A| such that

u = u1u2u3u4u5 and
c

u1
≠æ ci

u2
≠æ cj

u3
≠æ cÕ

j
u4
≠æ cÕ

i
u5
≠æ cÕ.

where nci = ncÕ
i
, ncj = ncÕ

j
, ncj = nci + d, qci = qcj and qcÕ

i
= qcÕ

j
. Also, the

configurations are chosen in such a way that ci and cj (resp. cÕ
i and cÕ

j) are chosen
to be the configurations where the counter values nci and ncj (resp. ncÕ

i
and ncÕ

j
)

occurs for the last (resp. first) time during the run before (resp. after) reaching
counter value M for the last time during the run.

Now, consider the run c
u1u3u5
≠≠≠≠æ cÕÕ = (qcÕ , ncÕ , scÕÕ). From Lemma 5.5, we get

that cÕÕ
œ notEqConfig(A, B, k) contradicting the minimality of u. We can now

prove that |u| Æ (max{|A|, nc} + |A|
2)|A|. Assume that this is not the case. By the

pigeon-hole principle, we can find configurations ci, cj with qci = qcj and nci = ncj

such that u = v1v2v3 and

c
v1
≠æ ci

v2
≠æ cj

v3
≠æ cÕ

œ notEqConfig(A, B, k).
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Now, consider the run c
v1v3
≠≠æ cÕÕ = (qcÕ , ncÕ , scÕÕ). Again from Lemma 5.5, we get

that cÕÕ
œ notEqConfig(A, B, k) contradicting the minimality of u.

Now, we prove Items 1-4. Assume that |ncÕ ≠ nc| < |A|
2 then by Item 5 the

lemma will trivially be true with u2 = Á. So let us assume that ncÕ Ø nc + |A|
2.

First we find a simple loop fiÕ = c1·1c2·2 . . . ci in fi with the maximum efficiency
Í. Let v2 = word(fiÕ) denote the corresponding word. Now, we remove disjoint
loops with maximal length from the run fi to get another run fiÕÕ such that the
sum of the counter-effects of the loops removed is a multiple of Í and preserve at
least one occurrence of state qc1 in fiÕÕ. Now if |fiÕÕ

| Ø |A|
3, then by applying the

pigeon-hole principle, we can find more loops in fiÕÕ such that the sum of their
counter-effect is a multiple of Í contradicting our maximality condition.

Now fiÕÕ = c
v1
≠æ cÕ

1
v2
≠æ e where cÕ

1 = (qc1 , ncÕ
1
, tcÕ

1
) and e = (qcÕ , ncÕ + rÍ, te) for

some ncÕ
1
, r œ N, tcÕ

1
, te œ F and v1, v3 œ �ú with |v1v3| < |A|

2. Since |ncÕ ≠ nc| <

|A|
2 we get that r > 0. Therefore, c

v1
≠æ cÕ

1
vr

2
≠æ cÕ

2
v3
≠æ eÕ where cÕ

2 = (qc1 , ncÕ
1
+rÍ, tcÕ

2
)

and eÕ = (qcÕ , ncÕ , teÕ) for some tcÕ
2
, teÕ œ F . Now, from Lemma 5.5, we get that

eÕ
œ notEqConfig(A, B, k). Note that since we have replaced loops in fi with

ones having at least the same efficiency, the length of the string v1vr
2v3 is still

minimal.

5.3 Equivalence

EQUIVALENCE PROBLEM

INPUT: Two DWROCAs A and B over a field F .
OUTPUT: Yes, if A and B are equivalent. No, otherwise.

In the remainder of the section, we fix two DWROCAs, A1 and A2. We also
fix K = |A1| + |A2|. To simplify the reasoning, we will reason on the synchronised
runs on pairs of configurations. Given two DWROCAs, we consider a configuration
pair c = È‰c, ÂcÍ where ‰c is a configuration of A1 and Âc is a configuration of A2.
We similarly consider transition pairs of A1 and A2 and consider synchronised runs
as the application of a sequence of transition pairs to a configuration pair. Let w

be a minimal word that distinguishes A1 and A2. Henceforth, we will denote by

� = c0·0c1 · · · ·L≠1cL.
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the run pair of w from the initial configuration pair c0 = È(p0, 0, s0), (q0, 0, t0)Í.
We denote by T� = ·0 · · · ·L≠1 the sequence of transition pairs of this run pair.
Given a run pair �Õ of a word wÕ from c0, we use aw(�Õ) to denote the tuple
(fA1(wÕ), fA2(wÕ)).

Lemma 5.7
There is a polynomial poly0 : N æ N such that if two DWROCAs A1 and A2

are not equivalent, then there exists a witness w such that counter values
in the execution of w is less than poly0(|A1| + |A2|).

This is the technically challenging part of the proof, and we will prove this
later. Now, we show that the length of w is bounded by a polynomial, assuming
the counter values in � are bounded by poly0(K).

Lemma 5.8 (Small model property)
There is a polynomial poly1 : N æ N such that for any two non-equivalent
DWROCAs A1 and A2, the length of a minimal witness w is less than or
equal to poly1(|A1| + |A2|).

Proof. Let poly0(K) be a polynomial in K such that the counter values encoun-
tered during the execution of w are bounded by it. Assume for contradiction
that |w| is greater than poly1(K) = 2(Kpoly0(K))2. Consider the execution
� = c0·0c1 · · · ·L≠1cL of w. By the pigeon-hole principle, there exist 0 Æ i1 <

j1 < i2 < j2 Æ L such that if the configuration pair ci1 = È(p1, m1, s1), (q1, n1, t1)Í
then cj1 = È(p1, m1, sÕ

1), (q1, n1, tÕ
1)Í and if ci2 = È(p2, m2, s2), (q2, n2, t2)Í then

cj2 = È(p2, m2, sÕ
2), (q2, n2, tÕ

2)Í in �.
We can deduce that T1 = T0···i1≠1Tj1···L≠1, T2 = T0···i2≠1Tj2···L≠1 and T3 = T0···i1≠1

Tj···i2≠1Tj2···L≠1 are such that the three runs T1(c0), T2(c0) and T3(c0) are all valid
runs that are shorter than � and end in configuration pairs differing only by
their weights. Let aw(�) = (s, t), aw(T1(c0)) = (s1, t1), aw(T2(c0)) = (s2, t2), and
aw(T3(c0)) = (s3, t3). We know from Theorem 5.3 that there exists an i œ {1, 2, 3}

such that si ”= ti and hence fii contradicts the minimality of �.

We now state the main result of this chapter. We use a small model property
stated in Lemma 5.8 to prove this theorem. This property ensures that if two
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DWROCAs are not equivalent, then there exists a small word that can distinguish
them. The small model property helps us to reduce the equivalence problem of
DWROCAs to that of weighted automata by “simulating” the runs of DWROCAs
up to polynomial length by two weighted automata.

Theorem 5.9
There is a polynomial time algorithm that decides if two DWROCAs are
equivalent or outputs a minimal witness.

Proof. Given a DWROCA A and M œ N, we define the M -unfolding weighted
automata A

M as a finite state weighted automaton, where the accepting weight
of any word whose run does not encounter counter values greater than M in A is
equal in both A and A

M . Let A = (Q, �, q0, s0, ”0, ”1, ÷F ) be a DWROCA and M œ

N, we construct its M -unfolding weighted automaton A
M = (QÕ, �, p0, s0, ”, ›F )

as defined below:

• QÕ = Q ◊ [0, M ].

• p0 = (q0, 0).

• ›F (q, n) = ÷F (q).

• ”((q, n), a) =

Y
____]

____[

((qÕ, n + o), s) if n = 0, ”0(q, a) = (qÕ, o, s), and n + o Æ M.

((qÕ, n + o), s) if n ”= 0, ”1(q, a) = (qÕ, o, s), and n + o Æ M.

undefined otherwise.

It is easy to see that for every word w œ �ÆM , fA(w) = fAM (w). Furthermore
|A

M
| Æ |A| ◊ M . We now consider two DWROCAs A1 and A2, and let M =

poly1(|A1| + |A2|) where poly1 is provided by Lemma 5.8. The lemma ensures
that the two machines are not equivalent if and only if there is a word in �ÆM on
which they differ.

If two deterministic weighted automata (DWA) are not equivalent, then there
is a linear-sized word to distinguish them and the equivalence check can be done
in polynomial time (Tzeng, 1992, Lemma 3.4) that returns a minimal word that
distinguishes them. Tzeng (1992) shows this for two probabilistic automata. The
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5.3. Equivalence

proof can be extended to weighted automata over fields. Using this, we can now
decide the equivalence of A

M
1 and A

M
2 in polynomial time and obtain a minimal

word z œ �ú that distinguishes them, if they are not equivalent. We say that A1

and A2 are not equivalent if and only if |z| Æ M . Thus, we have a polynomial
time procedure to decide the equivalence of DWROCAs, provided that Lemma 5.8
holds.

Since deterministic real-time one-counter automata are DWROCAs with
weight 1 on its transitions, we get the following corollary.

Corollary 5.10
There is a polynomial time algorithm that decides if two deterministic real-
time one-counter automata are equivalent or outputs a minimal witness.

The rest of this section is dedicated to proving Lemma 5.7.

5.3.1 Proof Strategy

A crucial idea here is to partition the set of configurations between those that
behave like a weighted automata on short runs and those that do not. In Sec-
tion 5.2.3, we have defined the notion of underlying uninitialised weighted
automaton for a DWROCA. Comparing the configuration of a DWROCA with a
configuration of a weighted automaton helps us reduce the problem to that of
weighted automata. The technique is adapted from the ideas used in Böhm and
Göller (2011) and Böhm et al. (2010), where the non-weighted model is studied.
We show that the addition of weights does not change the proof outline presented
by Böhm and Göller (2011) and can be used for the weighted model as well with
suitable adaptations.

As we need to test the equivalence of configurations from A1 and A2, we
will consider the disjoint union of U(A1) and U(A2) to have a single automaton
to compare their configurations with. We use U(A1) fi U(A2) to denote this
automaton and call it the underlying weighted automata. The set notUWA consists
of all configurations of A1 and A2 that do not have a K-equivalent configuration

119



5. DETERMINISTIC WEIGHTED REAL-TIME ONE-COUNTER AUTOMATA

in either U(A1) or U(A2) and is defined as follows

notUWA =
€

iœ{1,2}

‹

jœ{1,2}
notEqConfig(Ai, U(Aj), K).

The set WA, the complement of notUWA, contains all configurations that are
K-equivalent to some configuration in the underlying weighted automata. Note
that if a configuration c œ notUWA, then nc < K. For a configuration c = (qc, nc, sc)
of A1 (resp. A2) with nc Ø K, the configuration (qc, sc) of U(A1) (resp. U(A2))
itself is K-equivalent to it. This is due to the fact that the counter value cannot
reach zero on reading words of length less than or equal to K from a configuration
with a counter value greater than K, and the underlying DWA can hence simulate
these runs. The distance that will be interesting in our reasoning is the one to the
set notUWA. Therefore for simplicity, we denote dist(›) = dist(›, notUWA) for a
configuration › of A1 or A2.

We say that a configuration pair c = È‰c, ÂcÍ is

≠ surely-equivalent: If ‰c©KÂc and dist(‰c) = dist(Âc) = Œ.

≠ surely-nonequivalent: ‰c ”©KÂc or dist(‰c) ”= dist(Âc).

≠ unresolved: otherwise, i.e., ‰c©KÂc and dist(‰c) = dist(Âc) < Œ.

Let us denote by ‰0 = (p0, 0, s0) and Â0 = (q0, 0, t0) the initial configurations
of A1 and A2 respectively and ‰0 ”© Â0. The categorisation of the configuration
pairs into surely-equivalent, surely-nonequivalent and unresolved allows us to
solve two easy cases before concentrating on the crux of the argument. It is easy
to observe that no configuration pair in � is surely-equivalent (see Lemma 5.11).
Our next observation (see Lemma 5.12) is that if a configuration pair cj in � is
surely-nonequivalent and has counter values {mj, nj}, then the counter values in
the rest of the execution is bounded by a polynomial in mj, nj and K. Hence it
will remain to prove that if cj is the first surely-nonequivalent configuration pair
in �, then mj and nj are bounded by a polynomial. In order to do this, we prove
that any minimal run-pair composed solely of unresolved configuration pairs has
all of its counter values bounded by a polynomial. This is the most challenging

120



5.3. Equivalence

part of the proof.

unresolved configuration pairs
counters poly-bounded˙ ˝¸ ˚

c0·0c1·1c2 · · · cj≠1·j≠1 cj = È‰cj , Âcj Í¸ ˚˙ ˝
1st surely-nonequivalent

configuration pair

counters
poly-bounded˙ ˝¸ ˚

·j · · · ·L≠1cL

We now solve the cases when we have configuration pairs that are surely-
equivalent or surely-nonequivalent. The proof is similar to that of the non-
weighted case. The case of unresolved configuration pairs needs to be solved
using a different technique and is taken care of in Section 5.3.3.

Lemma 5.11
There is no surely-equivalent configuration pair in �.

Proof. Assume for contradiction that there exists a surely-equivalent configuration
pair ci = È‰ci , ÂciÍ in �. Since � is an execution of a witness ‰ci ”©Âci. Let v be a
minimal witness of ‰ci and Âci. Since ci is a surely-equivalent configuration pair,
‰ci©KÂci and thus |v| > K. Therefore, there exists a prefix of v, u œ �|v|≠K, and
configurations ‰cj and Âcj such that È‰ci , ÂciÍ

u
≠æ È‰cj , Âcj Í and ‰cj ”©KÂcj .

Since v is a minimal witness ‰cj ©K≠1Âcj . Since ci is surely-equivalent, dist(‰ci) =
dist(Âci) = Œ, ‰cj and Âcj are in the set WA. In other words, there exists config-

urations — and “ in the automaton U(A1) fi U(A2) such that ‰cj ≥K— and Âcj ≥K“.
Since ‰cj ©K≠1Âcj , it follows that —≥K≠1“. From the equivalence result of weighted
automata (Tzeng, 1992; Schützenberger, 1961), we know that this is sufficient
to prove that the automata with — and “ as initial distributions are equivalent,
and thus, in particular, that —≥K“. That allows to deduce ‰cj ©KÂcj , which is a
contradiction.

The following lemma bounds the length of a minimal witness from a surely-
nonequivalent configuration pair.

Lemma 5.12
Let cj = È‰cj , Âcj Í be the first surely-nonequivalent configuration pair in �,
then L ≠ j Æ min{dist(‰cj ), dist(Âcj )} + K.
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Proof. We separately consider the two cases for cj to be surely-nonequivalent.
Case-1, ‰cj ”©K Âcj : then clearly L ≠ j Æ K, as there is a w œ �ÆK that is a witness
from cj.
Case-2, dist(‰cj ) ”= dist(Âcj ): Without loss of generality, we suppose dist(‰cj ) <

dist(Âcj ). By definition of dist, there exists a u œ �dist(‰cj ) such that ‰cj

u
≠æ ‰cjÕ

and Âcj

u
≠æ ÂcjÕ where ‰cjÕ œ notUWA and ÂcjÕ œ WA. By definition of WA, there is

a configuration — of the automaton U(A1) fi U(A2) such that ÂcjÕ ≥K—. As ‰cjÕ œ

notUWA, ‰cjÕ ”≥K— and thus ‰cjÕ ”©KÂcjÕ . Therefore, there exists a v œ �ÆK such
that f(v, ‰cjÕ ) ”= f(v, ÂcjÕ ) and hence f(uv, ‰cj ) ”= f(uv, Âcj ). As uv œ �dist(‰cj )+K,
we get that ‰cj ”©dist(‰cj )+K Âcj and L ≠ j Æ dist(Âcj ) + K.

In both the cases, we get that L ≠ j Æ min{dist(‰cj ), dist(Âcj )} + K.

From Lemma 7.12, we know that the distance of a configuration is polynomi-
ally bounded with respect to its counter value and K. Therefore, Lemma 5.12 tells
us that the length of a minimal witness from a surely-nonequivalent configuration
pair is polynomially bounded with respect to its counter value and K. A length
bound implies a bound on the counter value also, since the counters cannot
increase more than the length of a word. The next two sub-sections focus on the
remaining case of paths containing only unresolved configuration pairs.

5.3.2 Configuration Space

Each pair of configurations c = È‰, ÂÍ is mapped to a point in the space N ◊

N ◊ (Q ◊ Q) ◊ F ◊ F , henceforth referred to as the configuration space, where
the first two dimensions represent the two counter values, the third dimension
Q ◊ Q corresponds to the pair of control states, the fourth and fifth dimensions
represent the weights. We partition the configuration space into initial space,
belt space, and background space. This partition is indexed on two polynomials,
poly2 = 516K21 and poly3 = 42K14.

• initial space: All configuration pairs È(p, m, s), (q, n, t)Í such that m, n <

poly2(K).

• belt space: Let –, — Ø 1 be co-prime. The belt of thickness d and slope –
—

consists of those configuration pairs È(p, m, s), (q, n, t)Í that satisfy |–.m ≠
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N

N

initial space

background space

be
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poly2(K)

2poly3(K)

Fig. 5.1. Configuration space.

—.n| Æ d. The belt space contains all configuration pairs È(p, m, s), (q, n, t)Í
outside the initial space that are inside a belt with thickness poly3(K) and
slope –

— , where –, — œ [1, K2].

• background space: All remaining configuration pairs.

The projection of the configuration space onto the first two dimensions is
depicted in Figure 5.1. The polynomials poly2 and poly3 are chosen in such a way
that all unresolved configuration pairs fall in a belt or the initial space, and all
belts are disjoint. This is proved in Lemma 7.17. In fact, these polynomials can be
used as the size of the initial space and thickness of belts in the paper by Böhm
and Göller (2011) since the properties to be ensured are similar. The precise
polynomials are used in the lemma proving these properties.

If the maximum counter value encountered during the execution of the mini-
mal witness is far greater than the size of the initial space, then its length inside
the belt space is very long. Since the belts are disjoint outside the initial space,
we just need to show that if the length of the run of the witness inside a belt
is very long, then we can find a shorter witness by pumping some portion out
from the current witness. This is proved in Section 5.3.3 using Lemma 5.14 and
Lemma 7.5, that enables us to perform this cut.
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The partition of the unresolved configuration pairs thus helps us to show that
there is a restriction on the run containing only unresolved configuration pairs
in �. The intuitive idea is that when at least one counter value is very big, the
ratios between the counter value pairs on long run-pairs cannot take arbitrarily
many different values. If there is a long portion of � where the ratio between
the counter value pairs repeats, we can pump a sub-run out of it and still get a
witness contradicting its minimality.

The proof of the following lemma is the same as that of the non-weighted case
presented by Böhm and Göller (2011).

Lemma 5.13
If c = È(pc, mc, sc), (qc, nc, tc)Í is an unresolved configuration pair with
max{mc, nc} > poly2(K) then,

1. it lies in a unique belt of thickness poly3(K) and slope –
— , where

–, — œ [1, K2].

2. it cannot take a transition pair to reach a configuration pair cÕ, inside
another belt of thickness poly3(K) and slope –Õ

—Õ , where –Õ, —Õ
œ [1, K2].

Proof. To prove Lemma 7.17, we first show that the following claim holds. The
proof of this claim is similar to that of the non-weighted case presented by Böhm
et al. (2010).

Claim 1. Let i œ {1, 2} and ‰ = (q‰, n‰, t‰) be a configuration of Ai. If dist(‰) < Œ

then, dist(‰) = a
b n‰ + d where a, b œ [0, |Ai|] and |d| Æ 6|Ai|

4.

Proof. Let us assume that dist(‰) < Œ. This means that ‰ æ
ú ‰Õ with ‰Õ

œ

notUWA. Let k = |Ai|. Since n‰Õ < k, by Lemma 7.12, we know that there is a
word u = u1ur

2u3 (with r Ø 0) such that that ‰
ú
≠æ ‰Õ where |u| = dist(‰), |u1u3| Æ

3k3, |u2| Æ k and u2 is a simple cycle with counter loss ¸ Æ k. Let g be the counter
gain/loss of u1u3 and – = |u2|

¸ . Since |u1u3| Æ 3k3, we have |g| Æ 3k3.
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dist(‰) = n‰ ≠ n‰Õ ≠ g

¸
|u2| + |u1u3|

= –n‰ ≠ –(n‰Õ + g) + |u1u3|¸ ˚˙ ˝
d

Since 1 Æ – Æ k it follows that ≠6k4
Æ d Æ 6k4. Claim:1

Let c = È(p, m, s), (q, n, t)Í be an unresolved configuration pair with max{mc, nc}

> poly2(K). Recall that poly2(K) = 516K21 and poly3(K) = 42K14.

1. Let ‰ = (p, m, s) and Â = (q, n, t). Since È‰, ÂÍ is an unresolved configuration
pair we have dist(‰) = dist(Â). From Claim 1, there exists a1, b1, a2, b2 œ

[0, K] and d1, d2 Æ 6K4 such that

a1
b1

m + d1 = dist(‰) = dist(Â) = a2
b2

n + d2

Therefore |
a1
b1

m ≠
a2
b2

n| Æ |d2 ≠ d1| Æ 6K4. This satisfies the belt condition.

2. Let B and BÕ be two distinct belts with µ being the slope of belt B and µÕ the
slope of belt BÕ. Hence µ ”= µÕ. Without loss of generality, let us assume that
µÕ > µ. It suffices to show that for all x > 516K21, we have

µx + 42K14 + 1 < µÕx ≠ 42K14
≠ 1

We know that µÕ
≠ µ Ø

1
(K)2 and x > 516K21.

14K6

K2 < (µÕ
≠ µ)x =∆ µx + 14K4

2 < µÕx ≠
14K4

2
=∆ µx + 42K14 + K4 < µÕx ≠ 42K14

≠ K4

This concludes the proof.

By Lemma 7.17, the belt in which an unresolved configuration pair c lies is
uniquely determined. It also ensures that the belts are disjoint outside the initial
space and that no run composed only of unresolved configuration pairs can go
from one belt to another without passing through the initial space.
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N

N

È(p, m, s), (q, n, t)Í

È(p, mÕ, sÕ), (q, nÕ, tÕ)Í

Fig. 5.2. An –-— repetition.

Let –, — œ [1, K2] be co-prime and È(p, m, s), (q, n, t)Í, È(pÕ, mÕ, sÕ), (qÕ, nÕ, tÕ)Í
be two configuration pairs. They are –-— related if p = pÕ and q = qÕ and
–.m ≠ —.n = –.mÕ

≠ —.nÕ. Roughly speaking, two configuration pairs are –-—
related if they have the same state pairs and lie on a line with slope –

— . An –-—
repetition is a run-pair fī1 = ci·ici+1·i+1 · · · ·j≠1cj such that the configuration pairs
ci and cj are –-— related. The projection of an –-— repetition onto the counters is
depicted in Figure 7.7.

The following two lemmas help us to show that if there is a witness having a
very long sub-run inside a belt, then we can find a shorter witness whose sub-run
inside that belt is shorter.

Lemma 5.14 (Cut lemma)
Given a configuration pair c and a sequence of transition pairs T such
that all configuration pairs of T (c) are inside a belt with slope –

— with
–, — œ [1, K2], and either ce(T )|1 > K2poly3(K) or ce(T )|2 > K2poly3(K),
then there exist i < j such that:

• T1···i(c) and T1···j(c) are –-— related configuration pairs.

• T1···iTj+1···|T |(c) is a run inside the same belt.
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Proof. Let us assume that ce(T )|1 > K2poly3(K). The case for the second compo-
nent can be proven analogously. For any i œ [0, ce(T )], we denote by ¸i the index
such that ce(T0···¸i) = i and for any k > ¸i, ce(T0···k) > i. We denote ci = T0···¸i(c).
As there are at most K2 many possible state pairs, and poly3(K) many possible
values for –mc ≠ —nc for a configuration pair c in a belt. By the pigeon-hole
principle, there exist 1 Æ i < j Æ |T | such that ci and cj are –-— related. As for
every k > ¸j, ce(T0···k) > ce(T0···¸j ), we have that ce(T¸j+1···k) Ø 0. Furthermore,
as ci and cj have the same control states, T¸j+1···|T | can be applied to ci.

Given k œ [¸j, |T |], we call dk = T¸j+1···k(cj) and ek = T¸j+1···k(ci). We have

–mek
≠ —nek

= –(mci + ce(T¸j+1···k))|1 ≠ —(mci + ce(T¸j+1···k))|2
= –mci ≠ —mci + –(ce(T¸j+1···k)|1) ≠ —(ce(T¸j+1···k)|2).

Also –mek
≠ —nek

= –mcj ≠ —mcj + –(ce(T¸j+1···k)|1) ≠ —(ce(T¸j+1···k)|2) = –mdk
≠

—ndk
, since ci and cj are –-— related. Thus dk and ek are also –-— related. As dk

is inside the belt, ek is also inside the belt. Therefore, T0···¸iT¸j+1···|T |(c) is a run
inside the belt.

In the following lemma, we show that if there are long runs that stay inside a
belt, one can find shorter runs inside the same belt whose last configuration pairs
have identical states and counter values (but not weights).

Lemma 5.15 (U-turn lemma)
Let c be a configuration pair, and T a sequence of transition pairs such that:

• T (c) is completely inside some belt with slope –
— .

• ce(T ) = 0.

• max(ce(T0···k) | 0 Æ k Æ |T |) > (K2poly3(K) + 1)2.

Then, there exist i < j < k < ¸ such that T Õ = T1···iTj+1···kT¸+1···|T | is such
that T Õ(c) is a run inside the same belt with ce(T Õ) = 0, and the ending
configuration pairs of T Õ(c) and T (c) only differ by their weights.
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i

i1

j1

i2

j2

j

Fig. 5.3. A belt visit ending in a belt.

Proof. We denote M = max(ce(T0···k) | 0 Æ k Æ |T |). For any i œ [0, M ], we
denote by ui and di the indices such that ce(T0···ui) = ce(T0···di) = i, and for any
j œ [ui + 1, di ≠ 1], ce(T0···j) > i. We call ci = T0···ui(c) and cÕ

i = T0···di(c).
By the pigeon-hole principle, there exist i1 < i2 . . . < iK2poly3(K) œ [0, M ] such

that all configuration pairs cir , r œ [1, K2poly3(K)] are –-— related. Now consider
the configuration pairs cÕ

ir
, r œ [1, K2poly3(K)]. From Lemma 5.14, we know that

there exist i < j œ [1, K2poly3(K)] such that the configuration pairs cÕ
i and cÕ

j that
are –-— related. Note that the configuration pairs ci and cj are also –-— related.

Similar to the previous lemma, we get that Tuj+1···dj is applicable to ci. Fur-
thermore, bi = Tuj+1···dj (ci) and cÕ

i only differ by their weights. We can conclude
that T Õ = T0···uiTuj+1···dj Tdi+1···|T | is such that T Õ(c) is a run inside the same belt,
and that ce(T Õ) = 0, and the ending states of T and T Õ are the same.

5.3.3 Bounding the Counter Values in Unresolved
Configuration Pairs

In this section, we look at the run-pair of the minimal witness and show that
counter values appearing on portions included in belts and composed only of
unresolved configuration pairs can be bounded by some polynomial. There are
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i1

j1

i2

j2

l1

k1

l2

k2

Fig. 5.4. A belt visit returning to the initial space.

two cases to consider here. The first one is where we have a very long belt visit,
that does not enter the background space, and the second is the case when it
does. We use Theorem 5.3, Lemma 5.14 and Lemma 7.5 to easily show that in
the first case, the length of the minimal witness can be bounded and is proved in
Lemma 5.16. The second and the most difficult case is when we have a very long
belt visit, that enters the background space from the belt space and is considered
in Lemma 5.17. In this case, we show that if the minimal witness reaches a
surely-nonequivalent configuration pair whose counter values are very large,
then we can pump out some portion of the run inside a belt to reach another
surely-nonequivalent configuration pair whose counter values are polynomially
bounded.

Lemma 5.16 (Belt lemma)
We consider T = ·0 · · · ·L≠1 the sequence of transition pairs in �. Suppose
there are 0 < i < k < L ≠ 1 such that ·i · · · ·k(ci) is included in a belt with
either mci = mck

or nci = nck
then for every i Æ r Æ k, ce(·i · · · ·r)|1 Æ

2((K2poly3(K))2 + 1), and ce(·i · · · ·r)|2 Æ 2((K2poly3(K))2 + 1).

Proof. Let us assume that there are 0 < i < k < L ≠ 1 such that ·i · · · ·k(ci) is
included in a belt with mci = mck

. The case where nci = nck
can be proven
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analogously. We call R = ·i · · · ·k. Let max(ce(·i · · · ·¸)|1) | i Æ ¸ Æ k) >

2((K2poly3(K))2 + 1). By applying Lemma 7.5 twice, we can find i1 < j1 Æ

i2 < j2 < k2 < ¸2 Æ k1 < ¸1 such that R1 = R0···i1Rj1+1···k1R¸1+1···|R|, R2 =
R0···i2Rj2+1···k2R¸2+1···|R|, and R12 = R0···i1Rj1+1···i2Rj2+1···k2R¸2+1···k1R¸1+1···|R| are
such that R1(ci), R2(ci) and R12(ci) are runs included in the same belt as R(c)
and the ending configuration pairs only differ by their weights.

We can deduce that T1 = T0···i≠1R1Tk+1···|T |, T2 = T0···i≠1R2Tk+1···|T | and T3 =
T0···i≠1R12Tk+1···|T | are such that the three runs T1(c0), T2(c0) and T12(c0) are all
valid runs that are shorter than T (c) and end in configuration pairs only differing
by their weights.

Let aw(T (c0)) = (s, t), aw(T1(c0)) = (s1, t1), aw(T2(c0)) = (s2, t2), and aw(T3(c0))
= (s3, t3). From Theorem 5.3, we know that there exists an i œ {1, 2, 3} such that
si ”= ti and hence Ti(c0) contradicts the minimality of �.

Lemma 5.17
Let cj be the first surely-nonequivalent configuration pair in �. Then
max{mcj , ncj } Æ poly2(K) + K(K2poly3(K)) + 1.

Proof. Assume for contradiction that the execution of a minimal witness w reaches
a surely-nonequivalent pair cj = È(pcj , mcj , scj ), (qcj , ncj , tcj )Í, with max{mcj , ncj }

greater than poly2(K)+K(K2poly3(K))+1. Since cj is the first surely-nonequivalent
configuration pair during the execution of a minimal witness, we know that all
the previous configuration pairs are unresolved configuration pairs and lie either
in the initial space or belt space. The idea here is to find an –-— repetition that
is a factor of the execution inside a belt that can be cut out to obtain a shorter
witness (refer Figure 5.3).

Let T = ·0 · · · ·L≠1 be the sequence of transition pairs corresponding to a
minimal witness from c0. For all 0 < i Æ L, let ci = ·0 · · · ·i≠1(c0). We use
cj = È‰cj , Âcj Í, j Æ L, to denote the first surely-nonequivalent configuration pair
during the execution of w, where ‰cj = (pcj , mcj , scj ) and Âcj = (qcj , ncj , tcj ). Let
T1 = ·0 · · · ·j≠1 and w = v1v2, where v1 = word(T0···j≠1) and v2 = word(Tj···L≠1).
Since cj is surely-nonequivalent either (1) ‰cj ”©KÂcj or (2) dist(‰cj ) ”= dist(Âcj ).

Case-1: ‰cj ”©K Âcj .
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Since ‰cj ”©KÂcj , we know that |v2| Æ K. Also, since max{mj, nj} is greater
than poly2(K) + 2(K2poly3(K) + 1), by applying Lemma 5.14 twice, we can find
i < i1 < j1 Æ i2 < j2 < j such that R(ci) = Ti···j(ci) is a run inside a belt and
R1 = Ti···i1Tj1+1···j, R2 = Ti···i2Tj2+1···j, and R12 = Ti···i1Tj1+1···i2Tj2+1···j are such
that R1(ci), R2(ci) and R12(ci) are runs inside in the same belt as R(ci) as shown
in Figure 5.3.

We can deduce that T1 = T0···i≠1R1Tj+1···|T |, T2 = T0···i≠1R2Tj+1···|T | and T3 =
T0···i≠1R12Tj+1···|T | are such that the three runs T1(c0), T2(c0) and T12(c0) are all
valid runs that are shorter than T (c) and end in configuration pairs having the
same states. Let aw(T (c0)) = (s, t), aw(T1(c0)) = (s1, t1), aw(T2(c0)) = (s2, t2), and
aw(T3(c0)) = (s3, t3). We know from Theorem 5.3 that there exists an i œ {1, 2, 3}

such that si ”= ti and hence Ti(c0) contradicts the minimality of �.

Case-2: If dist(‰cj ) ”= dist(Âcj ).

We show that if max{mcj , ncj } > poly2(K) + K(K2poly3(K)) + 1, then we can cut
out some sub-runs to get a shorter witness contradicting the minimality of w.

Without loss of generality assume dist(‰cj ) < dist(Âcj ) and max{mcj , ncj } >

poly2(K) + K(K2poly3(K)) + 1. Since cj is the first surely-nonequivalent configura-
tion pair in �, for all i œ [0, j ≠1], the configuration pairs ci are either in the initial
space or inside a belt. Let k be the smallest index such that for all i œ [k, j ≠ 1],
the configuration pairs ci are inside a fixed belt. Since ck is the first point inside a
belt, max(mck

, nck
) = poly2(K) + 1.

Consider the run ·k · · · ·j(ck). By the pigeon-hole principle, there is a set of K+1
configuration pairs that are –-—-related to each other. Let d0, d1, . . . , dK denote
these configuration pairs such that mdi < mdj for i < j. Since dist(‰cj ) < Œ,
we know that there exists a word u such that ‰cj

u
≠æ (pÕ, mÕ, sÕ) œ notUWA with

m < K and |u| = dist(‰cj ). Let ‰0, ‰1, . . . , ‰K denote the configurations, where
counter values md0 , md1 , . . . mdK are encountered for the first time during the run
‰cj

u
≠æ (pÕ, mÕ, sÕ). By the pigeon-hole principle, there exists r < l, such that ‰l

and ‰r have the same state. Let u = u1u2u3 for some u1, u2, u3 œ �ú such that
‰cj

u1
≠æ ‰l

u2
≠æ ‰r

u3
≠æ (pÕ, mÕ, sÕ) and t denote the difference in counter values

between ‰l and ‰r. Since ‰r and ‰l have the same state, for any s œ F , the run
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(pcj , mcj ≠ t, s) u1u3
≠≠æ (p, m, sÕÕ) is a valid run for some sÕÕ

œ F . Therefore, for all
s œ F , dist(pcj , mcj ≠ t, s) < Œ.

Note that t = mdl
≠ mdr , is the same as the difference in counter values

between ‰l and ‰r. Since dl and dr are –-—-related configuration pairs, removing
the sub-run between them from the run ·k · · · ·j(ck) will take us to the background
space point È‰Õ, ÂÕ

Í, where ‰Õ = (pcj , mcj ≠ t, s), for some s œ F . Since È‰Õ, ÂÕ
Í

is a point in the background space either dist(‰Õ) = dist(ÂÕ) = Œ or dist(‰Õ) ”=
dist(ÂÕ). We already know that for all s œ F , dist(pcj , mcj ≠ t, s) < Œ, therefore
dist(‰Õ) ”= dist(ÂÕ). Hence, cjÕ = È‰Õ, ÂÕ

Í is a surely-nonequivalent configuration
pair with max{mcjÕ , ncjÕ } Æ poly2(K)+K(K2poly3(K))+1 contradicting our initial
assumption.

Note that the technique used for proving Case-2 is different from the one used
for deterministic real-time one-counter automata by Böhm and Göller (2011).
Using a similar technique as mentioned above will help get a better polynomial
bound on the maximum counter value encountered during the run of the minimal
witness while checking the equivalence of two deterministic real-time one-counter
automata.

We finally conclude the proof of our main lemma.
Proof of Lemma 5.7. Let � = c0‡0c1‡1 . . . cL is the run of a minimal witness.

From Lemma 5.11, we know that there is no surely-equivalent configuration pair
in it. Let us assume that cj = È‰cj , Âcj Í is the first surely-nonequivalent configu-
ration pair in �. Lemma 5.12 ensures that L ≠ j Æ min(dist(‰cj ), dist(Âcj )) + K,
therefore all counter values appearing at position greater than j are bounded by
max(n‰cj

, nÂcj
) + min(dist(‰cj , dist(Âcj ))) + K.

Lemma 5.16 ensures that all counter values appearing before cj inside belts
are bounded by the value poly2(K) + 2((K2poly3(K))2 + 1), and by Lemma 5.17,
max(n‰cj

, nÂcj
) Æ poly2(K) + K(K2poly3(K)) + 1.

Finally, Lemma 7.12 ensures that dist(‰cj ) and dist(Âcj ) cannot be more than
(max{K, n‰cj

, mÂcj
}+K2)K. Therefore, we conclude that there exists a polynomial

poly0 = poly2(K) + 2(K2poly3(K))2 + 1) such that all counter values appearing in
� are bounded by poly0(K).

132



5.4. Conclusion

From Lemma 5.7, we get that the value of poly0 is O(K12) and from Lemma 5.8,
we get that the value of poly1 is O(K26). Hence, if two DWROCAs A and B

are not equivalent, then there is a word whose length is of O(K26) such that
fA(w) ”= fB(w).

5.4 Conclusion

In this chapter, we presented a polynomial time algorithm for checking the
equivalence of two DWROCAs that return a word distinguishing them, if it
exists. A potential research direction is to remove the “real-time” constraint in
DWROCAs. Note that equivalence for deterministic one-counter automata is
NL-complete regardless of whether it is real-time. However, the techniques for the
non-real-time case differ from those used here. Therefore, it’s not guaranteed that
those techniques are robust enough to the addition of weights, which makes it an
interesting topic for further investigation. Finally, a polynomial time algorithm
for equivalence of DWROCAs also paves the way for efficient learning algorithms
for DWROCAs.
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CHAPTER 6
Real-Time One-Deterministic

Counter Automata

We introduce real-time one-deterministic-counter automaton (RODCA) in this
chapter. We also show that the equivalence problem for nondeterministic RODCAs
is in PSPACE, whereas it is undecidable for nondeterministic OCAs. These are
one-counter automaton (OCA) with the property of counter-determinacy, meaning
that all paths labelled by a given word starting from the initial configuration have
the same counter-effect. RODCAs are a strict extension of VOCAs, which are
OCAs where the input alphabet determines the actions on the counter. We also
show that the equivalence problem for nondeterministic RODCAs is in PSPACE,
whereas it is undecidable for nondeterministic OCAs.
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6.1 Introduction

This chapter investigates a relaxation in the visibly constraint on one-counter
automata (OCA): the counter actions are no longer input-driven but are determin-
istic. We say that a OCA has counter-determinacy (see Definition 6.3) if “all paths
labelled by a given word, starting from the initial configuration, have the same
counter-effect”.

We also define a model called real-time one-deterministic-counter automata
(RODCA) (see Definition 6.5 for a formal definition). It consists of,

1. Counter: A counter that stays non-negative and allows zero tests.

2. Counter structure: A deterministic finite state machine where the transitions
depend only on its current state, the input letter, and whether the counter
is zero. The counter structure can increment/decrement the counter by one
or leave it unchanged.

3. Finite state machine: A machine whose transitions can be deterministic,
nondeterministic or weighted. The transitions depend on its current state,
the input letter, and whether the counter value is zero. This machine cannot
modify the counter.

One way read-only input tape

Finite stateCounter Counter
zero test

{+1, ≠1, 0}

zero test

structure machine

Fig. 6.1. Real-time one-deterministic-counter automata.

If the finite state machine is deterministic (resp. nondeterministic, or weighted),
the RODCA will be called deterministic (resp. nondeterministic, or weighted).
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In a weighted RODCA, we assume the weights are from a field. The class of
DROCAs and the class of VOCAs are special classes of RODCAs. The counter
structure and the finite state machine read simultaneously from the input tape.

6.1.1 Related Work
Visibly pushdown automata (VPDA) were introduced by Alur and Madhusudan
(2004). They have received much attention as they are a strict subclass of push-
down automata suitable for program analysis. VPDAs enjoy tractable decidable
properties, which are undecidable in the general case. The visibly restriction, in
essence, is that the stack operations are input-driven, i.e., only depend on the
letter read. Weighted VPDA is a natural extension to the weighted setting. counter-
determinacy can be seen as a relaxation in the visibly constraint on OCAs, as the
counter actions are no longer input-driven but are deterministic. The fact that
weighted RODCAs is strictly more expressive than weighted VOCAs can be noted
from the fact that the functions in Example 6.7 are not recognised by a weighted
VOCA. Nowotka and Srba (2007) introduced height-deterministic pushdown
automata, where the input string determines the stack height. Weighted RODCAs
can be seen as weighted height-deterministic pushdown automata over a single
stack alphabet and a bottom-of-stack symbol.
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6.2 Preliminaries
6.2.1 Weighted Automata

Definition 6.1 (Weighted Automata)
A weighted automaton (WA) over a semiring S = (S, ü, ¶, 0e, 1e) is a tuple
D = (Q, �, ⁄, ”, ÷)

• Q is the finite set of states,

• � is the input alphabet,

• ⁄ œ F
|Q| is the initial distribution that assigns an initial weight to

each state,

• ” : � æ F
|Q|◊|Q| is the transition function,and

• ÷ œ F
|Q| is the final distribution that assigns a final weight to each

state.

For all a œ �, ”(a) is a |Q| ◊ |Q| matrix. For a œ � and i, j œ [0, |Q| ≠ 1],
”(a)[i][j] = x, if and only if there is a transition from state qi to state qj on a with
weight x. We can extend the function ” to �ú in the standard way. ”(Á) = 1,
”(wa) = ”(w).”(a) and ”(wb) = ”(w).”(b), for w œ �ú and a, b œ �. Here, ‘.’
denotes matrix multiplication. The weight with which the word w is accepted by
D (denoted by fD(w)) is given by fD(w) = ⁄.”(w).÷.

An uninitialised WA over a semiring F = (S, ü, ¶, 0e, 1e) is a tuple C =
(Q, �, ”, ÷), where Q is a finite, nonempty set of states, � is the input alphabet,
” : � æ F

|Q|◊|Q| is the transition function and ÷ œ F
|Q| is a function that assigns

an output weight to each state. Given an unitialised WA C = (Q, �, ”, ÷), and a
weight distribution over the states ⁄ œ F

|Q|, we can get a WAA = (Q, �, ⁄, ”, ÷F ).
A configuration of C is a vector x œ F

|Q|. The set of all configurations of C is the
set {x | x œ F

|Q|
}.

In the next section, we will define weighted one-counter automata and the
notion of counter-determinacy.
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6.3 Weighted One-Counter Automata

Definition 6.2 (Weighted OCA)
A weighted one-counter automaton A = (Q, �, ⁄, ”0, ”1, ÷) is defined over a
semiring S = (S, ü, ¶, 0e, 1e), where, Q is a non-empty finite set of states, �
is the finite input alphabet, ⁄ œ S

|Q| is the initial distribution that assigns
an initial weight to each state, ”0 : Q ◊ � ◊ Q ◊ {0, +1} æ S and ”1 :
Q ◊ � ◊ Q ◊ {≠1, 0, +1} æ S are the functions that assigns weights to
transitions, and ÷ œ S

|Q| is the final distribution that assigns an output
weight to each state. For i œ [0, |Q| ≠ 1], ⁄[i] indicates the initial weight on
state qi œ Q and ÷[i] indicates the output weight on state qi œ Q.

Let p, q œ Q, a œ �, n œ N, e œ {≠1, 0, +1}, and s œ S. We write (q, n) Òæa|s

(p, n + e) if ”sign(n)(q, a, p, e) = s. Let w = a1a2 · · · at œ �ú for some t œ N. For a
q0 œ Q and n0 œ N, we write (q0, n0) Òæw|s (qt, nt) if for all i œ [1, t], there are
qi œ Q, ni œ N, si œ S such that (qi≠1, ni≠1) Òæai|si (qi, ni) and s = s1 ¶ s2 · · · ¶ st.
We call (q0, n0) Òæw|s (qt, nt) a run of w from the configuration (q0, n0). We use
(q0, n0) Òæw (qt, nt) to denote the run when we are not concerned about the
weights. Given a state q œ Q, we use ÷q to denote the output weight on state
q. The accepting weight of the word w along the run (q0, n0) Òæw|s (qt, nt) is
s ¶ ÷qt

. Since the machine is non-deterministic, given a configuration c and a
word w œ �ú, there can be multiple runs on w from c. The weight with which a
word w is accepted by A (denoted as fA(w)) is the sum of the accepting weights
of w along all its runs in A.

Definition 6.3 (Counter-determinacy)
A weighted OCA with counter-determinacy is a weighted one-counter automa-
ton A = (Q, �, ⁄, ”0, ”1, ÷) with the following restriction: if ⁄[i] and ⁄[j] are
non-zero for some i, j œ [1, |Q|], then for all w œ �ú, if (qi, 0) Òæw|s1 (p1, n1)
and (qj, 0) Òæw|s2 (p2, n2) for some p1, p2 œ Q, n1, n2 œ N and s1, s2 œ S,
then n1 = n2.

We say that a weighted OCA is counter-deterministic if it has the property of
counter-determinacy.
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Theorem 6.4
Given a weighted OCA A, deciding A is not counter-deterministic is in NL.

Proof. Let A = (Q, �, ⁄, ”0, ”1, ÷) be a weighted OCA. Assume that A is not
counter-deterministic. Consider a minimal length word z = wa for some w œ �ú

and a œ � such that, there exist i, j œ [1, |Q|] p1, p2 œ Q, n1, n2 œ N with ⁄[i],
⁄[j] ”= 0e, (qi, 0) Òæw (p1, n1) Òæa (pÕ

1, nÕ
1), (qj, 0) Òæw (p2, n2) Òæa (pÕ

2, nÕ
2) and

nÕ
1 ”= nÕ

2. Consider the runs (qi, 0) Òæz (p1, n1), (qj, 0) Òæz (p2, n2). The counter
value reached on reading any prefix of w from (qi, 0) and (qj, 0) in these runs are
the same. Therefore, the maximum counter value encountered during these runs
is less than or equal to |Q|

4. The proof is the same as Claim 1 in Theorem 3.5.
Now, we prove that the length of w is at most |Q|

6. Assume for contradiction
that |w| > |Q|

6. Since the maximum counter value encounterd during the runs
(qi, 0) Òæw (p1, n1) and (qj, 0) Òæw (p2, n2) is at most |Q|

4, there are at most |Q|
5 dis-

tinct configurations in both these runs. Note that for all prefixes of w, the counter
values of configuration reached on both these runs are the same. Therefore, if
|w| > |Q|

6, then by the pigeon-hole principle, there exist configurations c1 and c2 ,
and words w1, w2, w3 such that w = w1w2w3, (qi, 0) Òæw1 c1 Òæw2 c1 Òæ w3(p1, n1)
and (qj, 0) Òæw1 c2 Òæ w2c2 Òæ w3(p2, n2). Therefore, the word zÕ = w1w2a is a
shorter word than z such that (qi, 0) ÒæzÕ (pÕ

1, nÕ
1) and (qj, 0) Òæw (pÕ

2, nÕ
2). This

contradicts the minimality of z.
A nondeterministic machine can guess z and the runs (qi, 0) Òæz (pÕ

1, nÕ
1) and

(qj, 0) Òæz (pÕ
2, nÕ

2) on the fly to show that nÕ
1 ”= nÕ

2 using logarithmic space.

6.4 Weighted Real-Time One-Deterministic-Counter

Automata

In this section, we define weighted RODCAs, where the weights are from a
semiring S (possibly infinite). If the weights are from the boolean semiring then
we call it deterministic/nondeterministic RODCAs based on how the transition
functions are defined. We will now present a definition for weighted RODCAs.
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Definition 6.5 (Weighted RODCA)
A weighted RODCA, A over a semiring S is a tuple A =
((C, ”0, ”1, p0), (Q, ⁄, �, ÷), �) where,

• The tuple (C, ”0, ”1, p0) is called the counter structure and (Q, ⁄, �, ÷)
the finite state machine,

• C is a non-empty finite set of counter states,

• ”0 : C ◊ � æ C ◊ {0, +1}, ”1 : C ◊ � æ C ◊ {≠1, 0, +1} are counter
transitions,

• p0 œ C is the initial state for the counter structure,

• Q is a non-empty finite set of states of the finite state machine,

• ⁄ œ S
|Q| is the initial distribution where the ith component of ⁄

indicates the initial weight on state qi œ Q,

• � : � ◊ {0, 1} æ S
|Q|◊|Q| gives the transition matrix. For all a œ � and

d œ {0, 1}, the component in the ith row and jth column of �(a, d)
denote the weight on the transition from state qi œ Q to state qj œ Q

on reading the symbol a from counter value n with sign(n) = d,

• ÷ œ S
|Q| is the final distribution, where the ith component of ÷ indi-

cates the output weight on state qi œ Q, and

• � is the input alphabet.

Note that ”0 and ”1 are deterministic transition functions. The function � is
defined from � ◊ {0, 1} æ S

|Q|◊|Q|. For an a œ �, �(a, 0) will give the transition
matrix on reading a from a configuration with counter value zero and �(a, 1) will
give the transition matrix on reading a from a configuration with positive counter
value. The counter structure and the finite state machine run synchronously
on any given word. A configuration c of a weighted RODCA is of the form
(xc, pc, nc) œ S

|Q|
◊ C ◊ N. We use the notation WEIGHTVECTOR(c) to denote

xc, COUNTERSTATE(c) to denote pc, and COUNTERVALUE(c) to denote nc. The
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6. REAL-TIME ONE-DETERMINISTIC COUNTER AUTOMATA

initial configuration is (⁄, p0, 0). A transition is a tuple · = (ÿ, d, a, ce,A, ◊) where
ÿ, ◊ œ C are counter states, d œ {0, 1} denotes the sign of the counter value,
a œ �, ce œ {≠1, 0, 1} is the counter-effect, A œ S

|Q|◊|Q| such that �(a, d) = A,
and ”d(ÿ, a) = (◊, ce). Given a transition · = (ÿ, d, a, ce,A, ◊) and a configuration
c = (x, n, p), we denote the application of · to c as ·(c) = (xA, ◊, n + ce) if p = ÿ

and d = sign(n); ·(c) is undefined otherwise. Note that for a transition · and
configuration (q, n, t) with n Ø 0, if ·((q, n, t)) = (qÕ, nÕ, tÕ), then nÕ

Ø 0.
Consider a sequence of transitions T = ·0 · · · ·¸ where ·i = (ÿi, di, ai, cei,Ai, ◊i)

for all i œ [0, ¸]. We denote by word(T ) = a0 · · · a¸ the word labelling it, we(T ) =
A0 · · ·A¸ its weight-effect matrix, and ce(T ) = ce0 + · · · + ce¸ its counter-effect.
For all 0 Æ i < j Æ ¸, we use Ti···j to denote the sequence of transitions ·i · · · ·j

and |T | to denote its length ¸ + 1. We call T floating if for all i œ [0, ¸], di = 1 and
non-floating otherwise.

A run fi is an alternating sequence of configurations and transitions denoted
as fi = c0·0c1 · · · ·¸≠1c¸ such that for every i, ci+1 = ·i(ci). The word labelling,
length, weight-effect, and counter-effect of the run are those of its underlying
sequence of transitions. Given a sequence of transitions T = ·0 · · · ·¸≠1 and a
configuration c, we denote by T (c) the run (if it is defined) c0·0c1 · · · ·¸≠1c¸ where
c0 = c.

For any word w, there is exactly one run labelled by w starting from a given
configuration c0. We denote this run fi(w, c0). A run fi(w, c0) = c0·0c1 · · · ·¸≠1c¸

is also represented as c0
w
≠æ c¸. We write c0 æ

ú
c¸ if there is some word w such

that c0
w
≠æ c¸. For a weighted RODCA A, the accepting weight of w is denoted by

fA(w, c) = ⁄we(fi(w, c))÷€, where c is the initial configuration of A. Alternatively,
we use fA(w) to denote fA(w, c). Two weighted RODCAs A and B are equivalent
if for all w œ �ú, fA(w, c) = fB(w, d) where c and d are the initial configurations
of A and B respectively. Let c and d be configurations of weighted RODCAs A

and B respectively. We write c©ld if for all w œ �Æl, fA(w, c) = fB(w, d) otherwise
c”©ld. We write c©d if if for all l œ N, c©ld. Otherwise, we write c”©d.

Consider the weighted RODCA C recognising the function prefixAwareDecimal

given in Figure 6.3. Here, ⁄ = [1, 0, 0, 0] and ÷ = [0, 0, 0, 1]. The configura-
tion c0 = ([1, 0, 0, 0], p0, 0) is the initial configuration of this automaton. Let
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w = abaaab. The run of this machine on the word w can be written as:

fi(w, c0) =([1, 0, 0, 0], p0, 0) a
≠æ ([1, 0, 0, 0], p0, 1) b

≠æ ([0, 1, 0, 0], p1, 0) a
≠æ

([0, 0, 1, 0], p2, 0) a
≠æ ([0, 0, 1, 1], p2, 1) a

≠æ ([0, 0, 1, 2], p2, 2) b
≠æ

([0, 0, 1, 6], p2, 1).

The counter-effect of this run is ce(fi(w, c0)) = 1 and the weight-effect matrix is
given by

we(fi(w, c0)) = �(a, 0) �(b, 1) �(a, 0) �(a, 1) �(a, 1) �(b, 1) =

S

WWWWWWU

0 0 1 6
0 0 1 14
0 0 1 46
0 0 0 64

T

XXXXXXV
.

The accepting weight of the word w is fC(w, c0) = ⁄we(fi(w, c0))÷€ = 6.
An uninitialised weighted RODCA D over a semiring S is a tuple

D = ((C, ”0, ”1), (Q, �, ÷), �), where C is a non-empty set of states, ”0 : C ◊ � æ

C ◊ {0, +1}, ”1 : C ◊ � æ C ◊ {≠1, 0, +1} are transition functions, Q is a non-
empty finite set of states, � : � ◊ {0, 1} æ S

|Q|◊|Q| is a function, ÷ œ S
|Q|, and

� is the input alphabet. The set of all configurations D is the set {(xc, pc, nc) |

xc œ F
|Q|, pc œ C, nc œ N}. Given an uninitialised weighted RODCA C and

a configuration c0 = (x, p, 0) of D, we can get a weighted RODCA AÈc0Í =
((C, ”0, ”1, p), (Q, x, �, ÷), �).
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6.4.1 Examples: RODCAs

Example 6.6 (Deterministic/Nondeterministic RODCAs)
The following languages are defined over the alphabet � = {a, b} and are
recognised by an OCA with counter-determinacy.

(a) The language MirrorA = {anban
| n > 0}.

(b) The language MoreA = {w œ (a + b)ú
| number of a’s is greater than or

equal to number of b’s}.

(c) The language LeadBC = {an(b + c)mb(b + c)2
| m, n œ N and m > n}.

The deterministic RODCAs recognising the languages MirrorA and MoreA

and the nondeterministic RODCA recognising the language LeadBC are
given in Figure 6.2.

Example 6.7 (Weighted RODCAs)
The following functions are defined over the alphabet � = {a, b}. The
transition weights of these weighted RODCAs are from the field of rational
numbers Q.

(a) The function prefixAwareDecimal: �ú
æ N is defined as follows:

prefixAwareDecimal(w) =decimal(w2) if w = w1w2, w1 œ {anban
|

n > 0}, and the number of a’s Ø number of b’s for any prefix of
w2, and 0 otherwise. Here, decimal(w2) represents the decimal equiva-
lent of w2 when interpreted as a binary number, where ‘a’ is treated as
a one and ‘b’ as a zero.

(b) The function equalPrefixPower: �ú
æ N is defined as follows: for all

w œ �ú, equalPrefixPower(w) = 2k where k is the number of proper
prefixes of w with equal number of a’s and b’s.

The weighted RODCAs recognising these functions are given in Figure 6.3
and Figure 6.4.
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(a) MirrorA = {anban
| n > 0}.
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({b}, {0, 1}, +1)({a}, {0}, +1)

(b) MoreA = {w œ (a + b)ú
| #a’s Ø

#b’s}.
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q2 q3

q4q5

({a}, {0, 1})

({b, c}, {0})

({b, c}, {1})
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({b, c}, {1}, ≠1)

({a}, {0, 1}, +1)

({b, c}, {0}, 0)

({b, c}, {0, 1}, 0)

(c) LeadBC = {an(b + c)mb(b + c)2
| m, n œ N and m > n}.

Fig. 6.2. The figure gives RODCAs corresponding to examples (a), (b) and
(c) given in Example 6.6. Let A ™ �, R ™ {0, 1} are non-empty sets and
d œ {≠1, 0, +1}. For i, j œ N, if a transition from qi to qj is labelled (A, R) and
(a, r) œ A ◊ R, then there is a transition from qi to qj on reading the symbol
a. The current counter value should be 0 if r = 0 and greater than 0 if r = 1.
Similarly, if a transition from pi to pj is labelled (A, R, d), then for a œ A and
r œ R, there is a transition from pi to pj on reading the symbol a that adds d to
the current counter value. The current counter value should be 0 if r = 0 and
greater than 0 if r = 1.
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6. REAL-TIME ONE-DETERMINISTIC COUNTER AUTOMATA

None of these languages are recognised by a visibly pushdown automata.
The functions prefixAwareDecimal and equalPrefixPower, in Example 6.7,

are recognised by weighted OCA with counter-determinacy. Like weighted finite
automata, weighted RODCAs recognise functions - every word over a finite
alphabet is mapped to a weight. The finite state machine computes the weight
associated with the word. Let A ™ �, R ™ {0, 1} are non-empty sets, d œ

{≠1, 0, +1} and s œ Q. In Figure 6.3 and Figure 6.4, if a transition from pi to
pj of the counter structure is labelled (A, R, d), then for a ™ A and r ™ R, there
is a transition from pi to pj on reading the symbol a with counter action d. The
current counter value should be 0 if r = 0 and greater than 0 if r = 1. Similarly,
if a transition from qi to qj of the finite state machine is labelled (A, R, s) then,
for a œ A and r œ R there is a transition from qi to qj on reading the symbol a

with weight s. In both cases, the current counter value should be 0 if r = 0 and
greater than 0 if r = 1. For the finite state machine, the initial (resp. output)
weight is marked using an inward (resp. outward) arrow. The weight of a path
is the product of transition weights along that path. The accepting weight of a
word is the sum of weights of all the paths from an initial state to an output state
labelled by that word.

The reader might feel that a weighted RODCA is equivalent to a cartesian
product of a DROCA and a weighted automaton. However, one can note that the
functions prefixAwareDecimal and equalPrefixPower in Example 6.7 are not
definable by the cartesian product of DROCA and a weighted automaton. The
reason is that the weighted automaton cannot “see” the counter values, so its
power is restricted.
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Fig. 6.3. A weighted RODCA recognising the function prefixAwareDecimal.
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Fig. 6.4. A weighted RODCA recognising the function equalPrefixPower.
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Given a weighted RODCA A over the alphabet � and a semiring S, we define
its M -unfolding weighted automaton A

M as a finite state weighted automaton
that recognises the same function as A for all runs where the counter value does
not exceed M . A formal definition is given in Definition 6.8. We will later reduce
the equivalence problem of weighted RODCAs to the equivalence problem of
their corresponding M -unfolding weighted automaton, where M is polynomially
bounded by the size of the weighted RODCAs.

Definition 6.8 (M -unfolding weighted automaton)
Let A = ((C, ”0, ”1, p0), (Q, ⁄, �, ÷), �) be a weighted RODCA over the
semiring S. For a given M œ N, we define an M -unfolding weighted
automaton A

M of A as follows, A
M = (QÕ, �, ⁄Õ, �Õ, ÷Õ) where,

• QÕ = Q ◊ C ◊ [0, M ] is the finite set of states.

• ⁄Õ
œ S

|QÕ| is the initial distribution.

⁄Õ[i] =

Y
_]

_[

⁄[i], if i < |Q|

0, otherwise.

• �Õ : � æ S
|Q|Õ◊|QÕ| gives the transition matrix.

For i, j œ |QÕ
| and a œ �,

�Õ(a)[i][j] = �(a, sign(r))[i mod |Q|][j mod |Q|]

where r = i
|Q|◊|C| , if ”sign(r)(p i mod (|Q|◊|C|)

|Q|
, a) = (p j mod (|Q|◊|C|)

|Q|
, d) and

j
|Q|◊|C| = i

|Q|◊|C| + d. Otherwise, �Õ(a)[i][j] is equal to zero.

• ÷Õ
F œ S

|QÕ| is the final distribution.

÷Õ
F [i] = ÷[i mod |Q|]

A deterministic/nondeterministic RODCA A is a weighted RODCA over the
boolean semiring S = ({0, 1}, ‚, ·). The language recognised by A is given by
L(A) = {w | fA(w) = 1}. We say an RODCA A = ((C, ”0, ”1, p0), (Q, ⁄, �, ÷), �)
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is a deterministic RODCA if for every sequence of transitions T = ·0 · · · ·¸≠1,
the vector ⁄we(T ) contains exactly one 1. We call A a nondeterministic RODCA
otherwise. All the above-mentioned notions apply for both deterministic RODCAs
and nondeterministic RODCAs.

We observe the following theorem.

Theorem 6.9
1. Given a weighted OCA with counter-determinacy A, a weighted

RODCA A
Õ such that for all w œ �ú fA(w) = fAÕ(w) can be constructed

in polynomial time with respect to |A|.

2. Given a weighted RODCA A
Õ, a weighted OCA with counter-

determinacy A such that for all w œ �ú fAÕ(w) = fA(w) can be
constructed in polynomial time with respect to |A

Õ
|.

Proof. First, we prove Point 1 of the Lemma. Let A = (Q, ⁄, ”0, ”1, ÷) be a
weighted OCA with counter-determinacy. For this purpose, we define a func-
tion color : [1, |Q|] æ [1, |Q|] as follows: color(i) = min{j | ’w œ �ú, n œ

N, counter-effect of w from (qi, n) and (qj, n) are equal}.
Given a weighted OCA with counter-determinacy with an initial configuration

(⁄, 0), we can find this coloring function in polynomial time. First, we look at the
smallest i œ [1, |Q|] such that ⁄[i] ”= 0. For all j œ [0, |Q|], where ⁄[j] ”= 0, we write
color(j) = i. We initialise an integer depth = 1 and look at the configurations
reachable from (⁄, 0) by reading words of length depth. Let (x, c) for some c œ N
be such a configuration. If there exists a j œ [1, |Q|] with x[j] ”= 0 and color(j) = i

for some i œ [1, |Q|], then for all k œ [0, |Q|], where x[k] ”= 0, we write color(k) = i.
If for all j œ [1, |Q|] with x[j] ”= 0, color(j) is not defined, then we look at the
smallest i œ [1, |Q|] such that x[i] ”= 0. For all j œ [0, |Q|], where x[j] ”= 0, we write
color(j) = i. We increment depth by one and repeat this process until color(i) is
defined for all i œ [1, |Q|]. This terminates after polynomial steps as all reachable
states from the initial configuration can be reached by reading a polynomial
length word.

Let (x, n) be a configuration reachable from the initial configuration of a
weighted OCAA with counter-determinacy.
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Claim 1. If x[i] ”= 0 and x[j] ”= 0, then color(i) = color(j).

Proof. This follows from the notion of counter-determinacy. If x[i] ”= 0 and
x[j] ”= 0 and color(i) ”= color(j), there there exists a w œ �ú such that (qi, n) Òæw|s1

(p1, n1) and (qj, n) Òæw|s2 (p2, n2) for some p1, p2 œ Q, s1, s2 œ S and n1, n2 œ

N such that n1 ”= n2. This contradicts the fact that the machine is counter-
deterministic. Claim:1

Therefore, for all w œ �ú, if (qi, n) Òæw|s1 (p1, n1) and (qj, n) Òæw|s2 (p2, n1) for
some q, p1, p2 œ Q, n, n1 œ N and s1, s2 œ S, then color(p1) = color(p2). The colors
are analogous to the counter states in the syntactic definition. The transition from
one color to another depends solely on the current input symbol and whether
the current counter value is zero or non-zero. Hence, in a weighted RODCA,
the counter transitions are determined by a deterministic one-counter automata
where the states represent these colors and transitions represent the transition
from one color to another. Now, we formally define the equivalent weighted
RODCA ((C, ”Õ

0, ”Õ
1, p0), (Q, ⁄, �, ÷), �) as follows:

• C = {j | color(i) = j, i œ [1, |Q|]} is the set of counter states.

• ”Õ
0 : C ◊ � ◊ {0} æ C ◊ {0, +1} and ”Õ

1 : C ◊ � ◊ {1} æ C ◊ {≠1, 0, +1}

are the deterministic counter transitions. For all q œ |Q|, a œ � we define
”Õ

1(q, a) and ”Õ
0(q, a) as:

”Õ
1(q, a) = (p, d) if (q, 1) a|s

Ò≠æ (p, 1 + d) and ”Õ
0(q, a) = (p, d) if (q, 0) a|s

Ò≠æ (p, d)

for some p œ Q, s œ S, and d œ {≠1, 0, +1}.

• Let i œ [1, |Q|] such that ⁄[i] ”= 0. p0 = j, is the start state for counter
transition, where j = color(i).

• � : � ◊ {0, 1} æ S
|Q|◊|Q| gives the transition matrix for all a œ � and

d œ {0, 1}. For i, j œ [1, |Q|], �(a, d)[i][j] = s, if ”d(qi, a, qj, e) = s for
qi, qj œ Q, s œ S and e œ {≠1, 0, +1}.

Hence, we can construct an equivalent weighted RODCA from a given weighted
OCA with counter-determinacy in polynomial time. Proving Point 2 is straightfor-
ward.
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6.5 Deterministic and Nondeterministic RODCAs

In this section, we consider deterministic RODCAs and nondeterministic RODCAs.
These are weighted RODCAs over the boolean semiring. On top of equivalence
and learning, we consider the following problems of deterministic/nondeterministic
RODCAs.

• Regularity: given an RODCA A, check whether the language recognised by
A is regular.

• Covering: given two uninitialised RODCAs A and B, we say A covers B if
for all initial configurations c0 of A there exists an initial configuration d0

of B such that AÈc0Í and BÈd0Í are equivalent.

• Coverable equivalence: two RODCAs A and B are said to be coverable
equivalent if A covers B and B covers A.

• Reachability: given an RODCA A, a state q of the finite state machine and a
counter state p and a counter value n, the reachability problem asks whether
there exists a word that takes you from the initial configuration of A to a
configuration (q, p, n).

• Coverability: given an RODCA A, a state q of the finite state machine and a
counter state p, the coverability problem asks whether there exists a word
that takes you from the initial configuration of A to a configuration (q, p, n)
for some n œ N.

By definition, deterministic RODCAs have at most one unique path for any
fixed word. Therefore, they are deterministic real-time OCAs with counter-
determinacy. It is also easy to observe that DROCAs are deterministic RODCAs.
It follows that deterministic RODCAs and DROCAs are expressively equivalent.
Hence, we get the following theorem.

Proposition 6.10
There is a polynomial time translation between deterministic RODCAs and
DROCAs.

151



6. REAL-TIME ONE-DETERMINISTIC COUNTER AUTOMATA

The equivalence and regularity of DROCAs was shown to be in P by Böhm and
Göller (2011). From Section 3.1, we know that the reachability and coverability
of DROCAs is in P. Given two uninitialised RODCAs A and B, to check whether
A covers B, it suffices to iteratively make every state of A as the initial state and
check whether there exists an initial state B to which it is equivalent. Since the
equivalence of DROCAs is in P, this check can be done in polynomial time with
respect to the number of states of the DROCAs. Therefore, Proposition 6.10
immediately gives us the following results for deterministic RODCAs.

Theorem 6.11
Equivalence, regularity, reachability, coverability, covering and coverable
equivalence of deterministic RODCAs are in P.

From Chapter 4, we also get the following theorem.

Theorem 6.12
Deterministic RODCAs can be learned using polynomial queries using a
SAT solver.

We observe that the relationship between deterministic RODCAs and nonde-
terministic RODCAs is similar to that between deterministic and nondeterministic
finite automata. Similar to nondeterministic finite automata, nondeterministic
RODCAs can be determinised by a subset construction of the states of the finite
state machine. However, this results in an exponential blow-up. In Example 6.6,
the deterministic RODCA that recognises the language L3 has to check whether
every b encountered after reading the word an(b + c)n+1 is at the kth position
from the end. This will require at least O(2k) states. On the other hand, there
is a nondeterministic RODCA with O(k) states recognising the same language.
Like finite automata, nondeterministic RODCAs are “succinct” than deterministic
RODCAs.

For every language recognised by a nondeterministic RODCA, there is a
deterministic RODCA of at most exponential size that recognises it. The idea is a
simple subset construction (see Theorem 6.13).
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Theorem 6.13 (Determinisation of nondeterministic RODCA)
Given a nondeterministic RODCA, a polynomial space machine can output
an equivalent deterministic RODCA of exponential size.

Proof. Let A = ((C, ”0, ”1, p0), (Q, ⁄, �, ÷), �) be a nondeterministic RODCA.
Given a vector x œ S

k for some k œ N, we define the function IsDet: S
k

æ

{true, false} as follows:

IsDet(x) =

Y
_]

_[

true, if ÷i < k s.t x[i] = 1 and ’j ”= i, x[i] = 0
false, otherwise.

Given a transition matrix A corresponding to the states Q, we define its de-
terminisation det(A) as follows. There are rows and columns corresponding
to each set in 2Q. For any qi œ Q, let M(qi,A) = {qj | A[i][j] = 1} be
the set of all states in the row of qi whose entries are 1. With the notation
that det(A)[s][sÕ] corresponds to the entry of the cell corresponding to the sets
s, sÕ

œ 2Q, we let det(A)[s][sÕ] = 1 if and only if sÕ = t
qœs M(qi,A). We

claim that Adet = ((C, ”0, ”1, p0), (Q, ⁄, �Õ, ÷Õ), �), with ÷Õ such that for any
S œ 2Q,÷Õ[S] = x

sœS ÷[s] and for all a œ � and d œ {0, 1}, �Õ(a, d) = det(�(a, d))
is such that it is deterministic and L(A) = L(Adet).

For this, for any sequence of operations T = ·0 · · · ·¸≠1, let vT , vÕ
T be the vectors

corresponding to ⁄we(T ) in A and Adet respectively. Then we have IsDet(vÕ
T ) = 1

and for any S œ 2Q, vÕ
T [S] = 1 if and only if for all qi œ S, vT [i] = 1.

The idea in proving the above theorem is a simple subset construction. The
above result and the fact that equivalence of deterministic RODCAs is in NL gives
us the upper bound in the following theorem. The lower bound follows from the
equivalence of NFAs (Stockmeyer and Meyer, 1973).

Theorem 6.14
The equivalence problem for nondeterministic RODCAs is PSPACE-
complete.
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The equivalence of nondeterministic OCA is undecidable (Ibarra, 1979). Our
theorem shows that undecidability is due to nondeterminism in the component
that modifies the counter.

We also get the following results as a corollary of Theorem 6.11 and Theo-
rem 6.13.

Theorem 6.15
Regularity, covering, coverable equivalence and learning of nondeterminis-
tic RODCAs are in PSPACE.

The complexity of the reachability and coverability problems remains the same
as that of deterministic RODCAs.

Theorem 6.16
Reachability and coverability of nondeterministic RODCAs are in P.

Unlike deterministic RODCAs and nondeterministic RODCAs, the results on
weighted RODCAs over fields are not very straightforward. The next chapter is
dedicated to proving our results on weighted RODCAs over fields.

6.6 Conclusion

In this chapter, we introduced a new model called one-deterministic-counter
automata. The model “separates” the machine into two components, (1) counter
structure – that can modify the counter, and (2) finite state machine – that can
access the counter. This separation of the “writing” and “reading” parts gives some
natural advantages to the model. These are one-counter automata where the
operations are counter-deterministic. We considered weighted RODCAs over the
boolean semiring and showed that they are equivalent to DROCAs. We showed
that the equivalence of nondeterministic RODCAs is in PSPACE, in contrast to
that of nondeterministic OCA, which is undecidable.
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CHAPTER 7
Equivalence of Weighted RODCAs

Over Fields

In this chapter, we look at weighted RODCAs over fields. We present a novel
problem called the co-VS (complement to a vector space) reachability problem
for weighted RODCAs over fields, which seeks to determine if there exists a
run from a given configuration of a weighted RODCA to another configuration
whose weight vector lies outside a given vector space. We establish two significant
properties of witnesses for co-VS reachability: they satisfy a pseudo-pumping
lemma, and the length lexicographically minimal witness has a special form. It
follows that the co-VS reachability problem is in P (resp. NP), when the input
counter values are specified in unary (resp. binary).

These reachability problems help us to show that the equivalence problem
of weighted RODCAs over fields is in P by adapting the equivalence proof of
DROCAs by Böhm and Göller (2011). This is a step towards resolving the open
question of the equivalence problem of weighted OCAs over fields. Next, we
demonstrate that the regularity problem, the problem of checking whether an
input weighted RODCA over a field is equivalent to some weighted automaton, is
in P. Finally, we look at the covering problem, the problem of checking whether
one uninitialised weighted RODCA covers another. Specifically, an uninitialised
weighted RODCA A is said to cover another uninitialised weighted RODCA B if,
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for every initial configuration of B, there exists an initial configuration of A that
makes them equivalent.
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7.1 Introduction

7.1.1 Motivation

Probabilistic pushdown automaton (PPDA) has been studied for the analysis of
stochastic programs with recursion (Kucera et al., 2006; Olmedo et al., 2016).
They are equivalent to recursive Markov chains (Brázdil et al., 2005; Kucera,
2005). PPDAs are also a generalisation of stochastic context-free grammars (Abney
et al., 1999) used in natural language processing and many variants of one-
dimensional random walks (Brázdil et al., 2013).
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The decidability of equivalence of probabilistic pushdown automata is a long-
standing open problem (Forejt et al., 2014). The problem is inter-reducible to
multiplicity equivalence of context-free grammars. In fact, the decidability is only
known for some special subclasses of PPDAs. It is known that the equivalence
problem for PPDAs is in PSPACE if the alphabet contains only one letter and is
at least as hard as polynomial identity testing (Forejt et al., 2014). There is a
randomised polynomial time algorithm that determines the non-equivalence of
two visibly PPDAs over the pushdown alphabet triple (�call, �ret, �int) where both
machines perform push, pop, and no-action on the stack over the symbols in
�call, �ret, and �int respectively (Kiefer et al., 2013). There is a polynomial-time
reduction from polynomial identity testing to this problem. Hence, it is highly
unlikely that the problem is in P.

Since the equivalence problem for PPDAs is unknown, the natural question to
ask is the equivalence problem for probabilistic one-counter automata. However,
this problem is also unresolved. In this paper, we identify a subclass of proba-
bilistic OCAs (probabilistic RODCAs are also a superclass of visibly probabilistic
OCAs) for which the equivalence problem is decidable. In particular, we show
that the problem is in P. Note that our results are slightly more general since we
consider weighted RODCAs where weights are from a field.

7.1.2 Our Contributions on Weighted RODCAs (Weights from
a Field)

The chapter’s primary focus is on the equivalence problem for weighted RODCAs
where the weights are from a field (possibly infinite).

We first introduce a novel reachability problem on weighted RODCAs, called
the complement to a vector space (co-VS) reachability problem. The co-VS reacha-
bility problem (see Section 7.2) takes a weighted RODCA, an initial configuration,
a vector space, a final counter state, and a final counter value as input. It asks,
starting from the initial configuration, whether it is possible to reach a configura-
tion with the final counter state, final counter value, and weight distribution over
the states that is not in the given vector space. We consider the cases where the
input counter values are specified in unary and binary.
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Let us call a word a witness if the run of the word ‘reaches’ a configuration
desired by the reachability problem. We identify two interesting properties of
witnesses.

1. pseudo-pumping lemma (Lemma 7.5): If the run of a witness encounters a
‘large’ counter value, then it can be pumped down (resp. pumped-up) to
get a run where the maximum counter value encountered is smaller (resp.
larger). However, the lemma is distinct from a traditional pumping lemma,
where the same subword can be pumped down (or pumped up) multiple
times while maintaining reachability. In the case of weighted RODCAs,
we only claim that a subword can be pumped once while maintaining
reachability. However, repeatedly pumping the same subword might not
give a reachability witness. It follows from the pseudo-pumping lemma that
the co-VS reachability problem is in P (Theorem 7.11).

2. special-word lemma (Lemma 7.13): The length lexicographically smallest
witness is of the form uyr1

1 vyr2
2 w where u, v, w, y1 and y2 are ‘small’ words

and r1, r2 œ N. The length of the word uy1vy2w is bounded by a polynomial
in the number of states of the weighted RODCA, whereas r1 and r2 also
depend on the counter values of the initial and final configurations.

Comparing the above properties with that of deterministic one-counter au-
tomata will be interesting. In a DROCA, the reachability problem is equivalent to
asking whether there is a path to a final state (rather than a weight distribution
over states) and a counter value from an initial state and counter value. Let
z be an arbitrary ‘long’ witness. Consider the run on z of the DROCA. By the
pigeonhole principle (see Valiant and Paterson (1975)), there will be words
u, y1, v, y2, and w such that z = uy1vy2w, and y1 (and similarly y2) starts and ends
in the same state and the effect of y1 on the counter is minus of the effect of y2

on the counter. In short, y1 and y2 form loops with inverse counter-effects and
can be pumped simultaneously. Therefore, for all r œ N, the word uyr

1vyr
2w is a

witness. One can view this as a pumping lemma for DROCAs (see Ogden’s lemma
for pushdown automata (Ogden, 1968)). Such a property does not hold in the
case of weighted RODCAs.
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The proofs of Lemma 7.5 and Lemma 7.13 use linear algebra and combina-
torics on words and are distinct from those employed for DROCAs. We also
introduce a similar problem called co-VS coverability (see Section 7.2). The two
properties of the witness and co-VS coverability are crucial along with the ideas
developed by Böhm and Göller (2011); Böhm et al. (2010, 2014) and Valiant
and Paterson (1975) in solving the equivalence problem. The complete proof is
provided in Section 7.3.

Theorem 7.1
There is a polynomial time algorithm that decides if two weighted RODCAs
(weights from a field) are equivalent and outputs a word that distinguishes
them otherwise.

Finally, we consider the regularity problem - the problem of deciding whether
a weighted RODCA is equivalent to some weighted automaton. We show that
the regularity problem of weighted RODCAs (weights from a field) is in P. The
proof technique is adapted from the ideas developed by Böhm et al. (2014) in
the context of DROCAs. The crucial idea in proving regularity is to check for the
existence of infinitely many equivalence classes. The pseudo-pumping lemma
(particularly pumping-up) is used in proving this. A detailed proof can be found
in Section 7.4.

7.1.3 Related Work

Extensive studies have been conducted on weighted automata with weights from
semirings. Tzeng (1992) (also see Schützenberger (1961)) gave a polynomial
time algorithm to decide the equivalence of two probabilistic automata. The
result has been extended to weighted automata with weights over a field. On
the other hand, the problem is undecidable if the weights are over the semiring
(N, min, +) (Krob, 1994). Unlike the extensive literature on weighted automata,
the study on weighted versions of pushdown or one-counter machines is lim-
ited (Forejt et al., 2012; Hromkovic and Schnitger, 2010; Kucera et al., 2006).

Moving on to the non-weighted models, the equivalence problem for nonde-
terministic pushdown automata is known to be undecidable. On the other hand,
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from the seminal result by Sénizergues (1997), we know that the equivalence
problem for deterministic pushdown automata is decidable. It was later proved to
be primitive recursive (Stirling, 2002). The language equivalence of synchronised
real-time height-deterministic pushdown automata is in EXPTIME (Nowotka and
Srba, 2007). The equivalence problem for deterministic one-counter automata
(with and without Á transitions), similar to that of deterministic finite automata,
is NL-complete (Böhm et al., 2013).

7.2 Reachability Problems

In this section, we introduce the co-VS reachability and co-VS coverability prob-
lems for weighted RODCAs over a field F . We fix a weighted RODCA A =
((C, ”0, ”1, p0), (Q, ⁄, �, ÷), �). We use V ™ F

|Q| to denote a vector space and V

its complement. Let S ™ C be a subset of the set of counter states, X ™ N a set of
counter values, and w œ �ú. The notation c

w
≠æ V ◊ S ◊ X denotes the run c

w
≠æ d

where d œ V ◊ S ◊ X if it exists. We use c
ú
≠æ V ◊ S ◊ X to denote that there

exists a word u œ �ú such that c
u
≠æ V ◊ S ◊ X.

CO-VS REACHABILITY PROBLEM

INPUT: a weighted RODCA A, an initial configuration c, a vector space
V, a set of counter states S, and a counter value m.
OUTPUT: Yes, if there exists a run c

ú
≠æ V ◊ S ◊ {m} in A. No, otherwise.

CO-VS COVERABILITY PROBLEM

INPUT: a weighted RODCA A, an initial configuration c, a vector space
V, and a set of counter states S.
OUTPUT: Yes, if there exists a run c

ú
≠æ V ◊ S ◊ N in A. No, otherwise.

Unlike the co-VS reachability problem, the final configuration’s counter value
is not considered part of the input for co-VS coverability problem. The number
of possible vectors in the given vector space can be infinite, and therefore, it is
impossible to list them all. However, for V ™ F

|Q|, there is a basis set with |Q|

vectors in it, and all vectors in V ™ F
|Q| can be written as a linear combination

of these basis vectors. Also, any linear combination of the basis vectors is in
V ™ F

|Q|. We assume that the vector space V ™ F
|Q| is provided by giving a
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basis. We call z œ �ú a reachability witness of (c, V , S, X) if c
z
≠æ V ◊ S ◊ X.

Furthermore, z is called a minimal reachability witness for (c, V , S, X) if for all
u œ �ú with c

u
≠æ V ◊ S ◊ X, |u| Ø |z|.

First, we look at the particular case of co-VS reachability problem for weighted
automata. Given a weighted automaton D = (Q, �, ⁄, ”, ÷) over a field F , with k

states, and a vector space U ™ F
k, the co-VS reachability problem asks whether

there exists a word w such that ⁄”(w) œ U . The minimal reachability witness is
the minimal word w such that ⁄”(w) œ U .

The idea of equivalence checking of weighted automata goes back to the
seminal paper by Schützenberger (1961). Tzeng (1992) provided a polynomial
time algorithm for the equivalence of two probabilistic automata. The same
algorithm can be modified to solve the co-VS reachability problem of weighted
automata. However, we give the algorithm for the sake of completeness.

Algorithm 5: co-VS reachability of weighted automata.
input :A weighted automaton D = (Q, �, ⁄, ”, ÷) and a vector space

U ™ F
k.

output :Yes and a word w œ �Æ|D| , if there exists w œ �ú such that
⁄”(w) œ U . No, otherwise.

Initialize B = {⁄}, i = 0, queue = [(Á, ⁄)].
repeat

(w, x) = queue.dequeue().
if (x œ U) then

return yes and w.
end
foreach a œ � do

if (x”(a) not in span of B) then
B = B fi {x.”(a)}.
queue.enqueue((wa, x.”(a))).

end
end

until queue not empty;
return no.
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Theorem 7.2
There is a polynomial time algorithm that decides the co-VS reachability
problem for weighted automata and outputs a minimal reachability witness
if it exists.

Proof. Let D = (Q, �, ⁄, ”, ÷) a weighted automaton over a field F and w be a
word such that ⁄”(w) œ U . Consider Algorithm 5. From Lemma 2.2 Point 1, we
get that there can be at most |D| elements in the set B. Therefore, at most |D|

entries are added to queue during the execution of the algorithm. Hence, the
algorithm terminates in polynomial time with respect to |D|.

Now, we show the correctness of Algorithm 5. If the algorithm returned no,
then for all x œ B, x œ V and all a œ �, x.”(a) is in the span of B. Assume for
contradiction that there exists w œ �ú such that ⁄”(w) œ U . We can represent
⁄”(w) as a linear combination of elements in B. However, we know that for all
x œ B, x œ U . Therefore, their linear combinations must also be in U . Since
⁄”(w) is a linear combination of elements in B, we get that ⁄”(w) œ U , which
is a contradiction. Therefore, if the algorithm returns no, then for all w œ �ú,
⁄”(w) œ U . If the algorithm returns yes and a word w œ �ú then ⁄”(w) œ U .
Since at most |D| entries are added to queue during Algorithm 5, we get that
|w| Æ |D|.

In the upcoming subsection, we give some interesting properties of minimal
witnesses. In Section 7.2.2, we provide a pseudo-pumping lemma which helps us
show that co-VS reachability and co-VS coverability are in P if the counter values
are given in unary notation. Finally, in Section 7.2.3.1, we demonstrate that the
length lexicographically minimal reachability witness has a canonical form. In
the following subsections, V denotes a vector space, c a configuration, S a subset
of counter states, and X ™ N. We also denote by K = |Q| · |C|, where C is the set
of counter states, and Q is the set of states of the finite state machine.

7.2.1 Minimal Witness and Its Properties

The following observation helps in breaking down the reachability problem into
sub-problems. If z œ �ú is a minimal reachability witness for (c, V , S, X), then for

162



7.2. Reachability Problems

every z1, z2 such that z = z1z2, there is a vector space U such that z1 is a minimal
reachability witness for (c, U , {p}, {n}) where p is the counter state and n is the
counter value reached after reading z1 from c.

Proposition 7.3
Let A be a weighted RODCA. Consider arbitrary z, z1, z2 œ �ú such that
z = z1z2. Let d = (xd, pd, nd) and e = (xe, pe, ne) be configurations of A

such that c
z1
≠æ d

z2
≠æ e in A and A œ F

|Q|◊|Q| be such that xdA = xe. If z is
a minimal reachability witness for (c, V , S, X) in A, then z1 is a minimal
reachability witness for (c, U , {pd}, {nd}) in A, where U = {y œ F

|Q|
| yA œ

V}.

Proof. Let z œ �ú be a minimal reachability witness for (c, V , S, X) in a weighted
RODCA A, d = (xd, pd, nd) and e = (xe, pe, ne) be configurations of A such that
c

z1
≠æ d

z2
≠æ e where z1, z2 œ �ú with z = z1z2 and A œ F

|Q|◊|Q| be such that xdA =
xe. Let U = {y œ F

|Q|
| yA œ V}. Assume for contradiction that there exists

zÕ
1 œ �ú smaller than z1 and c

zÕ
1

≠æ f for some configuration f œ U ◊ {pd} ◊ {nd} of
A. Note that for all y œ U , the vector yA œ V. Since the configurations f and d

have the same counter state and counter value, c
zÕ

1
≠æ f

z2
≠æ V ◊ {pe} ◊ {ne} is a

run in A and the word zÕ
1z2 contradicts the minimality of z.

We aim to show that the length of a minimal witness for (c, V , S, X) is poly-
nomially bounded. The following lemma shows that if the counter values are
polynomially bounded during the run of a minimal witness, then its length is also
polynomially bounded.

Lemma 7.4
Let A be a weighted RODCA and z œ �ú be a minimal reachability witness
for (c, V , S, X) in A. If the number of distinct counter values encountered
during the run c

z
≠æ V ◊ S ◊ X in A is t, then |z| Æ t · K.

Proof. Let c = c1 and T (c1) = c1·1c2 · · · ·h≠1ch be the run on word z from c1

and T the corresponding sequence of transitions of the weighted RODCA A. Let
t be the number of distinct counter values encountered during this run. Now
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assume for contradiction that h > |Q| · |C| · t, then by the pigeonhole principle,
there are |Q| + 1 many configurations ci0 , ci1 , . . . , ci|Q| with the same counter
state and counter value during this run. Given a configuration c, let xc denote
WEIGHTVECTOR(c). Let Aj denote the matrix such that xcij

Aj = xch
for all

j œ [0, |Q|]. Using linear algebra, we get that there exists r Æ |Q|, and t œ [0, r ≠1]
such that xcit

Ar œ V. Consider the sequence of transitions T Õ = ·1···it·r···¸≠1 and
v = word(T Õ). The run fi(v, c1) = T Õ(c1) is a run in A since configurations ct and
cr have the same counter state and counter value. This is a shorter run than
fi(z, c1) and c1

v
≠æ V ◊ S ◊ X in A. This contradicts the minimality of z.

It now suffices to show that the counter values encountered during the run of
a minimal reachability witness are polynomially bounded.

7.2.2 Pseudo-Pumping Lemma

The pseudo-pumping lemma is a valuable tool in our analysis, allowing us to
pump up or down a sufficiently long word while maintaining the reachability
conditions.

Lemma 7.5 (Pseudo-pumping lemma)
Let c be a configuration of a weighted RODCA A, m, R œ N, be such that
COUNTERVALUE(c) = m and z œ �ú be such that c

z
≠æ V ◊ S ◊ {m} is a

floating run in A, and the maximum counter value encountered during
this run is m + R. If R > K2, then there exists zsub, zsup œ �ú such that the
following hold:

1. there exist x, y, u, v, w œ �ú such that z = xyuvw, zsub = xuw, c
zsub
≠≠æ

V ◊S ◊{m} is a floating run in A, and the counter values encountered
during this run are less than m + R, and

2. there exist x, y, u, v, w œ �ú such that z = xyuvw, zsup = xy2uv2w,
c

zsup
≠≠æ V ◊ S ◊ {m} is a floating run in A, and the maximum counter

value encountered in this run exceeds m + R.
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Fig. 7.1. The figure shows the floating run from a configuration c with
COUNTERVALUE(c) = m to a configuration e = (x, p, m) such that x œ U .
configurations gik

and gh (resp. g
Õ
ik

and g
Õ
h) are where the counter values

m + ik and m + h are encountered for the last (resp. first) time before (resp.
after) reaching m + R. Also, COUNTERSTATE(gik

) = COUNTERSTATE(gh) and
COUNTERSTATE(gÕ

h) = COUNTERSTATE(gÕ
ik

). The dashed line denotes the part of
the run that can be removed to get a shorter witness for (c, U , {p}, {n}).

Proof. Let z œ �ú be a witness for (c, V , S, {m}) in the weighted RODCA A

and e œ V ◊ S ◊ {m} be such that c
z
≠æ e is a floating run in A, and the

maximum counter value encountered in this run be m + R where R > K2. Let
COUNTERVALUE(c) = m. There exist z1, z2 œ �ú and configuration f of A such that
z = z1z2 and c

z1
≠æ f

z2
≠æ e, where COUNTERVALUE(f) = m + R (see Figure 7.1).

Let c1 = c and fi = c1·1c2 · · · ·¸≠1c¸ denote the run on word z from the config-
uration c1 and T = ·1·2 · · · ·¸≠1 the sequence of transitions of fi. For any i œ [0, R],
we denote by li and di the indices such that a configuration with counter value
m + i is encountered for the last (resp. first) time before (resp. after) reaching
counter value m + R in fi. That is, COUNTERVALUE(cli) = COUNTERVALUE(cdi) =
m + i, and for any j where li < j < di, COUNTERVALUE(cj) > m + i. To simplify
the notation, we denote by gi = cli and g

Õ
i = cdi.

Consider the pairs of configurations (g1, g
Õ
1), (g2, g

Õ
2), . . . , (gR, g

Õ
R). Since R >

(|Q| · |C|)2, by the pigeonhole principle, there exist two counter states p, q,
and a set of indices I ™ [0, R] where |I| = |Q|

2 + 1 such that for all h œ I,
COUNTERSTATE(gh) = p and COUNTERSTATE(gÕ

h) = q. For all j œ I, let uj, vj, wj œ
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�ú be such that c1
uj
≠æ gj

vj
≠æ g

Õ
j

wj
≠æ e. We use the following shorthand for any

configuration g: xg = WEIGHTVECTOR(g). For all j œ I, let matrix Aj and Bj be
such that xgÕ

j
= xgj

Aj and xe = xgÕ
j
Bj. Since xe œ V, for all j œ I, xgj

AjBj œ V.
Let r = |Q|

2 + 1, and i1 < i2 < · · · < ir be the indices in I. We prove Point 1 and
Point 2 of the Lemma separately.
1. Consider the sequence of matrices Air ,Air≠1 , . . . ,Ai1. From Lemma 2.3 Point
1, we get that there exists k œ [1, r] such that Aik

is a linear combination of
Air , . . . ,Aik+1. Now, from Lemma 2.3 Point 2, there exists h œ {ir, . . . , ik+1} such
that xgik

AhBik
œ V.

Let zsub = uik
vhwik

. It is easy to observe that zsub is a subword of z, as men-
tioned in the lemma. To conclude the proof, it now suffices to show that zsub is
a witness for (c, V , S, {m}) and the counter values encountered during the run
c

zsub
≠≠æ h are less than m + R. Consider the floating run gh

vh
≠æ g

Õ
h. From the

choice of gh and g
Õ
h we know that COUNTERVALUE(gh) = COUNTERVALUE(gÕ

h) =
m + h and for all j where lh < j < dh, COUNTERVALUE(cj) > m + h. Since
COUNTERSTATE(gh) = COUNTERSTATE(gik

), fi(vh, gik
) is also a floating run gik

vh
≠æ

d such that COUNTERSTATE(gÕ
h) = COUNTERSTATE(d), COUNTERVALUE(gik

) =
COUNTERVALUE(d) = m + ik < m + h, and the minimum and maximum counter
values encountered in the run is m + ik and m + R ≠ (h ≠ ik) respectively
(see Figure 7.1). Furthermore, xd = xgik

Ah. Since COUNTERSTATE(gÕ
ik

) =
COUNTERSTATE(gÕ

h), we get that COUNTERSTATE(gÕ
ik

) = COUNTERSTATE(d). Since
COUNTERVALUE(gÕ

ik
) = COUNTERVALUE(gik

), we have COUNTERVALUE(gÕ
ik

) =
COUNTERVALUE(d). Therefore, fi(wik

, d) is the run d
wik
≠≠æ h where xh = xdBik

and hence xh = xgik
AhBik

œ V. This concludes that zsub is a reachability witness
for (c, V , S, {m}) and satisfies the properties mentioned in the lemma.
2. Consider the sequence of matrices: Ai1 ,Ai2 , . . . ,Air . Note that the ma-
trices are ordered in reverse compared to the ordering in the previous case.
From Lemma 2.3 Point 1, there exists k œ [1, r] such that Aik

is a linear com-
bination of Ai1 , . . . ,Aik≠1. Now from Lemma 2.3 Point 2, there exists an h œ

{i1, . . . , ik≠1} such that xgik
AhBik

œ V. Let zsup = uik
vhwik

. It is easy to ob-
serve that zsup is a superword of z as mentioned in the lemma. To conclude
the proof, it suffices to show that zsup is a witness for (c, V , S, {m}) and the
counter values encountered during the run c

zsup
≠≠æ h is greater than m + R.
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Consider the floating run gh
vh
≠æ g

Õ
h. From the choice of gh and g

Õ
h we know

that COUNTERVALUE(gh) = COUNTERVALUE(gÕ
h) = m + h and for all j where

lh < j < dh, COUNTERVALUE(cj) > m + h.
Since COUNTERSTATE(gh) = COUNTERSTATE(gik

), fi(gik
, vh) is also a floating

run gik

vh
≠æ d such that COUNTERVALUE(gik

) = COUNTERVALUE(d) = m + ik >

m+h, COUNTERSTATE(gÕ
h) = COUNTERSTATE(d), and the minimum and maximum

counter values encountered in the run is m + ik and m + R + (ik ≠ h) respectively.
Furthermore, xd = xgik

Ah. Since COUNTERSTATE(gÕ
ik

) = COUNTERSTATE(gÕ
h),

COUNTERSTATE(gÕ
ik

) = COUNTERSTATE(d). Moreover, since COUNTERVALUE(gÕ
ik

) =
COUNTERVALUE(gik

), we have COUNTERVALUE(gÕ
ik

) = COUNTERVALUE(d). There-
fore fi(d, wik

) is the run d
wik
≠≠æ h where xh = xdBik

and hence xh = xgik
AhBik

œ V .
This concludes that zsup is a reachability witness for (c, V , S, {m}) and satisfies
the properties mentioned in the lemma.

It is important to note that we do not end up in the same configuration while
pumping up/down, but we ensure that we reach a configuration with the same
counter state, counter value, and whose weight vector is in the complement of
the given vector space. A similar lemma can be obtained that gives a bound on
the minimal counter value encountered during the run of a minimal reachability
witness if its run is a floating run.

Lemma 7.6
Let c be a configuration of a weighted RODCA A. Let m, R œ N, be such
that COUNTERVALUE(c) = m and z œ �ú be such that c

z
≠æ V ◊ S ◊ {m} is a

floating run in A, and the minimum counter value encountered during this
run is m ≠ R. If R > K2, then there exists zsub œ �ú and x, y, u, v, w œ �ú

such that z = xyuvw, zsub = xuw, c
zsub
≠≠æ V ◊ S ◊ {m} is a floating run in A,

and the counter values encountered during this run are greater than m ≠ R.

Proof. The proof follows from arguments symmetric to those used in proving
Lemma 7.5, Point 1.

Now, we prove that for any run (it need not necessarily be a floating run) of
a minimal reachability witness z for (c, V , S, {m}), the maximum counter value
encountered during the run c

z
≠æ V ◊ S ◊ {m} is bounded by a polynomial in the
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Fig. 7.2. The figure shows a run from configuration c to d = (xd, pd, nd) such
that xd œ V. configurations e1, e2, e3, e4 are where the counter value zero is
encountered during the run. The dashed lines denote the parts that can be
removed to obtain a shorter witness for (c, V , {pd}, {nd}).

number of states of the machine, and the initial and final counter values. This
can be achieved by iteratively applying Lemma 7.5 on the run of the minimal
reachability witness (refer Figure 7.2) and using Proposition 7.3 and Lemma 7.4.

Corollary 7.7
If z œ �ú is a minimal reachability witness for (c, V , S, {m}), then

1. the maximum counter value encountered during the run c
z
≠æ V ◊ S ◊

{m} is less than max(COUNTERVALUE(c), m) + K2, and

2. |z| Æ K3 + max(COUNTERVALUE(c), m) · K.

Proof. Let z œ �ú be a minimal reachability witness for (c, V , S, {m}), where c is
a configuration with counter value n.
1. Consider the run of word z from c. Let d œ V ◊ S ◊ {m} such that c

z
≠æ d.

Assume for contradiction that the maximum counter value encountered during
the run c

z
≠æ d is greater than max(n, m) + (|Q| · |C|)2. Let e1, e2, · · · , et be all the

configurations in this run such that their counter values are zero. There exists
words u1, u2, · · · , ut+1 œ �ú such that z = u1u2 · · · ut+1 and c

u1
≠æ e1

u2
≠æ e2

u3
≠æ

· · ·
ut
≠æ et

ut+1
≠≠æ d. Note that c

u1
≠æ e1, et

ut+1
≠≠æ d and ei

ui+1
≠≠æ ei+1 for all i œ [1, t ≠ 1]
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are floating runs (refer Figure 7.2).
We show that the counter values are bounded during these floating runs.

First, we consider the floating run c
u1
≠æ e1. Given a configuration c, we use

xc to denote WEIGHTVECTOR(c). Let A œ F
|Q|◊|Q| be such that xd = xe1A. The

set U = {y œ F
|Q|

| yA œ V} is a vector space and hence the vector xe1 œ U .
From Proposition 7.3, we know that u1 is a minimal reachability witness for
(c, U , {pe1}, {0}) and therefore by Lemma 7.5 we know that the maximum counter
value encountered during the run fi(u1, c) is less than n + (|Q| · |C|)2.

Similarly for the floating run et
ut+1
≠≠æ d, the maximum counter value is bounded

by m + (|Q| · |C|)2. Now consider the floating runs ei
ui+1
≠≠æ ei+1 for all i œ

[1, t ≠ 1]. Again, by applying Lemma 7.5, we get that the maximum counter
value encountered during these sub-runs is less than (|Q| · |C|)2. Therefore, the
maximum counter value encountered during the run c

z
≠æ V ◊ S ◊ {m} is less

than max(n, m) + (|Q| · |C|)2.
2. From the previous point, we know that the maximum counter value encoun-
tered during the run c

z
≠æ V ◊ S ◊ {m} is less than max(n, m) + (|Q| · |C|)2.

Therefore, there are at most max(n, m) + (|Q| · |C|)2 many distinct counter val-
ues encountered during this run. Now from Lemma 7.4 we get that |z| Æ

(|Q| · |C|) · (max(n, m) + (|Q| · |C|)2).

The following lemma (depicted in Figure 7.3) helps us show that the length of
a minimal witness for co-VS coverability is polynomially bounded in the number
of states.

Lemma 7.8 (Cut lemma)
Let z œ �ú be a reachability witness for (c, V , S,N), where c is a configura-
tion with COUNTERVALUE(c) = n for some n œ N, and c

z
≠æ V ◊ S ◊ {m} is

a floating run for some m œ N. If m ≠ n > K, then there exists zsub œ �ú

such that zsub is a subword of z, c
zsub
≠≠æ V ◊ S ◊ {mÕ

} is a floating run and
mÕ

≠ n < m ≠ n.

Proof. Let z œ �ú be a reachability witness for (c, V , S,N) and c
z
≠æ V ◊S ◊{m} is

a floating run. Let n be the counter value of configuration c and m > n + |Q| · |C|.

169
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Let c1 = c and fi(z, c1) = c1·1c2 · · · ·¸≠1c¸ be such that configuration c¸ has
counter value m. Consider the sequence of transitions T = ·0·1 · · · ·¸≠1 in fi(z, c1).

Since there are only |C| counter states, by the pigeonhole principle, there
exists a strictly increasing sequence I = 0 < i0 < i1 < · · · < i|Q| Æ ¸ such
that for all j, jÕ

œ I, (1) if COUNTERSTATE(cj) = COUNTERSTATE(cjÕ), and (2) if
j < jÕ, then for all d œ [j + 1, jÕ

≠ 1], COUNTERVALUE(cj) < COUNTERVALUE(cd) <

COUNTERVALUE(cjÕ) and COUNTERVALUE(cj) < COUNTERVALUE(cjÕ). Given a
configuration c, let xc denote WEIGHTVECTOR(c). Consider the set of configu-
rations ci0 , ci1 , . . . , ci|Q|. For any j œ [0, |Q|], let Aj denote the matrix such that
xcij

Aj = xc¸
. Since xcid

Ad œ V for all d œ [0, |Q|], using linear algebra, we get that
there exists l, k œ [0, |Q|] with l < k such that xcil

Ak œ V . Consider a configuration
e = (x, p, n). If fi(u, e) is a floating run with the minimal counter value encoun-
tered during the run fi(u, e) greater than 0, then for all m œ N and y œ F

|Q|,
fi(u, (y, p, m)) is a run. Consider the sequence of transitions T Õ = ·ik···¸≠1 and let
u = word(T Õ). Because of (2), the minimal counter value encountered during the
run fi(u, cik

) is greater than 0. Therefore the run T ÕÕ(c1) where T ÕÕ = ·1···il≠1·ik···¸≠1

is a run shorter than fi(z, c1) with smaller counter-effect.

word length

co
un

te
r

va
lu

e

c1

ci0

ci1

cil

cik

ci|Q|

c¸Ak

Fig. 7.3. The figure shows a run from configuration c1 to c¸ = (xc¸
, pc¸

, nc¸
) such

that xc¸
œ V. The configurations cil

and cik
are where the counter values ncil

and ncik
are encountered for the last time. Also the configurations cil

and cik

have the same counter state. The dashed line is the part that can be removed to
get a shorter reachability witness for (c, V , {pc¸

},N).
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Now, we prove that the co-VS reachability and co-VS coverability problems of
weighted RODCAs are in P when the input counter values are specified in unary
notation, by demonstrating a small model property. We have already established
using Lemma 7.5, Corollary 7.7, and Lemma 7.8 that the maximum and minimum
counter values encountered during the run of the minimal witness do not exceed
some polynomial bound. This, in turn, implies a polynomial bound on the length
of the witness by Lemma 7.4. As a result, we get the following theorem.

Now we show that for any run (need not be floating) of a minimal reachability
witness z for (c, V , S,N), the maximum counter value encountered during the run
c

z
≠æ V ◊ S ◊ N is polynomially bounded in the number of states of the machine

and the initial counter value.

Corollary 7.9
If z œ �ú is a minimal reachability witness for (c, V , S,N), where c is
a configuration with counter value n, then the maximum counter value
encountered during the run c

z
≠æ V ◊ S ◊ N is less than max(n, |Q| · |C|) +

(|Q| · |C|)2.

Proof. Let z œ �ú be a minimal reachability witness for (c, V , S,N), where c is
a configuration with counter value n. Consider the run of word z from c. Let
d œ V ◊ S ◊ N such that c

z
≠æ d. If c

z
≠æ d is a floating run, then by Lemma 7.8 the

maximum counter value encountered during this run will be less than n+ |Q| · |C|.
Now if c

z
≠æ d is not a floating run, then there exists u1, u2 œ �ú such that z = u1u2

and c
u1
≠æ e

u2
≠æ d where, counter value of configuration e is zero and e

u2
≠æ d is a

floating run.
Given a configuration c, let xc denote WEIGHTVECTOR(c). Let A œ F

|Q|◊|Q|

be such that xd = xeA. The set U = {y œ F
|Q|

| yA œ V} is a vector space
and hence the vector xe œ U . Note that for all y œ U , the vector yA œ V.
From Proposition 7.3, we know that u1 is a minimal reachability witness for
(c, U , {pe}, {0}), where pe is the counter state of configuration e, and therefore
by Corollary 7.7, we know that the maximum counter value encountered during
the run fi(u1, c) is less than n + (|Q| · |C|)2. Now since e

u2
≠æ d is a floating run

and u2 is the minimal such word, from Lemma 7.8, we get that the counter
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value of configuration d is less than or equal to |Q| · |C|, and by Lemma 7.5,
we know that the maximum counter value encountered during this run is less
than |Q| · |C| + (|Q| · |C|)2. Therefore, we get that the maximum counter value
encountered during the run c

z
≠æ d is less than max(n, |Q| · |C|) + (|Q| · |C|)2.

Our next objective is to show that the counter values are polynomially bounded
during the run of a minimal witness for coverability. The problem is similar to
co-VS reachability, except that now we are not given a final counter value. A
crucial ingredient in proving this is Lemma 7.8 which will help us in proving
that if the run of a minimal reachability witness z for (c, V , S,N) is a floating
run, then the number of distinct counter values encountered during the run
c

z
≠æ V ◊ S ◊ N is polynomially bounded in the number of states of the machine

and the initial counter value. Using this and the ideas presented earlier for co-VS
reachability, we can prove the existence of a polynomial length witness for the
co-VS coverability problem.

Corollary 7.10
Let c be a configuration with counter value n. If z is a minimal reachability
witness for (c, V , S,N) then |z| Æ (|Q| · |C|) ·(max(n, (|Q| · |C|))+(|Q| · |C|)2).

Proof. Let z œ �ú be a minimal reachability witness for (c, V , S,N). From Corol-
lary 7.9, we know that the maximum counter value encountered during the
run c

z
≠æ V ◊ S ◊ N is less than max(n, (|Q| · |C|)) + (|Q| · |C|)2. Therefore,

there are at most max(n, (|Q| · |C|)) + (|Q| · |C|)2 many distinct counter val-
ues encountered during this run. Now from Lemma 7.4 we get that |z| Æ

(|Q| · |C|) · (max(n, (|Q| · |C|)) + (|Q| · |C|)2).

Now, we prove that the co-VS reachability and co-VS coverability problems
of weighted RODCAs are in P by demonstrating a small model property. We
have already established using Lemma 7.5, Corollary 7.7, and Lemma 7.8 that
the maximum and minimum counter values encountered during the run of the
minimal witness do not exceed some polynomial bound. This, in turn, implies a
polynomial bound on the length of the witness by Lemma 7.4. As a result, we get
the following theorem.
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Theorem 7.11
The co-VS reachability and co-VS coverability problems for weighted
RODCAs can be decided in polynomial time when the counter values
are given in unary notation.

Proof. Assume we are given a weighted RODCA A = ((C, ”0, ”1, p0), (Q, ⁄, �, ÷), �),
initial configuration c = (x, p, n), vector space V, set of counter states S and
counter value m as inputs for the co-VS reachability problem. Let t = max(n, m)+
(|Q| · |C|)2. To solve this reachability problem, we first consider the t-unfolding
weighted automaton A

t = ((C Õ, ”Õ, pÕ
0), (QÕ, ⁄Õ, �Õ, ÷Õ

F ), �) of A. From Corol-
lary 7.7, we know that the maximum counter value encountered during the
run of the minimal reachability witness z for (c, V , S, {m}) is less than t. We
define a vector space U ™ F

|QÕ| as follows: A vector z œ F
|QÕ| is in U if there exists

y œ V such that for all i œ [0, |Q| ≠ 1], z[|Q| · m + i] = y[i] and for all mÕ
”= m and

i œ [0, |Q| ≠ 1], z[|Q| · mÕ + i] = 0.
Given a configuration c = (x, p, n) of a weighted RODCA, we define the vector

zc œ F
|QÕ|.

zc[i] =

Y
_]

_[

x[i mod |Q|], if i
|Q| = n

0, otherwise

Now, consider the configuration c̄ = (zc, (p, n)) of A
t and check whether c̄

ú
≠æ

U ◊ S ◊ {0}. This is a co-VS reachability problem of weighted automata. Using
Theorem 7.2, this can be solved in polynomial time.

Let tÕ = max(n, (|Q| · |C|))+(|Q| · |C|)2. For solving co-VS coverability problem
when a weighted RODCA A with an initial configuration c = (z, p, n), a vector
space V and a set of counter states S are given as inputs, we consider the tÕ-
unfolding weighted automaton A

tÕ = ((C Õ, ”Õ, pÕ
0), (QÕ, ⁄Õ, �Õ, ÷Õ

F ), �) of A. From
Corollary 7.9, we know that the maximum counter value encountered during the
run of a minimal reachability witness z for (c, V , S,N) is less than tÕ. We define a
vector space U ™ F

|QÕ| as follows: A vector x œ F
|QÕ| is in U if there exists y œ V

and m œ N such that for all i œ [0, |Q| ≠ 1], x[|Q| · m + i] = y[i] and for all mÕ
”= m

and i œ [0, |Q| ≠ 1], x[|Q| · mÕ + i] = 0. Given a configuration c = (x, p, n) of a
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weighted RODCA, we define the vector zc œ F
|QÕ|.

zc[i] =

Y
_]

_[

x[i mod |Q|], if i
|Q| = n

0, otherwise

Now, consider the configuration c̄ = (zc, (p, n)) of A
tÕ and check whether c̄

ú
≠æ

U ◊ S ◊ {0}. This is a co-VS reachability problem of a weighted automaton. From
Theorem 7.2, we know that this can be solved in polynomial time.

7.2.3 Binary co-VS Reachability and Coverability

In this section, we consider the case where the counter values to the co-VS
reachability and co-VS coverability are specified in binary notation. Theorem 7.11
can still be applied to get an algorithm whose running time is polynomial in the
input counter values. But, since the counter values are represented in binary,
their values can be exponentially large compared to their size. Therefore, we
only get an exponential time algorithm for reachability from Theorem 7.11. This
section shows that co-VS reachability can be tested in NP even if the counter
values are specified in binary notation. The technically challenging part of the
proof is proved in Lemma 7.12 and Lemma 7.13.

7.2.3.1 Length Lexicographically Minimal Witness

This section will show that the lexicographically minimal witness has a distinct
structure. We assume a total order on the symbols in �. Given two words u, v œ �ú,
we say that u precedes v in the length lexicographical ordering if |u| < |v| or if
|u| = |v| and there exists an i œ [0, |u| ≠ 1] such that u[0, i ≠ 1] = v[0, i ≠ 1]
and u[i] precedes v[i] in the total ordering assumed on �. A word z œ �ú is
called the length lexicographically minimal reachability witness for (c, V , S, {m}),
if c

z
≠æ V ◊ S ◊ {m} and for all u œ �ú

\ {z} with c
u
≠æ V ◊ S ◊ {m}, z precedes u

in the length lexicographical ordering. We show that the length lexicographically
minimal reachability witness z for (c, V , S, {m}) has a canonical form. First, we
prove this for floating runs.
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z[li, ri ≠ 1]
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Fig. 7.4. The figure shows the floating run from a configuration c with
COUNTERVALUE(c) = n to a configuration g = (x, p, m) such that x œ V. The
points ei and fi denote the configurations where the counter values n ≠ i and
n ≠ i + d are encountered for the first (resp. last) time during this run. The
dashed line represents the part of the run due to factor z[li, ri ≠ 1] and has a
counter-effect d.

Lemma 7.12
There exist polynomials p1 : N æ N, and p2 : N2

æ N such that, if z œ �ú

is the length lexicographically minimal witness for (c, V , S, {m}) in the
weighted RODCA A and c

z
≠æ V ◊ S ◊ {m} is a floating run in A, then there

exist u, y, w œ �ú and r œ N such that z = uyrw and the following are true:

1. |uyw| Æ p1(K), and

2. r Æ p2(K, |COUNTERVALUE(c) ≠ m|).

Proof. Let z be the length lexicographically minimal witness for (c, V , S, {m}),
and g œ V ◊ S ◊ {m} such that c

z
≠æ g is a floating run. Let n be such that

COUNTERVALUE(c) = n. We consider the case n > m. The case where m Ø n is
analogous. Let t = n ≠ m and p1(K) = 12K3.

Claim 1. |z| Æ 2K3 + t · K.

Proof. From Point 1 of Lemma 7.5, it follows that the maximum counter value
during the run c

z
≠æ g is less than n + K2. From Lemma 7.6, we get that the
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minimum counter value during the run is greater than m ≠ K2. Hence, there
are at most t + 2K2 distinct counter values during the run. From Lemma 7.4 it
follows that |z| Æ 2K3 + t · K. Claim:1

If t Æ K2, then from Claim 1, we get that |z| Æ 3K3, and the lemma is trivially
true. Let us assume t > K2 and let d = K2

≠ t. Note that d is a negative number.
Let c1 = c and fi(z, c1) = c1·1c2 · · · ·¸≠1c¸ denote the run on word z from c. For
any i œ [0, K2], we denote by li the index such that the counter value n ≠ i

is encountered for the first time, and ri the index such that the counter value
n ≠ i + d is encountered for the last time in fi(z, c1) (see Figure 7.4). i.e., for all
i œ [0, K2], m ≠ ce(T1···li≠1) = n ≠ i and for all j < li ≠ 1, m ≠ ce(T1···j) > n ≠ i.
Similarly, for all i œ [0, K2], m ≠ ce(T1···ri≠1) = n ≠ i and for all j > ri ≠ 1,
m ≠ ce(T1···j) < n ≠ i. Let I = {(li, ri)}iœ[0,K2] be the set of these pairs of indices,
and let W = {z[l, r ≠ 1] | (l, r) œ I} be the set of corresponding factors. Note that
|I| > K2. We argue that these factors z[li, ri ≠ 1] for i œ [0, K2] cannot be pairwise
distinct.

Claim 2. |W | Æ K2.

Proof. Assume for contradiction that |W | > (|Q| · |C|)2. Since the number
of counter states is |C|, by the pigeonhole principle there exists Y ™ I with
|Y | = |Q|

2 + 1 such that for all (l, r), (lÕ, rÕ) œ Y , configurations cl and clÕ have the
same counter state, configurations cr and crÕ have the same counter state, and
z[l, r ≠ 1] ”= z[lÕ, rÕ

≠ 1]. We say (l, r) < (lÕ, rÕ) if z[l, r ≠ 1] precedes z[lÕ, rÕ
≠ 1] in

the length lexicographical order. Therefore, the elements in Y have an ordering
as follows: (l0, r0) < (l1, r1) < · · · < (l|Q|2 , r|Q|2). For any configuration h, let
xh = WEIGHTVECTOR(h). For all i œ [0, |Q|

2], let ui = z[1, li ≠ 1], xi = z[li, ri ≠

1], wi = z[ri, ¸ ≠ 1], configurations ei, fi be such that c
ui
≠æ ei

xi
≠æ fi

wi
≠æ g and

matrices Ai,Mi,Bi be such that xei = xcAi , xfi = xeiMi , xg = xfiBi.
We know that for all k œ [0, |Q|

2], xcAkMkBk œ V. Consider the sequence
of matrices M0,M1, · · · ,M|Q|2. Since there can be at most |Q|

2 independent
matrices, we get that there exists i œ [0, |Q|

2] such that Mi is a linear combination
of M0, . . . ,Mi≠1. Hence, we get that there exists a j where j < i such that
xcAiMjBi œ V. Since xj = z[lj, rj ≠ 1] precedes xi = z[li, ri ≠ 1], the word uixjwi
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precedes z in the length lexicographical ordering. Therefore the run fi(uixjwi, c)
contradicts the length lexicographical minimality of z. Claim:2

Since |W | Æ K2 and |I| > K2, there exists i, j œ [0, K2], with i < j and x œ �ú

such that (li, ri) œ I, (lj, rj) œ I and x = z[li, ri ≠ 1] = z[lj, rj ≠ 1] (see Figure 7.5).
Let u1, w1, u2, w2 œ �ú such that z = u1xw1 = u2xw2. Since u1 ”= u2, either u1 is
a prefix of u2 or u2 a prefix of u1. Without loss of generality, let us assume u1

is a prefix of u2. Therefore, there exists v œ �ú such that u2 = u1v. Let e be a
configuration such that c

u1
≠æ e.

Claim 3. |u1|, |v|, |w1| Æ 3K3.

Proof. Consider the set I. For any i, j œ [0, K2], the difference between the
counter values of configurations cli and clj and the difference between the counter
values of the configurations crj and cri is at most K2 + 1. Therefore the counter-
effect of u2, w2, and v can be at most K2. Since fi(v, e) is a floating run from
Claim 1, we get that |v| Æ 3K3. By similar arguments, the counter-effect of u1

and w1 can be at most K2, and again by Claim 1, we get that their lengths are at
most 3K3. Claim:3

Claim 4. There exist vÕ
œ �ú and r œ [0, K3 +t ·K] such that x = vrvÕ with |vÕ

| Æ |v|.

Proof. Let r œ N be the largest number such that x is of the form vrvÕ for some
vÕ

œ �ú (see Figure 7.5). We know that z = u2xw2 and u2 = u1v. Therefore,
z = u1vxw2 = u1vvrvÕw2 = u1vrvvÕw2. Furthermore, z = u1xw1 = u1vrvÕw1. Now
since u1vrvvÕw2 = u1vrvÕw1, we get that vvÕw2 = vÕw1. Hence, if |vÕ

| Ø |v|, then
v is a prefix of vÕ. This is a contradiction since r was chosen to be the largest
number such that x is of the form vrvÕ.

To show the bound on the value r, we observe the following. We know that
the counter-effect of the run fi(x, e) is d. Therefore from Claim 1, we get that
|x| Æ 2K3 + |d| · K. Hence, r Æ 2K3 + |d| · K. Claim:4

From Claim 4 and Claim 3, we get that |u1vvÕw1| Æ 12K3 and z = u1vrvÕw1 for
some r œ [0, 2K3 + |d| · K)].

We now establish that the length lexicographically minimal witness z (whose
run need not be floating) for a co-VS reachability problem has the form uyr1

1 vyr2
2 w.
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u1 x w1

u2 x w2

z[l0, r0 ≠ 1]l0 r0

z[lK2 , rK2 ≠ 1]lK2
rK2

v v v v v vli
ri

vÕ

lj v v v v v v
rj

vÕ

Fig. 7.5. The figure shows the factorisation of a word z = u1xw1 = u2xw2,
where x = z[li, ri ≠ 1] = z[lj, rj ≠ 1], and u1 ”= u2. The factor v is a prefix of x
such that u2 = u1v. The word z can be written as u1vivÕw2 for some i œ N and
vÕ prefix of v. For k œ [0, K2], lk is the index such that the counter value n ≠ k
is encountered for the first time and rk the index such that the counter value
n ≠ k + d is encountered for the last time during the run c

z
≠æ g.

Here, lengths of the words u, y1, y2, v, and w are polynomially bounded in the
number of states, and r1 and r2 are polynomial values dependent on the number
of states and the input counter values.

Lemma 7.13 (Special-word lemma)
If z œ �ú is the length lexicographically minimal reachability wit-
ness for (c, V , S, {m}) in the weighted RODCA A, then there exists
u, y1, v1, v2, v3, y2, w œ �ú and r1, r2 œ N such that z = uyr1

1 vyr2
2 w and the

following are true:

1. |uy1vy2w| is polynomially bounded in |A|.

2. r1 and r2 are polynomially bounded in |A|, m, and COUNTERVALUE(c).

Proof. Let z œ �ú be the length lexicographically minimal reachability witness
for (c, V , S, {m}), where c is a configuration with counter value n. Consider the
run of word z from c. Let d œ V ◊ S ◊ {m} such that c

z
≠æ d. Let c = c1 and

T (c1) = c1·1c2 · · · ·¸≠1c¸ denote the run on word z from the configuration c1 and
T the corresponding sequence of transitions. Let e1 be the first configuration with

178



7.2. Reachability Problems

counter value zero and e2 be the last configuration with counter value zero during
this run. Let z1, z2, z3 œ �ú be such that c

z1
≠æ e1

z2
≠æ e2

z3
≠æ c¸ and z = z1z2z3.

Observe that c
z1
≠æ e1 and e2

z3
≠æ c¸ are floating runs.

From Lemma 7.12, we know that there exists u1, u3, v1, v3, y1, y3 œ �ú and
r1, r3 œ N such that z1 = u1y

r1
1 v1, z3 = u3y

r3
3 v3, |u1y1v1u3y3v2| Æ 2 · p1(|Q| · |C|),

r1 Æ p2(|Q| · |C|, n), and r3 Æ p2(|Q| · |C|, m). Also, from Corollary 7.7 we get that
|z2| Æ (|Q| · |C|)3.

From Lemma 7.13, we get that the length lexicographically minimal reachabil-
ity witness z for (c, V , S, {m}) is of the form uyr1

1 vyr2
2 w, where the length of the

words u, y1, y2, v and w are polynomially bounded in K, and r1, r2 are polynomi-
ally bounded by in K and the input counter values. A nondeterministic machine
guesses the words u, y1, y2, v, and w and verify reachability in polynomial time.
We give a formal proof below.

Theorem 7.14
Binary co-VS reachability and co-VS coverability problems are in NP.

Proof. Let us first look at the binary co-VS reachability problem. Let z œ �ú be the
length lexicographically minimal reachability witness for (c, V , S, {m}). Consider
the run of the word z from c. Let d œ V ◊S ◊{m} such that c

z
≠æ d. Let c = c1 and

T (c1) = c1·1c2 · · · ·¸≠1c¸ denote the run on word z from the configuration c1 and
T the corresponding sequence of transitions. Let e1 be the first configuration with
counter value zero and e2 be the last configuration with counter value zero during
this run. Let z1, z2, z3 œ �ú be such that z = z1z2z3 and c

z1
≠æ e1

z2
≠æ e2

z3
≠æ c¸.

Observe that c
z1
≠æ e1 and e2

z3
≠æ c¸ are floating runs.

From Lemma 7.12, we get the existence of polynomials p1 : N æ N, and
p2 : N2

æ N such that, there exist u1, u3, v1, v3, y1, y3 œ �ú and r1, r3 œ N satisfying
the following conditions: z1 = u1y

r1
1 v1, z3 = u3y

r3
3 v3, |u1y1v1|, |u3y3v3| Æ p1(K),

r1 Æ p2(K, COUNTERVALUE(c)) and r2 Æ p2(K, m). Also, from Corollary 7.7 we
get that |z2| Æ K6.

Our NP algorithm starts by guessing the words u1, y1, v1, z2, u3, y3, v3, the values

r1, r2, and the configurations e1 and e2. We first show how to verify if c
u1y

r1
1 v1

≠≠≠≠æ e1.
The algorithm computes configuration f0 such that c

u1
≠æ f0. Now it constructs
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the matrix My1 and computes the configuration f1 such that f0
y1
≠æ f1 and

WEIGHTVECTOR(f1) = WEIGHTVECTOR(f0)My1. From linear algebra we know
that (My1)r1 can be computed by repeated powering in time polynomial in log(r1)
and K. Let fr1 be a configuration such that f0

yr1
≠≠æ fr1. From Lemma 7.12, we

know that COUNTERSTATE(f0) = COUNTERSTATE(fr1) and COUNTERVALUE(fr1) =
COUNTERVALUE(f0) ≠ r1 · (COUNTERVALUE(f0) ≠ COUNTERVALUE(f1)). Since we
know that WEIGHTVECTOR(fr1) = WEIGHTVECTOR(f0)(My1)r1, we can construct
the configuration fr1 in polynomial time. We now verify in polynomial time

whether fr1
v1
≠æ e1 or not. We can verify if e2

u3y
r3
3 v3

≠≠≠≠æ d in a similar manner. The
algorithm can also check whether e1

z2
≠æ e2 in polynomial time since |z2| Æ K6.

It finally checks whether d œ V ◊ S ◊ {m}. Hence the binary co-VS reachability
problem is decidable in NP.

As for the binary co-VS coverability problem, either the run of a minimal
witness is a floating run or is not. In the former case where the run is non-floating,
from Lemma 7.8, we know that the difference between the final and initial
counter values is at most K2. In the latter case where the run is non-floating,
by Lemma 7.8, we get that the final value is at most K2. In both the cases,
the algorithm guesses the final counter value, and the problem is reduced to
the binary co-VS reachability problem, which is in NP. Hence the binary co-VS
coverability problem is decidable in NP.

7.3 Equivalence

In this section, we present a polynomial time algorithm to decide the equivalence
of two weighted RODCAs whose weights come from a fixed field.

EQUIVALENCE PROBLEM

INPUT: Two weighted RODCAs A and B over fields.
OUTPUT: Yes, if A and B are equivalent. No, otherwise.

The techniques developed in the previous section, in conjunction with those
presented by Valiant and Paterson (1975) and Böhm and Göller (2011) for
DROCAs, give us the algorithm. The idea here is to prove that the maximum
counter value encountered during the run of a minimal witness is polynomially
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bounded. We use this to reduce the equivalence problem to that of weighted
automata.

In the remainder of this section, we fix two non-equivalent weighted RODCAs
A1 and A2 over an alphabet � and a field F . For i œ {1, 2},

Ai = ((Ci, ”0i , ”1i , p0i), (Qi, ⁄i, �i, ÷i), �).

Without loss of generality assume K = |C1| = |Q1| = |C2| = |Q2|. We will reason
on the synchronised runs on pairs of configurations. Given two weighted RODCAs,
A1 and A2 and i œ N, we denote a configuration pair as hi = Èci, diÍ where ci

is a configuration of A1 and di is a configuration of A2. We similarly consider
transition pairs of A1 and A2, and consider synchronised runs as the application of
a sequence of transition pairs to a configuration pair. A word is called a witness,
if it is accepted with different weights by A1 and A2. We fix a minimal word z,
also called a minimal witness, that is accepted with different weights in A1 and
A2 and use ¸ to denote |z|. Henceforth we will denote by

� = h0·0h1 · · · ·¸≠1h¸

the synchronisation of runs over z in A1 and A2 from their initial configurations,
where hi are pairs of configurations and ·i are pairs of transitions. We denote by
T = ·0 · · · ·¸≠1 the sequence of transition pairs of this run pair. The main idea to
prove Theorem 7.1 is to show that the length of z is polynomially bounded in the
size of the two weighted RODCAs.

Lemma 7.15
There is a polynomial poly0 : N æ N such that if two weighted RODCAs
A1 and A2 are not equivalent, then there exists a witness z such that the
counter values encountered during � are less than poly0(K).

We use Lemma 7.15 to show that the length of a minimal witness z is bounded
by a polynomial poly1(K) = 2K5poly0(K).
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Lemma 7.16
There is a polynomial poly1 : N æ N such that if two weighted RODCAs A1

and A2 are not equivalent, then there exists a witness z such that |z| is less
than or equal to poly1(K).

Proof. Assume for contradiction that the length of a minimal witness z is greater
than poly1(K). From Lemma 7.15, we know that the counter values encountered
during the run � in less than poly0(K). Since |z| > poly1(K), by the pigeonhole
principle, we get that there exist indices 0 Æ i0 < i2 < · · · < i2K Æ ¸ such that for
all configuration pairs hij , j œ [1, 2K], cij and cij≠1 have the same counter value
and counter state and dij and dij≠1 have the same counter state and counter value.

For all j œ [0, 2K] we define the vector xj œ F
2K such that xj[r] = xcij

[r], if r <

K and xdij
[r ≠ K], otherwise. We also define the vector ÷ œ F

2K such that
÷[r] = ÷1[r], if r < K and ÷2[r ≠ K], otherwise. For all j œ [0, 2K], let Aj denote
the matrix such that xjAj = x¸. Since z is a minimal witness, we know that for all
j œ [0, 2K], xjAj÷€

”= 0. From Lemma 2.3, we get that there exists r, rÕ
œ [0, 2K],

with rÕ < r such that xrÕAr÷€
”= 0. The sequence of transitions ·ir+1 · · · ·¸ can

be taken from hiÕ
r

since the counter values and counter states are the same for
both configurations. Consider the sequence of transitions T Õ = ·0 · · · ·iÕ

r
·ir+1 · · · ·¸

and let w = word(T Õ). The word w is a shorter witness than z and contradicts its
minimality.

Thus we can reduce the equivalence problem of weighted RODCAs over
fields to that of weighted automata over fields (which is in P (Tzeng, 1992))
by “simulating” the runs of weighted RODCAs A1 and A2 up to length poly1(K)
by two weighted automata. The naive algorithm will only give us a PSPACE
procedure, but there is a polynomial time procedure to do this, and the proof is
given below.

Proof of Theorem 7.1. We consider the two weighted RODCAs A1 and A2. From
Lemma 7.16, we know that the length of the minimal witness z is less than
poly1(K). Let M = poly1(K). We construct the M -unfolding weighted automata
A

M
1 and A

M
2 as described in Definition 6.8. Let A

M
1 = (Q, �, ⁄, ”, ÷) and A

M
2 =

(QÕ, �, ⁄Õ, ”Õ, ÷Õ). It follows that, A1 is not equivalent to A2 if and only if there
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exists a word w œ �ÆM such that fAM
1

(w) ”= fAM
2

(w). We conclude the proof by
showing that this can be reduced to a co-VS reachability problem of a weighted
automaton.

Consider the weighted automata B
M
2 = (QÕ, �, ⁄ÕÕ, ”Õ, ÷Õ), where ⁄ÕÕ = ≠1 ◊ ⁄Õ.

Let D be the weighted automata obtained by taking the disjoint union of A
M
1

and B
M
2 . Now since fD(u) = fAM

1
(u) ≠ fAM

2
(u) for all u œ �ú, if fD(w) ”= 0 for

some w œ �ú, then fAM
1

(w) ”= fAM
1

(w). Let ÷F denote the output distribution
of D. From Theorem 7.2, there is an algorithm (see Algorithm 5) to check if
fD(u) ”= 0 for some u œ �ú when provided with the input D and the vector space
{x | x.÷F = 0} that runs in polynomial time with respect to |D| .

The rest of this section is dedicated to proving Lemma 7.15.

7.3.1 Configuration Space

Each pair of configuration h = Èc, dÍ is mapped to a point in the space N ◊ N ◊

(C1 ◊ C2) ◊ F
K

◊ F
K, henceforth referred to as the configuration space. Here, the

first two dimensions represent the two counter values, the third dimension C1◊C2

corresponds to the pair of counter states, and the remaining dimensions represent
the weight vector. We partition the configuration space into three: initial space,
belt space, and background space. The size of the initial space and thickness and
number of belts will be polynomially bounded in K. These partitions are indexed
on two carefully chosen polynomials poly2(K) = 516K21 and poly3(K) = 42K14, so
that all belts are disjoint outside the initial space. The precise polynomials are
required in the proofs of Lemma 7.17 and Lemma 7.23. We use some properties
of these partitions to show that the length of a minimal witness is bounded. The
projection of the configuration space onto the first two dimensions is depicted
in Figure 7.6. The figure is identical to Figure 5.1 in Chapter 5, except that the
polynomials involved are different. However, we include it here for clarity. Given
a configuration c, we use nc to denote COUNTERVALUE(c).

• initial space: All configuration pairs Èc, dÍ such that nc, nd < poly2(K).

• belt space: Let –, — œ [1, 3K7] be co-prime. A belt of slope –
— consists

of those configuration pairs Èc, dÍ outside the initial space that satisfies
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|–.nc ≠ —.nd| Æ poly3(K). The belt space contains all configuration pairs
Èc, dÍ that are inside belts with slope –

— .

• background space: All remaining configuration pairs.

N

N

initial space

background space

be
lt

sp
ac

e

belt space

be
lt

sp
ac

e

poly2(K)

2poly3(K)

Fig. 7.6. Projection of configuration space.

The proof of the following lemma is similar to that of the non-weighted case
presented by Böhm and Göller (2011). It shows that all belts are disjoint outside
the initial space.

Lemma 7.17
If Èc, dÍ and Èe, fÍ are configuration pairs inside two distinct belts and lie
outside the initial space, then there is no a œ � such that Èc, dÍ

a
≠æ Èe, fÍ.

Proof. Recall poly2(K) = 516K21 and poly3(K) = 42K14. Let B and BÕ be two
distinct belts with µ being the slope of the belt B and µÕ the slope of the belt BÕ.
Hence µ ”= µÕ. Without loss of generality, let us assume that µÕ > µ. It suffices to
show that for all x > poly2(K), we have

µx + poly3(K) + 1 < µÕx ≠ poly3(K) ≠ 1.

We know that µÕ
≠ µ Ø

1
3K7 and x > 516K21.

Therefore,
516K21

6K7 < (µÕ
≠ µ) · x.
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=∆ µx + 86K14

2 < µÕx ≠
86K14

2
=∆ µx + 42K14 + K14 < µÕx ≠ 42K14

≠ K14

=∆ µx + 42K14 + 1 < µÕx ≠ 42K14
≠ 1.

Lemma 7.17 ensures that the belts are disjoint outside the initial space and
that no run can go from one belt to another without passing through the initial
space or background space. To prove Lemma 7.15, there are two cases to consider:
either there is no background space point in �, or there is a background space
point in �.

7.3.2 Case 1: Minimal Witness Does Not Enter the
Background Space

Since there is no background space point in �, all the points in � are either in the
initial or belt space. The counter values of configuration pairs inside the initial
space are bounded by poly2(K). Now, we look at the sub-run of � inside the belt
space. If a sub-run of � enters and exits a belt from the initial space or if � ends
inside a belt, then we show that the counter values encountered during that belt
visit are polynomially bounded. This is shown by reducing to co-VS reachability
of a weighted RODCA. For this proof, it is crucial that the belts are disjoint.

Let �b = hi·ihi+1 · · · ·j≠1hj be a sub-run of the run of z inside a belt with
slope –

— for –, — œ [1, 3K7]. Given a belt with slope –
— , let L = {–n ≠ —nÕ =

d | |d| Æ 42K14
} be a set of lines with slope –

— inside the given belt. Similar
to the technique mentioned by Böhm et al. (2013), each configuration pair
hr = ((xcr , pcr , ncr), (xdr , pdr , ndr)), where r œ [i, j] can alternatively be presented
as ((xcr , xdr), pcr , pdr , lr) where lr œ L denotes a line that contains the point
(ncr , ndr). Note that |L| = 2poly3(K). The run �b is similar to the run of a
weighted RODCA D–

—
that has the tuple (pcr , pdr , lr) as the state of the finite state

machine and xr œ F
2K as its weight vector where xr[i] = xcr [i], if i < K and

xr[i] = xdr [i ≠ K], otherwise. A formal definition of the weighted RODCA D–
—

is
given in Definition 7.18.
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Definition 7.18 (Belt Machine)
Let Ai = ((Ci, ”0i , ”1i , p0i), (Qi, ⁄i, �i, ÷i), �) for i œ {1, 2}, be two weighted
RODCAs, –, — œ [1, 3K7], and L = {–n ≠ —nÕ = d | |d| Æ 42K14

} be
a set of lines with slope –

— . We define the weighted RODCA D–
—

=
((C, ”0, ”1, p0), (Q, ⁄, �, ÷), �), where the initial state p0 and the initial dis-
tribution ⁄ are arbitrarily chosen.

• C = C1 ◊ C2 ◊ L is a non-empty finite set of states.

• ”1 : C ◊ � æ C ◊ {≠1, 0, +1} is the deterministic counter transition.
Let p1, q1 œ C1, p2, q2 œ C2, a œ � and d1, d2 œ {≠1, 0, +1}. Let
l1, l2 œ L and m1, m2 œ N, such that the point (m1, m2) lies on the
line l1. ”1((p1, p2, l1), a) = ((q1, q2, l2), d1), if ”11(p1, a) = (q1, d1) and
”12(p2, a) = (q2, d2) and the point (m1 + d1, m2 + d2) lies on the line l2.
It is undefined otherwise. The function ”0 : C ◊ � æ C ◊ {0, +1} is
arbitrarily chosen.

• Q = Q1 fi Q2 is a non-empty finite set of states of the finite state
machine.

• � : � ◊ {0, 1} æ F
2K◊2K gives the transition matrix for all a œ � and

d œ {0, 1}. For l œ L, m œ N and a œ �,

�(l, a)[i][j] =

Y
____]

____[

�1(a, 1)[i][j], if i, j < K
�2(a, 1)[i ≠ K][j ≠ K], if i, j > K
0, otherwise

• ÷ œ F
2K is the final distribution. ÷[i] is equal to ÷1[i], if i <

K and is equal to ÷2[i ≠ K], otherwise.

The sub-run �b inside a belt with slope –
— can now be seen as a floating

run of the weighted RODCA D–
—
. We use co-VS reachability/co-VS coverability

to show that if a sub-run of this weighted RODCA D–
—

reaches counter values
higher than some polynomial in |A1| and |A2|, then there exists a shorter witness
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(contradicting minimality). We achieve this by applying pseudo-pumping lemma
(Lemma 7.5) and cut lemma (Lemma 7.8) on this sub-run. Hence, we get that the
pair of runs of the minimal witness cannot reach counter values higher than some
polynomial bound if it does not enter the background space. If the run � ends
inside a belt, then �b = hi·i · · · ·¸≠1h¸. In this case, we show that the difference
between the counter values of the first and last configuration pairs is smaller than
a polynomial in K.

Lemma 7.19
There is a polynomial poly4 : N æ N, such that if �b = hi·i · · · ·¸≠1h¸

lies inside a belt with slope –
— for –, — œ [1, 3K7], where hr = Ècr, drÍ, for

r œ [i, ¸], then |COUNTERVALUE(c¸) ≠ COUNTERVALUE(ci)| Æ poly4(K) and
|COUNTERVALUE(d¸) ≠ COUNTERVALUE(di)| Æ poly4(K).

Proof. Let �b = hi·ihi+1 · · · ·¸≠1h¸ be a sub-run of the run of a minimal witness
inside a belt with slop –

— and ends in it, where hr = È(xcr , pcr , ncr), (xdr , pdr , ndr)Í,
for r œ [i, ¸]. As mentioned in Definition 7.18, we consider this as the run of the
weighted RODCA D–

—
. Since it is the run of a witness, xj÷€

”= 0. Consider the
vector space U = {y œ F

2K
| y÷€ = 0}. Our problem now reduces to the co-VS

coverability problem in machine D–
—

and asks whether (xi, (pci , pdi , li), nci)
ú
≠æ

U ◊ {(pc¸
, pd¸

, l¸)} ◊ N in D–
—
. From Corollary 7.7, we know that the length

of a minimal reachability witness for ((xi, (pci , pdi , li), nci), U , (pc¸
, pd¸

, l¸),N) is
polynomially bounded in nci and K. Hence proved.

In the following lemma, we show that if �b = hi·ihi+1 · · · ·j≠1hj is a sub-
run of � inside a belt and either COUNTERVALUE(ci) = COUNTERVALUE(cj) or
COUNTERVALUE(di) = COUNTERVALUE(dj), where hr = Ècr, drÍ, for r œ [i, j], then
the counter values in �b cannot increase more than a polynomial in K from
COUNTERVALUE(ci) and COUNTERVALUE(di).
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Lemma 7.20
There is a polynomial poly5 : N æ N such that, if �b = hi·ihi+1 · · · ·j≠1hj is a
run inside a belt with slope –

— for –, — œ [1, 3K7], with COUNTERVALUE(ci) =
COUNTERVALUE(cj) or COUNTERVALUE(di) = COUNTERVALUE(dj), where
hr = Ècr, drÍ, for r œ [i, j], then the counter-effect of any sub-run of �b is
less than or equal to poly5(K).

Proof. Let �b = hi·ihi+1 · · · ·j≠1hj be a sub-run of the run of a minimal wit-
ness inside a belt with slope –

— such that nci = ncj and for all r œ [i, j], hr =
È(xcr , pcr , ncr), (xdr , pdr , ndr)Í. We consider this as the run of the weighted RODCA
D–

—
as mentioned in Definition 7.18. Since it is the run of a witness, we know

that there exists A œ F
2K◊2K such that xjA÷€

”= 0. Consider the vector space
U = {y œ F

2K
| yA÷€ = 0}.

Our problem now reduces to the co-VS reachability problem in machine D–
—

and asks whether (xi, (pci , pdi , li), nci)
ú
≠æ U ◊ {(pcj , pdj , lj)} ◊ {nci} in D–

—
. From

Corollary 7.7, we get that the minimal reachability witness for
((xi, (pci , pdi , li), nci), U , (pcj , pdj , lj), {nci}) will have its length bounded by a poly-
nomial in nci and K. Hence proved.

Hence, we get that the pair of runs of the minimal witness cannot reach
counter values higher than some polynomial bound if it does not enter the
background space. Now we look at the case where the run enters the background
space.

7.3.3 Case 2: Minimal Witness Enters the Background Space

We now consider the case where the witness ultimately enters the background
space. Using co-VS reachability, we prove that the counter values encountered
during � till the first background space point are polynomially bounded. We also
show that the length of the remaining run is polynomially bounded in the number
of states of the machines.

To that end, we need the notion of underlying uninitialised weighted automaton.
Floating runs of A are isomorphic to runs of this weighted automaton U(A).
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Definition 7.21
For l œ {1, 2}, the underlying uninitialised weighted automaton of A is the
uninitialised weighted automaton U(Al) = (QÕ

l, �Õ
l, ÷Õ

l), where QÕ
l = Cl ◊ Ql

and ÷Õ
l œ F

K2 is the final distribution. For i < K2, ÷Õ
l[i] = ÷l[i mod K].

The transition matrix is given by �Õ
l : � æ F

K2◊K2. Let a œ �, d œ

{≠1, 0, +1}, i, j < K2,

�Õ
l(a)[i][j] =

Y
_]

_[

�l(p i
K
, a, 1)[i mod K][j mod K], if ”l1(p i

K
, a) = (p j

K
, d)

0 otherwise

Given k œ N, a configuration c of a weighted RODCA A is said to be k-
equivalent to a configuration c̄ of an uninitialised weighted automata B, denoted
c≥kc̄, if for all w œ �Æk, fA(w, c) = fB(w, c̄). We say that c is not k-equivalent to
c̄ otherwise and denote this as c”≥kc̄.

As we need to test the equivalence of configurations from A1 and A2, we
consider the uninitialised weighted automata B, which is a disjoint union of
U(A1) and U(A2). This gives us a single automaton with which we can compare
the configurations of A1 and A2. Let i œ {1, 2} and c be a configuration of
Ai. For all p œ Ci and m < |B|, we define the sets W

p,m
i . The set W

p,m
i contains

vectors x œ F
K such that the configuration (x, p, m) is |B|-equivalent to some

configuration of B. The set W
p,m
i is the set F

K
\ W

p,m
i . Formally,

W
p,m
i = {x œ F

K
|÷c̄ œ F

|B|, c = (x, p, m)≥|B|c̄}

Lemma 7.22
For any i œ {1, 2}, p œ Ci and m < |B|, the set W

p,m
i is a vector space.

Proof. To prove this, it suffices to show that it is closed under vector addition
and scalar multiplication. We fix a set W

p,m
i . First, we prove that it is closed

under scalar multiplication. For any vector z1 œ W
p,m
i , we know that there exists

a configuration c = (z1, p, m) and c̄ œ F
|B| such that c≥|B|c̄. Now, for any scalar

r œ F , the configuration (r.z1, p, m) ≥|B|2 r · c̄. Therefore r · z1 œ W
p,m
i . Now, we

show that it is closed under vector addition. Let z1, z2 œ W
p,m
i be two vectors.

Therefore, there exists configurations c1 = (z1, p, m), c2 = (z2, p, m), c̄1 œ F
|B|
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and c̄2 œ F
|B|, such that c1≥|B|c̄1 and c2≥|B|c̄2. Consider the configuration

c3 = (z1 + z2, p, m), c3≥|B|c̄1 + c̄2. Therefore, z1 + z2 œ W
p,m
i .

The distance of a configuration c of Ai (denoted as distAi(c)) is the length
of a minimal word that takes you from c to a configuration (x, p, m) for some
m < |B| and p œ Ci such that x œ W

p,m
i . We define distAi(c) as:

min{|w| | c
w
≠æ (x, p, m) ÷p œ Ci, m < |B|, x œ W

p,m
i }

The notion of distance play a key role in determining which parts of the run of
a witness can be pumped out if it is not minimal. Given two configurations c,
d of A1 and A2 respectively, if distA1(c) ”= distA2(d), then c”©d. By special word
lemma (Lemma 7.12), the length lexicographically minimal reachability witness
has a special form. This is used to show that if a configuration c of a weighted
RODCA A has finite distance, then distA(c) = a

b COUNTERVALUE(c) + t, where
a, b, t œ N and are polynomially bounded in |A|. This helps us in proving that
configuration pairs outside the initial space having equal distance lie inside a belt.

Lemma 7.23
Let c = (xc, pc, nc) be a configuration of a weighted RODCA A. If distA(c) <

Œ then, distA(c) = a
b nc + t where a, b œ [0, 3K7] and |t| < 42K14.

Proof. Without loss of generality, let us consider the weighted RODCA A1 and
a configuration c = (xc, pc, nc) of A1. Let us assume that distA1(c) < Œ. This
means that c æ

ú
d, for some configuration d = (xd, p, m) with xd œ W

p,m
1 for

some p œ C1 and m < 2K2. Since COUNTERVALUE(d) = m, by Lemma 7.12, we
know that there is a word u = u1ur

2u3 (with r Ø 0) such that that c
u
≠æ d where

|u| = distA1(c), |u1u3| Æ 9K7, |u2| Æ 3K7 and u2 has a negative counter-effect ¸.
Let g be the combined counter-effect of u1, u3 and – = |u2|

¸ . Since |u1u3| Æ 9K7,
we have |g| Æ 9K7.

distA1(c) = nc ≠ m ≠ g

¸
|u2| + |u1u3|

= –nc ≠ –(m + g) + |u1u3|¸ ˚˙ ˝
t

Since 1 Æ – Æ 3K7 it follows that ≠42K14 < t < 42K14. Hence proved.
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7.3. Equivalence

Therefore, the background space points either have unequal or infinite dis-
tances.

Lemma 7.24
For any configuration pair Èc, dÍ, in the background space, either distA1(c) ”=
distA2(d) or distA1(c) = distA2(d) = Œ.

Proof. Assume for contradiction that there is a configuration pair Èc, dÍ, in the
background space with distA1(c) = distA2(d) < Œ. Let nc = COUNTERVALUE(c)
and nd = COUNTERVALUE(d). Since distA1(c) = distA2(d). From Lemma 7.23,
there exists a1, b1, a2, b2 œ [0, 3K7] and d1, d2 < 42K14 such that

a1
b1

nc + d1 = distA1(c) = distA1(d) = a2
b2

nd + d2

Therefore |
a1
b1

nc ≠
a2
b2

nd| Æ |d2 ≠ d1| < 42K14. This satisfies the belt condition and is
a configuration pair in the belt space. This contradicts our initial assumptions.

Similar to the work by Böhm and Göller (2011), we can show that the length
of the run � in the background space is polynomially bounded in K, and the
counter values of the first background point in �.

Lemma 7.25
If hj = Ècj, djÍ is the first configuration pair in the background space
during �, then ¸ ≠ j is bounded by a polynomial in COUNTERVALUE(cj),
COUNTERVALUE(dj), and K.

Proof. Let hj = Ècj, djÍ be the first configuration pair in the background space
during the run �, then from Lemma 7.24, either distA1(cj) = distA2(dj) = Œ or
distA1(cj) ”= distA2(dj). We separately consider the two cases.

Case-1: distA1(cj) = distA2(dj) = Œ. In this case, we prove that the remaining
length of the witness from Ècj, djÍ is bounded by 2K2. Assume for contradiction
that this is not the case and cj≥2K2dj but cj ”©dj. Let v œ �>2K2 be the word which
distinguishes c and d. Therefore, there exists a prefix of v, u œ �|v|≠2K2, and
i = ¸ ≠ 2K2 such that Ècj, djÍ

u
≠æ Èci, diÍ and ci ”©2K2di.

Since v is a minimal witness ci©2K2≠1di and ci ”©2K2di. Since distA1(cj) =
distA1(dj) = Œ, there exists configurations c̄i and d̄i in the underlying automa-
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ton B such that ci≥2K2 c̄i and di≥2K2 d̄i. Since ci©2K2≠1di, it follows that c̄i≥2K2≠1d̄i.
From the equivalence result of weighted automata, we know that if two configu-
rations of a weighted automata with k states are non-equivalent, then there is a
word of length less than k which distinguishes them. Therefore, this is sufficient
to prove that the underlying weighted automaton with c̄i and d̄i as initial distri-
butions are equivalent, and thus c̄i≥2K2 d̄i. This allows us to deduce that ci©2K2di,
which is a contradiction. Therefore, the remaining length of the witness from
Ècj, djÍ is bounded by 2K2.

Case-2: distA1(cj) ”= distA1(dj). Without loss of generality, we suppose
that distA1(cj) > distA1(dj). By definition of distA1, there exists u œ �distA1 (dj),
i > j and a configuration c̄ of the underlying automaton B such that cj

u
≠æ ci,

dj
u
≠æ di, ci≥2K2 c̄i and di ”≥2K2 c̄i. Therefore ci ”©2K2di. By definition, there exists

v œ �Æ2K2 such that fA1(v, ci) ”= fA2(v, di) and hence fA1(uv, cj) ”= fA2(uv, dj).
As uv œ �distA1 (dj)+2K2, we get that cj ”©distA1 (dj)+2K2dj. Therefore, there is w œ

�Æmin{distA1 (cj),distA1 (dj)}+2K2 that distinguishes cj and dj.

Let –, — œ [1, 3K7] be co-prime. We say that two given configuration pairs
È(xc, pc, nc), (xd, pd, nd)Í and È(xe, pe, ne), (xf, pf, nf)Í are –-— related if pc = pe,
pd = pf and – · nc ≠ — · nd = – · ne ≠ — · nf. Roughly speaking, two configuration
pairs are –-— related if they have the same state pairs and lie on a line with slope
–
— . An –-— repetition is a run fī1 = ci·ici+1·i+1 · · · ·j≠1cj that lies inside a belt with
slope –

— such that ci and cj are –-— related.
The following lemma bounds the counter values of the first configuration pair

in the background space, if it exists, during the run �.

Lemma 7.26
If hj = Ècj, djÍ is the first background point in � then, COUNTERVALUE(cj)
and COUNTERVALUE(dj) are less than K5

· 42K14.

Proof. Let hj = Ècj, djÍ be the first point in the background space during the
run �. Given any configuration c, let nc denote COUNTERVALUE(c). Assume for
contradiction that ncj is greater than K5

· 42K14. Let � = h0·0 · · · hj≠1·j≠1hj · · · h¸

be a run of a minimal witness. Since hj is the first point in the background space
in this run and ncj > K5

· 42K14, there exists 0 < i < j such that the sub-run
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N

N

Èc, dÍ

Èe, fÍ

Fig. 7.7. The figure depicts an –-— repetition inside a belt with slope –
— .

The configuration pairs Èc, dÍ and Èe, fÍ are –-—-related. i.e., they lie on
a line with slope –

— . Note that COUNTERSTATE(c) = COUNTERSTATE(e) and
COUNTERSTATE(d) = COUNTERSTATE(f) if Èc, dÍ and Èe, fÍ are –-—-related.

�b = hi·ihi+1 · · · ·j≠2hj≠1 lies inside a belt B with slope –
— for some –, — œ [1, 3K7].

Since we are looking at the run of a minimal witness, from Lemma 7.24 either
distA1(cj) ”= distA2(dj) or distA1(cj) = distA2(dj) = Œ. We separately consider
the two cases.

Case-1: distA1(cj) ”= distA2(dj). Without loss of generality, let us assume
distA1(cj) < distA1(dj). Therefore there exists t œ N with j < t Æ ¸ and configu-
ration pair ht such that ht = È(xct , p, m), (xdt , pdt , ndt)Í, m < 2K2 and xct œ W

p,m
1 .

We show that we can pump some portion out from �b to reach a configuration in
the background space with unequal distance and smaller counter values.

Since ncj > K5
· 42K14, by the pigeonhole principle, there exists indices i0 <

i1 < i2 < · · · , iK2 < iÕ
0 < iÕ

1 < iÕ
2, · · · , < iÕ

K2 such that for all r œ [1, K2], (1) hir≠1

and hir are –-— related and lie in belt B, (2) ncir≠1
< ncir

= nciÕ
r
, (3) pciÕ

r
= pciÕ

r≠1
,

(4) for all t œ N with ir < t < j, nct > ncir
, and (5) for all t œ N with j < t < iÕ

r,
nct < nciÕ

r
.

Given any configuration c let xc denote WEIGHTVECTOR(c). For r œ [0, K2]
let Ar œ F

K◊K denote the matrix such that xcir
Ar = xciÕ

r
and Br œ F

K◊K denote
the matrix such that xciÕ

r
Br = xct œ W

p,m
1 . Therefore for all r œ [0, K2], we

have xcir
ArBr œ W

p,m
1 . From Lemma 2.3, we have that there exists s, r œ [0, K2]
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with s < r such that xcis
ArBs œ W

p,m
1 . Consider the sequence of transitions

T Õ = ·0, · · · , ·is≠1·ir , · · · , ·j≠1 and let w = word(T Õ). Let hjÕ be the configuration
such that h0

w
≠æ hjÕ. Since we have removed an –-— repetitions inside the belt,

the configuration pair hjÕ is a point in the background space (see Figure 7.8).
Moreover, ncjÕ < ncj and distA1(cjÕ) < Œ. Since it is a point in the background
space, from Lemma 7.24, we get that distA1(cjÕ) ”= distA1(djÕ). Therefore, there is
a shorter path to a configuration in background space with smaller counter values
and unequal distance. This is a contradiction.

Case-2: distA1(cj) = distA2(dj) = Œ. In this case we know that cj ”©2K2dj.
cj ”©|B|dj.

Consider the sub-run �b. Since it is a run inside a belt, we can consider this as
the run of the weighted RODCA D. Since ncj > K4

· 42K14, by the pigeon-hole
principle, there exists indices i0, i1, i2, · · · , iK2 such that for all r œ [1, K2], hir≠1 and
hir are –-— related with ncir≠1

< ncir
and for all t œ N with ir < t < j, nct > ncir

.
Since it is the run of a minimal witness, we know that there exists A œ F

2K◊2K

such that xj≠1A÷€
F ”= 0. Consider the vector space U = {y œ F

2K
| yA÷€

F = 0}. For
r œ [0, K2], let Ar denote the matrices such that xirAr = xj œ U . Since xirAr œ U

for all r œ [0, K2], from Lemma 2.3, we get that there exists rÕ
œ [0, r ≠ 1] such that

xciÕ
r
Ar œ V. The sequence of transitions ·ir+1 · · · ·¸ can be taken from hiÕ

r
since

the counter values always stay positive. Consider the sequence of transitions
T Õ = ·0 · · · ·iÕ

r
·ir+1 · · · ·¸ and let w = word(T Õ). The word w is a shorter witness

than z and contradicts its minimality.

Finally, we prove that the counter values encountered during the run � are
polynomially bounded in K using above lemmas.

Proof of Lemma 7.15. Consider the run �. From Lemma 7.19, Lemma 7.20 and
Lemma 7.26, we get that the counter values of configuration pairs inside the
belt space during this run in polynomially bounded in K. Therefore, if it exists,
the first background point in � has polynomially bounded counter values. From
Lemma 7.25, the length of � after the first background point is polynomially
bounded in K. Since the counter values of configuration pairs inside the initial
space are also bounded by a polynomial in K, the maximum counter value in � is
polynomially bounded in K.
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N

N

Fig. 7.8. The figure shows the run of a word that enters the background space
from the belt such that the counter values of the first configuration pair in the
background space exceed a polynomial bound. Some –-— repetitions inside the
belt can be removed to show the existence of a shorter witness.

7.4 Regularity of ODCAs is in P

We say that a weighted RODCA A is regular if there is a weighted automaton
B that is equivalent to it. We look at the regularity problem - the problem of
deciding whether a weighted RODCA over fields is regular.

REGULARITY PROBLEM

INPUT: a weighted RODCA A over a field F .
OUTPUT: Yes, if there exists a weighted automaton D over F such that A

and D are equivalent. No, otherwise.

We fix a weighted RODCA A = ((C, ”0, ”1, p0), (Q, ⁄, �, ÷)) and use N to
denote |C| · |Q|. The proof technique is adapted from the ideas developed by
Böhm et al. (2014) in the context of DROCAs. The crucial idea in proving
regularity is to check for the existence of infinitely many equivalence classes. The
proof relies on the notion of distance of configurations. Distance of a configuration
is the length of a minimal word to be read to reach a configuration that does
not have an N equivalent configuration in the underlying uninitialised weighted
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automaton. The challenge is to find infinitely many configurations reachable from
the initial configuration so that no two of them have the same distance.

We use c to denote some configuration of A and c̄ to denote some configura-
tion of U(A). For a p œ C and m œ N, we define W

p,m = {x œ F
|Q|

| ÷c̄ œ F
N, c =

(x, p, m)≥Nc̄}. The set W
p,m is F

|Q|
\ W

p,m. The distance of a configuration c

(denoted by dist(c)) is

dist(c) = min{|w| | c
w
≠æ (x, p, m) for some p œ C, m < N, and x œ W

p,m
} .

The following lemma shows when A is not regular. Given any configuration c,
we use xc to denote WEIGHTVECTOR(c), pc to denote COUNTERSTATE(c) and nc

to denote COUNTERVALUE(c).

Lemma 7.27
Let c be the initial configuration of an weighted RODCA A. The following
are equivalent.

1. A is not regular.

2. for all t œ N, there exists configurations d, e s.t. ne < N,c ú
≠æ d

ú
≠æ e,

xe œ W
pe,ne and t < dist(d) < Œ.

3. there exists configurations d, e and a run c
ú
≠æ d

ú
≠æ e s.t. N2 + N Æ

nd Æ 2N2 + N, xe œ W
pe,ne with ne < N.

Proof. 3 æ 2: Consider an arbitrary q œ C, m < N and vector space V = W
q,m.

Let us assume for contradiction the complement of Point 2. That is, there exists
a t œ N such that for all configurations d

Õ where c
ú
≠æ d

Õ ú
≠æ V ◊ {q} ◊ {m},

dist(dÕ) Æ t. Note that for all d
Õ where ndÕ > N, dist(dÕ) Ø ndÕ ≠ N. Hence there

exists an M œ N such that for all d
Õ where c

ú
≠æ d

Õ ú
≠æ V ◊ {q} ◊ {m}, ndÕ Æ M .

Consider a configuration d where nd > N2+N and a run c
ú
≠æ d

ú
≠æ V◊{q}◊{m}.

Point 3 shows the existence of such a run. For contradiction, it suffices to show
there exists a d

Õ such that c
ú
≠æ d

Õ ú
≠æ V ◊ {q} ◊ {m} and ndÕ > nd. We get this from

Lemma 7.5 Point 2, since nc = 0 and nd > N2 + N.
2 æ 1: Assume for contradiction that for all t œ N, there exists configurations

d, e such that c
ú
≠æ d

ú
≠æ e, xe œ W

pe,ne , ne < N and t < dist(d) < Œ but A is
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regular. Let B be the weighted automaton equivalent to A. We use |B| to represent
the number of states of B.

Let t1, t2, . . . t|B|+1 œ N such that for i œ [1, |B|], ti < ti+1, and dti be such that
c

ú
≠æ dti

ú
≠æ (xi, pe, ne), xi œ W

pe,ne and ti < dist(dti) < ti+1 < Œ. Clearly dti ”©dtj

for i ”= j and corresponds to two different states of B. Since we can find more
than |B| pairwise non-equivalent configurations, it contradicts the assumption
that B is equivalent to A.

1 æ 3: We prove the contrapositive of the statement. Let us assume that there
are no configurations d, e and a run c

ú
≠æ d

ú
≠æ e such that N2 + N Æ nd Æ 2N2 + N,

xe œ W
pe,ne with ne < N. This implies that there does not exists a configuration

d
Õ such that ndÕ > 2N2, c

ú
≠æ d

Õ ú
≠æ (y, pe, ne) for some y œ W

pe,ne. Assume for
contradiction that there is such a run, then there exists a portion in this run that
can be “pumped down” to get a run c

ú
≠æ d

ÕÕ ú
≠æ (yÕ, pe, ne) for some configuration

d
ÕÕ such that N2 + N Æ ndÕÕ Æ 2N2 + N and yÕ

œ W
pe,ne. This is a contradiction.

Therefore all runs starting from a configuration with a counter value greater than
or equal to N2 + N “looks” similar to a run on a weighted automaton. This allows
us to simulate the runs of A using a weighted automaton.

Theorem 7.28
The regularity problem of weighted RODCAs (weights from a field) is in P.

Proof. Let A be a weighted RODCA and c0 be its initial configuration. Lemma 7.27
shows that if A is not regular, then there are words u, v œ �ú and configurations
d, e such that there is a run of the form c0

u
≠æ d

v
≠æ e such that N2 + N Æ

COUNTERVALUE(d) Æ 2N2 + N, WEIGHTVECTOR(e) œ W
COUNTERSTATE(e),COUNTERVALUE(e)

with COUNTERVALUE(e) < N. The existence of such words u and v can be
decided in polynomial time since the minimal length of such a path if it exists,
is polynomially bounded in the number of states of the weighted RODCA by
Corollary 7.7. This concludes the proof.
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7.5 Covering

Let A1 and A2 be two uninitialised weighted RODCAs. We say A2 covers A1 if
for all initial configurations c0 of A1 there exists an initial configuration d0 of A2

such that A1Èc0Í and A2Èd0Í are equivalent.

COVERING PROBLEM

INPUT: Two weighted RODCAs A and B over a field F .
OUTPUT: Yes, if A covers B. No, otherwise.

We say A1 and A2 are coverable equivalent if A1 covers A2, and A2 covers A1.
We show that the covering and coverable equivalence problems for uninitialised
weighted RODCAs are decidable in polynomial time. The proof relies on the
algorithm to check the equivalence of two weighted RODCAs.

Theorem 7.29
Covering and coverable equivalence problems of uninitialised weighted
RODCAs over fields are in P.

Proof. We fix two uninitialised weighted RODCAs A1 = ((C1, ”1), (Q1, �1, ÷1))
and A2 = ((C2, ”2), (Q2, �2, ÷2)) for this section. Without loss of generality,
assume K = |C1| = |Q1| = |C2| = |Q2|. For i œ [1, K] we define the vector ei œ F

K

as follows:

ei[j] =

Y
_]

_[

1, if i = j

0, otherwise

For j œ [1, K], q œ C1, we use hj,q to denote the configuration (ej, q, 0) of A1 and
for i œ [1, K], p œ C2, we use gi,p to denote the configuration (ei, p, 0) of A2.

Claim 1. There is a polynomial time algorithm to decide whether A2 covers A1Èhj,qÍ

for any j œ [1, K] and q œ C1.

Proof. First, we check, in polynomial time (equivalence with a zero machine),
whether A1Èhj,qÍ accepts all words with weight 0 œ F . If that is the case, then
A1Èhj,qÍ and A2Èg0Í are equivalent for the configuration g0 = ({0}

K, p, 0), for any
p œ C2. Otherwise, there is some word w0 accepted by A1Èhj,qÍ with non-zero
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weight s (returned by the previous equivalence check). Without loss of generality,
we consider the smallest one, whose size is polynomial in K.

We pick a p œ C2 and check whether there exists an initial distribution from
counter state p that makes the two machines equivalent. Assume that such an
initial distribution exists, and for all i œ [1, K], let –i denote the initial weight on
state qi œ Q2. We use – to denote the resultant initial distribution. We initialise
an empty set B to store a system of linear equations.

The following steps will be repeated at most K times to check the existence
of an initial distribution with initial state p œ C2. Let w be the counter-example
returned by the equivalence query in the previous step. For all i œ [1, K], we
compute fA2Ègi,pÍ(w). We add the linear equation

qK
i=1 –i ·fA2Ègi,pÍ(w) = fA1Èhj,qÍ(w)

to B and compute values for –i, i œ [1, K], such that it satisfies the system of linear
equations in B. We check whether A1Èhj,qÍ and A2È(–, p, 0)Í are equivalent or not.
If they are not equivalent, we get a new counter-example that distinguishes them.
Now, we repeat the procedure to compute a new initial distribution.

Note that the above procedure is executed at most K times to find an initial
distribution if it exists. We can find only K many linearly independent linear
equations in K variables. Suppose the above procedure fails to find an initial
distribution for which the machines are equivalent. In that case, there is an initial
distribution of A1 with initial counter state q, for which A2 with initial counter
state p does not have an equivalent initial distribution. We now pick a different
counter state of C2 and repeat the process until we find a p œ C2 for which the
algorithm finds an equivalent initial distribution. If for all p œ C2, the algorithm
returns false, then A2 does not cover A1Èhj,qÍ. Claim:1

Now, we show the existence of a polynomial time procedure to check whether
A2 covers A1. For all j œ [1, K], we check whether there exists an initial state
p œ C2 such that A2 with initial counter state p has an initial distribution that
makes it equivalent to A1Èhj,qÍ using Claim 1. If we fail to find such a state in
C2, then we return false. We repeat this procedure for all q œ C1. If for all
q œ C1 there exists a p œ C2 such that A2 with initial counter state p has an initial
distribution that makes it equivalent to A1Èhj,qÍ for all j œ [1, K], then we say that
A2 covers A1 otherwise we say that A2 does not cover A1. Let us see why this is
true. For simplifying the arguments, we fix a q œ C1. Assume that for all j œ [1, K],
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there exits p œ C2 such that A1Èhj,qÍ is equivalent to the configuration (xj,q, p, 0)
for some xj,q œ F

K. Now, any initial configuration (⁄, q, 0) of A1 is equivalent to
the configuration (qK

j=1 ⁄[j] · xj,q, p, 0) of A2.
The coverable equivalence problem can now be solved by checking whether

A1 covers A2 and A2 covers A1, which can be done in time polynomial in K.

7.6 Conclusion

In this chapter, we showed that the equivalence problem for weighted RODCAs
is in P if the weights are from a field. Note that the equivalence of weighted
OCAs (weights from a field) is still an open problem. We also looked at the co-VS
reachability and co-VS coverability problems for weighted RODCAs over fields,
and showed that they are in P. We also looked at the regularity, coverability and
coverable equivalence problems and showed that they are all in P for weighted
RODCAs over fields. In future work, it will be interesting to look at other models
where the stack operations are deterministic. For example, a natural extension
is to consider stack-deterministic pushdown automata - where a deterministic
machine updates the stack. We also leave open the question of learning of
weighted RODCAs over fields.
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CHAPTER 8
Summary and Future Work

8.1 Summary of Contributions

My research journey has been driven by a deep interest in automata theory, with
a particular focus on understanding the learning and equivalence of one-counter
systems.

8.1.1 Learning

In Chapter 4, we designed a new learning algorithm for deterministic real-time
one-counter automaton (DROCA) with the help of a SAT solver. Traditional
approaches to learning DROCAs often involve learning an initial portion of an
infinite behaviour graph. The aim is to identify a repetitive structure in the
graph that defines the overall behaviour of a DROCA. However, this repetitive
structure often requires constructing an exponentially large graph, leading to
an exponential runtime and number of queries. Our SAT-based method reduces
the number of queries to a polynomial number, significantly improving the effi-
ciency of learning algorithms for one-counter automata. Additionally, it learns a
minimal counter-synchronous DROCA recognising the language, making it more
feasible for practical applications. From our implementation and experiments,
we observed that our method outperforms the existing techniques in learning
one-counter automata.
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8.1.2 Equivalence

In Chapter 6, we introduced a model called weighted one-deterministic counter
automaton (RODCA). These are weighed one-counter automata with counter-
determinacy, meaning that all paths labelled by a given word, starting from the
initial configuration, reach the same counter value. In Chapter 7, we proved
that the equivalence, regularity and covering problems for this model are in
P, whereas the problem is not known to be decidable for weighted one-counter
automata in general. Our positive result on weighted RODCAs forms a foundation
for developing their learning algorithms, creating new possibilities for efficient
verification tools. In Chapter 5, we studied deterministic weighted real-time
one-counter automata, a subclass of weighted RODCAs and proved that the
equivalence of this model can be checked faster than that of weighted RODCAs.

Even though the equivalence of DROCAs is in P, it cannot be used in practice
because of its high computational costs. Given two DROCAs with number of states
less than some integer K, the equivalence check takes O(K26) time. To overcome
this, we introduced the concept of counter-synchronous DROCAs, which allows
for a faster equivalence check that runs in O(–(K5)K5) time. Using the techniques
from Section 7.2, we discovered an even faster O(–(K3)K3) algorithm for checking
the equivalence of two visibly one-counter automata.

These results motivate further research on equivalence and learning of com-
plex automata models.

8.2 Future Directions

We aim to extend our findings on one-counter automata to visibly pushdown
automata and develop efficient learning algorithms using SAT solvers. We also
plan to improve algorithms for learning one-counter automaton (OCA), ensuring
they work well in theory and practice. Another key direction is the development
of algorithms for weighted OCAs, with an initial focus on deterministic weighted
OCAs.

The equivalence problem for probabilistic push-down and one-counter systems
are not known to be solvable algorithmically. However, our work on weighted one-
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counter models with counter-determinacy opens the door to potential solutions. In
particular, stack-deterministic pushdown systems may provide a practical approach
to overcoming these obstacles. Stack determinism restricts the stack configuration
reached on reading a given word from the initial configuration to be the same on
all paths. This would offer significant benefits for analysing real-world software
systems, enabling verification tools to handle more complex automata models
with realistic constraints. As a first step, we will explore equivalence and learning
of real-time stack-deterministic pushdown automata and then extend this to
real-time weighted stack-deterministic pushdown automata. Additionally, we
plan to explore active learning methods for automata with additional resources,
such as timing constraints, which are vital for the analysis of real-time systems.
This will contribute significantly to automata learning, enabling more effective,
practical tools for verifying and analysing complex software systems.

Specifically, my future research goals include the following:

1. Exploring practical learning algorithms for visibly pushdown automata:
Build upon the recently developed ideas in polynomial query learning
algorithm for one-counter automata using SAT solvers, to learn visibly
pushdown automata, which are more complex and widely applicable in
software verification.

2. Find better learning algorithms for OCAs: Design algorithms for learning
one-counter systems that work well in theory and practice. This includes
learning algorithms for OCA with Á-transitions and faster learning algo-
rithms for VOCAs.

3. Investigating learning algorithms for weighted one-counter systems:
Building on our recent results and our ongoing work on learning DROCAs,
we aim to find learning algorithms for DWROCAs as an initial model. We
plan to extend this to weighted RODCAs, leveraging known equivalence
checks.

4. Equivalence checking and learning for weighted real-time stack-deterministic
pushdown automaton: An essential aspect of advancing pushdown au-
tomata learning is solving the equivalence problem for real-time stack
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deterministic pushdown automaton, followed by the development of active
learning algorithms for these systems. The equivalence of deterministic
pushdown automata is known to be decidable (Sénizergues, 1997). Proving
the decidability of equivalence of real-time stack-deterministic pushdown
automata will push the boundary of known decidable equivalence results.
Building on the equivalence of real-time stack-deterministic pushdown au-
tomata and results on weighted RODCAs, we plan to explore learning
algorithms for real-time weighted stack-deterministic pushdown automata
with weights from fields. The first step in this direction would be to look at
weighted deterministic real-time pushdown automata.

5. Active and passive learning of automata with resources: Finally, we aim
to explore both active and passive learning approaches for automata that
include additional resources, such as timing constraints, to create models
capable of handling analysis of complex systems.
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